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AUTO-STABILIZED WEAK GALERKIN FINITE ELEMENT
METHODS FOR BIHARMONIC EQUATIONS ON POLYTOPAL
MESHES WITHOUT CONVEXITY ASSUMPTIONS

CHUNMEI WANG

Abstract. This paper introduces an auto-stabilized weak Galerkin (WG) finite element method
for biharmonic equations with built-in stabilizers. Unlike existing stabilizer-free WG methods lim-
ited to convex elements in finite element partitions, our approach accommodates both convex and
non-convex polytopal meshes, offering enhanced versatility. It employs bubble functions without
the restrictive conditions required by existing stabilizer-free WG methods, thereby simplifying
implementation and broadening application to various partial differential equations (PDEs). Ad-
ditionally, our method supports flexible polynomial degrees in discretization and is applicable in
any dimension, unlike existing stabilizer-free WG methods that are confined to specific polynomial
degree combinations and 2D or 3D settings. We demonstrate optimal order error estimates for
WG approximations in both a discrete H2 norm for k > 2 and an L? norm for k > 2, as well as a
sub-optimal error estimate in L? when k = 2, where k > 2 denotes the degree of polynomials in
the approximation.
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1. Introduction

In this paper, we propose an auto-stabilized weak Galerkin finite element
method with built-in stabilizers suitable for non-convex polytopal meshes, specifi-
cally applied to biharmonic equations with Dirichlet and Neumann boundary con-
ditions. Specifically, we seek to determine an unknown function u such that

A%y =f, in €
(1) u =€, on 09,
g—u =v, on 01,
n

where Q C R? is an open bounded domain with a Lipschitz continuous boundary
0f). Note that the domain € considered in this paper can be of any dimension d.

The variational formulation of the model problem (1) can be formulated as
follows: Find an unknown function u € H%(Q) satisfying u|sq = ¢ and g—:ﬂag =v,
and the following equation

(2) (Au, Av) = (f,v), Vv € H3 (),
where HZ(Q) = {v € H*(Q) : v|oq = 0, 3%|9q = 0}.
The weak Galerkin finite element method marks a significant advancement in

numerical solutions for PDEs. This innovative approach redefines or approximates
differential operators within a framework akin to the distribution theory tailored for

Received by the editors on March 23, 2025 and, accepted on July 10, 2025.
2000 Mathematics Subject Classification. 65N30, 65N12, 35J15, 35D35.

83



84 C. WANG

piecewise polynomials. Unlike conventional techniques, the WG method alleviates
the usual regularity constraints on approximating functions by employing carefully
crafted stabilizers. Extensive research has demonstrated the WG method’s ver-
satility across various model PDEs, bolstered by a substantial list of references
[9, 10, 36, 40, 11, 12, 13, 14, 38, 42, 4, 35, 18, 8, 22, 44, 30, 34, 31, 32, 33, 37,
39, 6, 20, 47, 46, 41, 7], underscoring its potential as a powerful tool in scientific
computing. What sets WG methods apart from other finite element approaches
is their use of weak derivatives and weak continuities to create numerical schemes
based on the weak formulations of the underlying PDE problems. This structural
versatility makes WG methods exceptionally effective across a wide range of PDEs,
ensuring both stability and precision in their approximations.

A significant innovation within the weak Galerkin methodology is the “Primal-
Dual Weak Galerkin (PDWG)” approach. This novel method addresses difficulties
that traditional numerical strategies often encounter [15, 16, 1, 2, 3, 17, 23, 24,
43, 5, 26, 27, 25, 28, 29]. PDWG interprets numerical solutions as constrained
optimization problems, with the constraints mimicking the weak formulation of
PDEs through the application of weak derivatives. This innovative formulation
leads to the derivation of an Euler-Lagrange equation that integrates both the
primary variables and the dual variables (Lagrange multipliers), thereby creating a
symmetric numerical scheme.

This paper introduces a straightforward formulation of the weak Galerkin fi-
nite element method for biharmonic equations that operates on both convex and
non-convex polytopal meshes without the use of stabilizers. The key trade-off for
eliminating stabilizers involves using higher-degree polynomials for computing the
discrete weak Laplacian operator, which may impact practical applicability. Unlike
existing stabilizer-free WG schemes limited to convex elements [45], our method
accommodates non-convex polytopal meshes, preserving the size and global spar-
sity of the stiffness matrix while significantly reducing programming complexity.
Theoretical analysis confirms optimal error estimates for WG approximations in
both the discrete H? norm for k > 2 and the L? norm for k > 2, along with a
sub-optimal error estimate in L? when k = 2, where k > 2 is the polynomial degree
in the approximation.

Our method introduces several significant enhancements over the stabilizer-
free weak Galerkin finite element method for biharmonic equations presented by
[45]. The key contributions are summarized as follows: 1. Theoretical Founda-
tion for Non-Convex Polytopal Meshes: Our method provides a theoretical
foundation for an auto-stabilized WG scheme that handles convex and non-convex
elements in finite element partitions through the innovative use of bubble function-
s, while the existing stabilizer-free WG method [45] is limited to convex meshes.
This enhances the practical applicability of our method, making it more versatile
for real-world computational scenarios. 2. Superior Flexibility with Bubble
Functions: Unlike the method in [45], which is limited by restrictive conditions
imposed in the analysis, our approach employs bubble functions as a critical anal-
ysis tool without these constraints. This flexibility allows our method to generalize
to various types of PDEs without the complexities imposed by such conditions,
thereby simplifying the implementation process. 3. Dimensional Versatility:
Our method is applicable in any dimension d, whereas the method in [45] is con-
fined to 2D or 3D settings. This broader applicability makes our method suitable for
higher-dimensional problems. 4. Adaptable Polynomial Degrees: Our method
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supports flexible degree of polynomials in the discretization process, unlike the spe-
cific polynomial degree combinations in [45]. This adaptability allows for greater
precision and control in computational implementations, catering to a wide range
of problem-specific requirements. Given these improvements, our method offers
enhanced flexibility, broader applicability, and ease of implementation in various
computational settings.

Our research introduces a more versatile WG scheme applicable to both convex
and non-convex polytopal meshes, as detailed above, making our method a signifi-
cant advancement over the one in [45]. To provide a comprehensive understanding
of our contributions, we include an in-depth analysis of the error estimates in Sec-
tions 5-7, even though these sections share some similarities with the work presented
in [45]. This analysis is essential for demonstrating the significant improvements
and expanded applicability of our method.

While our algorithms share similarities with those introduced by [45], our pri-
mary contribution lies in advancing the theoretical framework rather than perform-
ing additional empirical validation. The extensive numerical tests detailed in [45]
already establish the effectiveness of these methods, rendering further empirical
tests unnecessary. This paper, therefore, places a strong emphasis on theoretical
analysis. By focusing on theoretical advancements, we provide vital insights that
are essential for future development and application of these algorithms.

This paper is organized as follows: In Section 2, we briefly review the definition
of the weak Laplacian and its discrete version. In Section 3, we present the simple
weak Galerkin scheme without the use of a stabilizer. Section 4 is dedicated to
deriving the existence and uniqueness of the solution. In Section 5, we derive the
error equation for the proposed weak Galerkin scheme. Section 6 focuses on deriving
the error estimate for the numerical approximation in the energy norm. Finally,
Section 7 establishes the error estimate for the numerical approximation in the L?
norm.

The standard notations are adopted throughout this paper. Let D be any
open bounded domain with Lipschitz continuous boundary in R%. We use (-, Vs,
|-1s,p and || - ||s,p to denote the inner product, semi-norm and norm in the Sobolev
space H*(D) for any integer s > 0, respectively. For simplicity, the subscript D is
dropped from the notations of the inner product and norm when the domain D is
chosen as D = ). For the case of s = 0, the notations (-,-)o.p, | - lo.p and || - |lo.p
are simplified as (-,)p, | - |p and || - || p, respectively.

2. Weak Laplacian Operator and Discrete Weak Laplacian Operator

In this section, we will briefly review the definition of the weak Laplacian
operator and its discrete version as introduced in [45].

Let 7, be a finite element partition of the domain © C R¢ into polytopes.
Assume that Ty, is shape regular [39]. Denote by &, the set of all edges/faces in Ty,
and &) = &, \ 0Q the set of all interior edges/faces. Denote by hy the diameter
of T € Ty and h = maxypey, hr the meshsize of the finite element partition 7.
Denote by n. an unit and normal direction to e for e € &,.

Let T be a polytopal element with boundary 7. A weak function on T refers
to v = {vo, vy, V0. } such that vy € L3(T), v, € L*(dT) and v,, € L?(9T). The first
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component vg and the second component v, represent the value of v in the interior
of T and on the boundary of T, respectively. The third component v,, intends to
represent the value of Vug - n. on the boundary of 7. In general, v, and v, are
assumed to be independent of the traces of vy and Vv - n, respectively.

Denote by W(T') the space of all weak functions on T i.e.,
(3)  W(T) = {v = {vo,vp,vnn.} : vg € L*(T), vy, € L*(T),v,, € L*(0T)}.
The weak Laplacian operator, denoted by A,,, is a linear operator from W (T')

to the dual space of H?(T) such that for any v € W(T), A,v is a bounded linear
functional on H?(T') defined by

(4)  (Awv, @)1 = (v0, Ap)T — (vp, Vo - m)or + (vnne - n, Q)or, Ve € H(T),
where n is an unit outward normal direction to 07

For any non-negative integer r > 0, let P.(T) be the space of polynomials on
T with total degree r and less. A discrete weak Laplacian operator on T', denoted
by Ay, is a linear operator from W (T') to P,(T) such that for any v € W(T),
Ay r, 7 is the unique polynomial in P,(T") satisfying
(5) (Awrrv,9)r = (vo, A@)T — (v, Vo - m)ar + (Unme -1, )or, Vo € P (T).
For a smooth vy € H?(T), applying the usual integration by parts to the first term
on the right-hand side of (5) gives
(6) (Awr1v,0)T = (Avo, o)1 — (V6 — V0, Vo - D)o + (Vpne - 1 — Vg - 0, p)ar,
for any ¢ € P.(T).

3. Auto-Stabilized Weak Galerkin Algorithms

Let £k > 2, p > 1 and ¢ > 1 be integers. Assume that k& > p > ¢. For any
element T' € 7Ty, define a local weak finite element space; i.e.,

V(k,p,q,T) = {{vo, vp, vnnc} : vo € Pi(T), vy € Py(€), v, € Pyle),e C IT'}.

By patching V(k, p, q, T) over all the elements T € T}, through a common value vy,
on the interior interface £, we obtain a global weak finite element space; i.e.,

Vi = {{vo, vp, vame} : {vo, v, vpnc}lr € V(k,p, ¢, T),VT € Ty}
Denote by V¥ the subspace of Vj, with vanishing boundary values on 9; i.e.,

V,? = {{vo,vp, vpne} € Vi : vple = 0,01, - 0|, = 0,e C IN}.

For simplicity of notation and without confusion, for any v € V},, denote by
A,,v the discrete weak Laplacian operator A, . 7v computed by (5) on each element
T; ie.,

(Apv)lr = Ay rr(vlr), VT € T

On each element T' € Ty, let Q¢ be the L? projection onto Py(T). On each
edge/face e C T, let @ and @, be the L? projection operators onto P,(e) and
P,(e), respectively. For any w € H?(f2), denote by Qw the L? projection into the
weak finite element space V}, such that

(Qhw)|T = {Qo(w|T)7Qb(w‘aT))Qn(VU)'@T ' ne)ne}7 VT € 771
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The straightforward WG numerical scheme, which avoids the use of stabilizers
for the biharmonic equation (1), is formulated as follows.

Auto-Stabilized Weak Galerkin Algorithm 3.1. Find uj, = {ug, up, upn.} €
Vi satisfying up = Qp€, upne - n = Qv on 92 and the following equation

(7) (Awuha va) = (f7 UO)? Vo = {UOavbavnne} € V}?a

where

(Ayup, Ayv) = Z (Apun, Ayv)T,

TET

(f,v0) = > (f,v0)r-

TETh

4. Solution Existence and Uniqueness

Recall that 7Ty, is a shape-regular finite element partition of the domain Q2. Thus,
for any T € T;, and ¢ € H'(T), the following trace inequality holds true [39]; i.e.,

(8) I¢l3r < C(hz' 617 + hrl V7).

If ¢ is a polynomial on the element T' € Ty, the following trace inequality holds
true [39]; i.e.,

(9) 8137 < Chz'l|8]|7-
Given a weak function v = {vg, vy, vyn.} € V},, we define the energy norm as:

1

(10) lloll = (Awv, Aypv)=.

Next, we define the discrete H? semi-norm as:

N

(A1) folan = ( 3 1800l + k7l - weli3z + Bz I(Fvo = vane) - nl3y)
TETh

Lemma 4.1. For v = {vg,vp, e} € Vi, there exists a constant C such that

[Avollz < CllAy o]

Proof. Let T € Ty, be a polytopal element with N edges/faces denoted by eq, - -+ ,en.
It is important to emphasis that the polytopal element T' can be non-convex. On
each edge/face e;, we construct a linear equation [;(x) such that ;(z) = 0 on
edge/face e; as follows:

ZZ(I) = iﬁ -1,

where A = (A;, -+, Ag—1) is a given point on the edge/face e;, X = (z1, -+ ,Z4-1)
is any point on the edge/face e;, n; is the normal direction to the edge/face e;, and
hr is the size of the element T'.

The bubble function of the element T can be defined as
dp =B (x)3(x)---13(2) € Pon(T).

It is straightforward to verify that &5 = 0 on the boundary 97. The function
®p can be scaled such that ®5(M) = 1 where M represents the barycenter of the
element T'. Additionally, there exists a sub-domain T C T such that &5 > po for
some constant pg > 0.
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For v = {vg, vp, Upne} € Vy, letting r = 2N + k — 2 and ¢ = PpAvy € P.(T)
in (6) yields
(Ayv, ®pAuvg)T
=(Awvg, PAvg)r — (vp — vo, V(PAvg) - n)or
+ (vpne -n— Vg - n, PpAvg)ar
=(Avg, PpAvg)T,

where we used g = 0 on 97T

(12)

According to the domain inverse inequality [39], there exists a constant C' such
that

(13) (A”U(),(I)BAU())T Z C(A’U(),A’Uo)T.

By applying the Cauchy-Schwarz inequality along with (12)-(13), we have
(Avg, Avg)r < C(Awv, @pAvg)r < Cl|Ayv||7||®pAV |l < Cl|Ayv||r||Avellr,

which gives
[Av |7 < CllAwv|z

This completes the proof of the lemma. O

Remark 4.1. If the polytopal element T is convex, the bubble function of the ele-
ment T in Lemma 4.1 can be simplified to

Op =1(x)la(x) - In(x).
It can be verified that this simplified bubble function ®p satisfies (1) Pp = 0 on
the boundary 0T, (2) there exists a sub-domain T C T such that ®g > po for some

constant pg > 0. Lemma 4.1 can be proved in the same manner using this simplified
construction. In this case, we take r = N +k — 2.

By constructing an edge/face-based bubble function
Per = Wiz, Nizkl} (@),
it can be easily verified that (1) ¢, = 0 on each edge/face e; for i # k, (2) there
exists a sub-domain €, C e such that ¢., > p; for some constant p; > 0. Let
© = (Vp—0)lk e, - Tt is straightforward to check that ¢ = 0 on each edge/face e; for
i=1,---,N, Vo =0 on each edge/face e; for i # k and Vi = (vo—vp) (Vi) e, =

O(%C) on edge/face ey for some vector constant C.

Lemma 4.2. For {vg,vp, vnne} € Vi, let o = (vp — vo)lkpe, . The following in-
equality holds:

(14) ol < Chy / (vb — vo)*ds.

e

Proof. We first extend vy, initially defined on the (d — 1)-dimensional edge/face ey,
to the entire d-dimensional polytopal element 7" using the following formula:

vp(X) = vp(Proje, (X)),
where X = (z1,---,z4) is any point in the element T, Proj., (X) denotes the
orthogonal projection of the point X onto the hyperplane H C R? containing

the edge/face ex. When the projection Proje,(X) is not on the edge/face e,
vp(Proje, (X)) is defined to be the extension of v, from ey to the hyperplane H.
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We claim that v, remains a polynomial defined on the element T after the
extension.

Let the hyperplane H containing the edge/face e;, be defined by d — 1 linearly
independent vectors 7y, - ,m,_; originating from a point A on the edge/face e.
Any point P on the edge/face e, can be parametrized as

P(ty,-- tg—1) =A+tim + - +ta_1mg_1,
where tq,--- ,tq_1 are parameters.

Note that vy (P(t1, -+ ,tq—1)) is a polynomial of degree p defined on the edge/face
ex. It can be expressed as:

’Ub(P(t17°” 7td71)) = Z Catav

|| <p
where t* = ¢ - - 'tgi’ll and @ = (ay, -+ ,ag—1) is a multi-index.
For any point X = (21, ,x4) in the element T, the projection of the point

X onto the hyperplane H C R? containing the edge/face e;, is the point on the
hyperplane H that minimizes the distance to X. Mathematically, this projection
Proje, (X) is an affine transformation which can be expressed as

d—1
Proje, (X) = A+ t:(X)m;,
i=1

where ¢;(X) are the projection coefficients, and A is the origin point on e;. The
coefficients t;(X) are determined by solving the orthogonality condition:

(X_Projek(X))'nj:O7 v.]zlyad_l

This results in a system of linear equations in ¢1(X), ---, t4—1(X), which can be
solved to yield:

t;(X) = linear function of X.
Hence, the projection Proje, (X) is an affine linear function of X.

We extend the polynomial v, from the edge/face e to the entire element 7" by
defining

vp(X) = vp(Proje, (X)) = D cat(X)?,

lo<p
where t(X)* = t1(X)* - tg_1(X)**-*. Since t;(X) are linear functions of X,
each term t(X)? is a polynomial in X = (z1,--- ,24). Thus, v,(X) is a polynomial
in the d-dimensional coordinates X = (1, ,2q).

Secondly, let v4qce denote the trace of vy on the edge/face e,. We extend virqee
to the entire element T using the following formula:

Vtrace (X) = VUtrace (Projek (X))7

where X is any point in the element T', Proj., (X) denotes the projection of the
point X onto the hyperplane H containing the edge/face er. When the projection
Proje, (X) is not on the edge/face ey, virace(Proje, (X)) is defined to be the ex-
tension of vyrqce from ep to the hyperplane H. Similar to the case for vp, Ugrace
remains a polynomial after this extension.
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Let ¢ = (vp — v0)lipe, . We have

Il = [ wtar <cng. [ (vepar
T T
SCh%/(V((Ub - ’Utrace)(X)lkspek))QdT
T

<Chi / (6 — Verace) (Projey (X)) (Vi) e, ) ?ds

€k

gChT/ (vp — v9)%ds,
ek

where we used Poincare inequality since ¢ = 0 on each edge/face e; fori = 1,--- | N,
Vi = 0 on each edge/face e; for i # k, Vi = (vo — vp) (Vi) e, = O(%C)
on edge/face ej for some vector constant C, and the properties of the projection.

This completes the proof of the lemma.

O

Lemma 4.3. For {vg,vp,vpnc} € Vi, let ¢ = (vyne — Vg) - nge, . The following
inequality holds:

(15) il < Chr [ ((wn = Voo) - m)Pds.

€k

Proof. We first extend vy, initially defined on the (d — 1)-dimensional edge/face ey,
to the entire d-dimensional polytopal element T" using the following formula:

Un(X) = Un(P’I"Ojek (X))7

where X = (z1,--- ,z4) is any point in the element T', Proj., (X) denotes the or-
thogonal projection of the point X onto the hyperplane H containing the edge/face
er. When the projection Proje, (X) is not on the edge/face ey, v,(Proje, (X)) is
defined to be the extension of v, from e to the hyperplane H.

We claim that v, remains a polynomial defined on the element T after the
extension. This can be proved in the same manner as demonstrated in Lemma 4.2.

Secondly, let vyqce denote the trace of vy on the edge/face er,. We extend virqce
to the entire element T using the following formula:

Vtrace (X) = Utrace (P?"Ojek (X))7

where X is any point in the element T', Proje, (X) denotes the projection of the
point X onto the hyperplane H containing the edge/face er. When the projection
Proje, (X) is not on the edge/face ey, virace(Proje, (X)) is defined to be the ex-
tension of vyqce from ep to the hyperplane H. vipqce remains a polynomial after
this extension. This proof can be found in Lemma 4.2.
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Let ¢ = (vpne — Vg) - nge, . We have
lolfs = [ 40 = [ ((oun. = Vuo)(X) - g T

<Chr / (Ve — Virace)(Proje, (X)) - ng,, )2dT

SChT/ ((vame — Vy)) - n)?ds,
er

where we used the facts that (1) e, = 0 on each edge/face e; for i # k, (2) there
exists a sub-domain é;, C ey such that ¢., > p; for some constant p; > 0, and
applied the properties of the projection.

This completes the proof of the lemma.
O
Lemma 4.4. There exists two positive constants Cy and Co such that for any
v = {vg, Vp, VpNe } € Vi, we have

(16) Crllvllz,n < Jloll < Calfv]l2,n-

Proof. Recall that an edge/face-based bubble function is defined as

er = 1Li=1,.. 7Nai7ékli2(x)'

We first extend v, from the edge/face ej to the element T. Next, let virqee
denote the trace of vy on the edge/face e, and extend virgce to the element T.
For simplicity, we continue to denote these extensions as v, and vy. Details of the
extensions can be found in Lemma 4.2. By substituting ¢ = (vy — v9)lg@e, into
(6), we obtain

(Ayv, @) =(Avg, @)1 — (vp — Vo, Ve - m)ar + (vpne -1 — Vg - 0, @) ar

(17) =(Avo, )1 +/ oy = v0[*(Vik)pe,, - ds
€k

=(Avo, )7 + Chz' / vy — vo|* e, ds,
€k

where we used ¢ = 0 on each edge/face e; for i = ,-- ,IN, Vo = 0 on each

edge/face e; for i # k and Vo = (vg — vp)(Vig)pe, = O(—F2"% (vo= vb)%’“ C) on edge/face
ey, for some vector constant C.

Recall that (1) ¢, = 0 on each edge/face e; for i # k, (2) there exists a
sub-domain éj, C ey, such that ¢, > p; for some constant p; > 0. Using Cauchy-
Schwarz inequality, the domain inverse inequality [39], (17) and Lemma 4.2 gives

/ vy — vol?ds <C [ |vp — vol*@e, ds
€k

ek

<Ch(|Awvllz + [|Avollz) Il

3 1
<Chz([Awvllr + IIAvollT)(/ oy — vo[*ds)

ek
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which, from Lemma 4.1, gives

(18) h%?’/ vy — vol?ds < C([|Awv]7 + | Avoll7) < CllAwv]7-
€k

Next, we extend v,, from the edge/face e to the element T'. For simplicity, we
continue to denote this extension as v,,. Details of this extension can be found in
Lemma 4.3. Letting ¢ = (v,ne — Vg) - nge, in (6) gives

(va7 QD)T
=(Awvg, )7 — (vp — vo, Vo - nYor + (Vpne - 1 — Vg - 0, @) o1

=(Avg, @) — {(vy — vo, Vo - n)or + / [(vpne — Vug) - n\2<pekds,
ek

where we used ., = 0 on edge/face e; for i # k, and the fact that there exists a
sub-domain €, C ey such that ¢., > p; for some constant p; > 0. This, together
with Cauchy-Schwarz inequality, the domain inverse inequality [39], the inverse
inequality, the trace inequality (9), (18) and Lemma 4.3, gives

/ |(vane — Vg) - n|?ds
€k
<C |(vane — Vg) - 0., ds

€k

<C([lAwvlr + [[Avoll7) [l + Cllvo — vpllor[|Ve - nllor
<Ch3(|Auolir + HAUOHT)(/e |(vame — Vo) - nf*ds)
"
+ ChéHAwuHTh;%h;lhi(/ |(vne — Vo) - nf2ds)?.
en
This, together with Lemma 4.1, gives
(19) h%l/ |(vane — V) - nf?ds < C(|Ayo7 + A7) < Cll A7
€k

Using Lemma 4.1, (18), (19), (10) and (11), gives

Cil|vllzn < vl

Next, applying Cauchy-Schwarz inequality, the inverse inequality, and the trace
inequality (9) to (6), gives

‘(va’ @)T’ <[[Awvol|7ll¢llr + [vs — vollor Ve - nllor + [(vane — Vo) - nllar|[pllor

<[l Avo |zl + Az o, — vollorllellr + hip* | (vane — Veo) - nllor [ollz-
This yields
1Aw0]I7 < C(lAwo|I7 + hz*llv = voll3r + hp' [[(vane — Voo) - nl37),
and further gives

lloll < Cal[vllz,n-

This completes the proof of the lemma. O
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Remark 4.2. Consider any d-dimensional polytopal element T'. There exists a
hyperplane H C RY such that a finite number | of distinct (d — 1)-dimensional
edges/faces containing e; are completely contained within H. In such cases, Lemmas
4.2, 4.8, and 4.4 can be proved with additional techniques. For more details, see
[41]. The techniques in [41] can be readily generalized to Lemmas 4.2-4.4.

Theorem 4.5. The WG Algorithm 3.1 has a unique solution.

Proof. Assume ug) € V,, and ugf) € V}, are two distinct solutions of the WG

Algorithm 3.1. Define 7, = u{" — u{®. Then, 7, € V} and satisfies
(Awnn, Ayv) =0, Yu € V,?

Letting v = ny, in the above equation gives |0, || = 0. From (16) we have ||np||2,n =
0, which implies Any = 0 on each T, ng = np and Vng-n = n,n.-n on each 97". Thus
7o is a smooth harmonic function in . Using the facts ng = n, and Vng-n = n,n.-n
on each 0T and the boundary conditions of 1, = 0 and n,n. - n = 0 on 92 implies

1o = 0 and Vo -n = 0 on dN). Therefore, we obtain 79 = 0 in Q2 and further 7, = 0

and 1, = 0 in Q. This gives 1 = 0 in Q. Therefore, we have ug) = uf).

This completes the proof of this theorem. O

5. Error Equations

Let @, denote the L? projection operator onto the finite element space consist-
ing of piecewise polynomials of degree at most r.

Lemma 5.1. The following property holds true, namely:
(20) Ayu = Qr(Au), Yu € H*(T).

Proof. For any u € H?(T), using (6) gives

(Awuacp)T
=(Au, @)1 — (ulor — ulr, Vo -n)or + (Vu - ne)|orne - n — V(u|r) - n,¢)sr
:(Au7 SD)T = (QT’(AU)v SD)Ta

for any ¢ € P.(T). This completes the proof of this lemma. a

Let u be the exact solution of the biharmonic equation (1), and let u, € Vj,
be its numerical approximation obtained from the Weak Galerkin scheme 3.1. We
define the error function, denoted by ey, as follows

(21) ep =1U— Up,.

Lemma 5.2. The error function ey, defined in (21), satisfies the following error
equation, namely:

(22) (Ayen, Ayv) = L(u,v), Yo e VP,
where

Uu,v) = Z —(vp — 00, V((Qr — I)Au) -n) g1 + (vpne -n— Vg -1, (Qr — I Auw)ar.
TeTh
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Proof. By utilizing (20), the ususal integration by parts, and setting ¢ = Q,Au in
(6), we obtain the following:

Z (Apu, Ayv)r

T67-h

= > (QrAu, Ayv)r
T€ETh

= Z (Avg, QrAu)r — (vp — vy, V(QrAu) - n)sr
TETh
+ <vnne ‘n — Vg - n, QTAU>BT

(23) =Y (Avg, Au)r — (v, — vo, V(QrAu) - n)or

TeTh

+ (vpne -n — Vg - n, Q. Au)or
= Z (A%u,vo)r — (V(Au) - n,v0)ar + (Au, Vug - n)or
TETh
= (v = vo, V(QrAu) - m)or + (vpne - n — Voo - 1, Qr Au)or
=(frvo) + > —(vy —v0, V((Qr — I)Aw) - m)or
T€7-h
+ (vpne -n— Vg - n, (Q, — IAu)gr,
where we used (1), Avg € Py—o(T), r = 2N+k=2 > k=2, o1 (Au, vpnen)or =

ZTGT;, (Au, v,n.-n)sq = 0 since v,n.-n = 0 on JN, and ZTeTh (V(Au)-n,vp)ar
ZTen (V(Au) - n,vp)90 = 0 since v, = 0 on 9.

Subtracting (7) from (23) gives
Z (AU)eh,7 AwU)T

TeTh

= Z —(vp — 0o, V((Qr — I)Au) - n)or + (vpne - n — Voo -1, (Q, — I)Au)ar.
TETh
This completes the proof of the lemma. O

6. Error Estimates

Lemma 6.1. [45] Assume that w is sufficiently reqular such that w € Hmax{k+1,4} Q).
There exists a constant C such that the following estimates hold true, namely:

(24) (X rrllaw - Qrawl3y)” <CR*ulli,
TeTh

25) (D mIVAw - QAw)Er) " <CHE (e + honollw]a),
TeTh

where 0y is the Kronecker delta such that d,9 =1 for r = 0 and otherwise 6,9 = 0.
Lemma 6.2. Assume the exact solution u of the biharmonic equation (1) is suf-

ficiently regular, so that w € H*T1(Q). Then, there exists a constant C, such that
the following estimate holds true; i.e.,

(26) lu — Quull < CH*Hjulli1.
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Proof. Using (6), the trace inequalities (8)-(9), and the inverse inequality, we have,
for any ¢ € P.(T),

D (Au(u—Quu) o)1

TeTh

= Z (u— Qou), )7 — (Qou — Qvu, Vo - n)ar

T€Th
+{V(Qou) -n - Qn(Vu ‘n)n - ,so>aT

(X 18- aulid) (X 1el3)’

T€Th TETh
+ (X 1Qou—Quullzr)" (D IVe-nl3r)’
Te€Th TeTh
+ (2 I9(@Qow) - n = Qu(Vu-none )" (3 elr)
TETh TETh
(Y 1ae-Qug) (X lel3)’
TETh TeTh
+ (3 hIQou — wly + hrllQou —wlf ) (30 htlel3)”
TeTh T€Th
+ (32 1 IVQou — Vull3 + ke VQou — Vult )" (30 hztlel3)”
TETh TETh
<CH M uller (D llely)
TeTh

Letting ¢ = Ay (u — Qpu) gives
Y (Buu—Qnu), Ay(u = Quu))r < CHullksallu — Quull.

TETh
This completes the proof of the lemma. ([

Theorem 6.3. Assume that the exact solution u of the biharmonic equation (1) is
sufficiently regular, so that v € H™k+L41(Q). There exists a constant C, such
that the following error estimate holds true, namely:

(27) llw = unll < CR*H(lfullers + hdrollulla)-

Proof. For the first term on the right-hand side of the error equation (22), using
Cauchy-Schwarz inequality, the estimate (25), and (16) implies

| (o~ w0, V(@ — DAw) - mor |

TETh
(28)  <C(> hplllos —voll3r)7 - (D BRIV(Qr — D)Aw) - 13y)?
TeTh TeTh

<CR* Y (||ullkg1 + hé : Moll-
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For the second term on the right-hand side of the error equation (22), using
Cauchy-Schwarz inequality, the trace inequality (8) and (16) gives

|3 (ane n— Voo, (@ — 1) Awar |

TET
<C(>" hy'llvane -n— Voo nl3)7 - (Y hr(@Qr — D Au3y)?
(29) TETh TET
1
<Cllollin( Y 1@ = DAUF + W3 [(Qr — I Au|3 1)?

TETh
<CR*ullkalloll-

Substituting (28)-(29) into (22) gives
(30) (Awen; Awv) < CHMH([[ullnss + hérollulla)v]]-

By setting v = Qnu — uy, in (30), and applying the Cauchy-Schwarz inequality
along with (26), we obtain

=
= Z (u—up), Ay (u — Qnu))r + (Aw(u — up), Ay (Qru — up))r
TeThH
<( 3 Iaw—w)lF)" (X 1w - Qul})’
TETh TETh

+ R (|fullesr + hdrollulla) 1Q
<flu = unlllle = Quull + CR*~*(|fullsr + hdrollulla) (1Qnw — ull + llu — unll)
<Cllu = unllh*~Hullir + CHF = ([ullkgr + hdrollulla) B lullrsa

ht — up|

+ CR*Y(|fullksr + hé, e = wnll.
This gives
llu = unll SCH*Hfullksr + CRE = ([[ullisr + b olfulla)
<CH*Y(|fullisr + hdrollulla)-
This completes the proof of the theorem. O

7. Error Estimates in L2 Norm

The standard duality argument is utilized to derive the L? error estimate.
Recall that ej, = u—up = {eg, ep, €, }. Let us denote ¢, = Qru—up = {0, (s, Gy} €
VY. The dual problem for the biharmonic equation (1) seeks w € H3 () satisfying

A%w = (o, in Q,

(31) w = O, On 897
‘3—“) —0,  OnoQ.
n

Assume that the H*-regularity property holds true; that is,
(32) wl|la < C[lColl-
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Theorem 7.1. Assume that the exact solution u of the biharmonic equation (1)
satisfies u € H™F+141(Q) and the H*-regularity assumption (32) for the dual
problem (31) holds true. Let uy € V}, be the numerical solution of the weak Galerkin
scheme 3.1. Then, there exists a constant C such that

leoll < CRF=0m0 (|fu41 + hdrol|ula)-

Proof. Testing (31) by (o, using the usual integration by parts, we obtain

16oll?
:(A2w7 CO)

(33) = D (Aw, Al)r — (Aw, V(o - n)or + (V(Aw) - 0, (o)or
TETh

= Z (Aw, Alo)r — (Aw, V(o - n — (0. - n)or + (V(Aw) - n, (o — Gp)ar,

TET

where we used ZTeTh (Aw, (e -n)or = (Aw, (0. -n)yq = 0 due to {n,-n =0
on 9Q, and > - (V(Aw) -0, G)or = (V(Aw) -1, ()aa = 0 due to ¢, = 0 on 9.

Letting w = w and v = (, in (23) gives
Z (Awwa AwCh)T

TETh

=) (A, Aw)r — (G — Co, V(QrAw) - n)or + ((une -1 — Vo - 0, QAw)or,
TeT

which is equivalent to

Z (AC(% Aw)T

TETh

= Z Ayw, Aw(h T+ <Cb Co, V(QrAw) : n>{‘)T - <Cnne ‘n—V( -n, QrAw>{‘)T
TETh

Substituting the above equation into (33) and using (22) gives
160l1* = (Aww, Awh)r + (G — 0, V((Qr — I Aw) - n)or

TETh
- <§nne ‘n—V( -n, (Qr - I)A'LU)@T

= (Aww, Ayen)r + (Aww, Ay(Quu — u))r — £(w, (n)
TETh

(34) = (AuQuw, Ayen)r + (Ay(w — Quw), Ayen)r
TETh

+ (Aww7 Aw(Qhu - u))T - E(w7 Ch)
=0(u, Qnw) + Y (Ay(w — Quw), Ayen)r

TETh
+ (Awwv Aw(QhU - u))T - ‘e(wv Ch)
=Ji+Jo+ J3+ J4.

We will estimate the four terms J;(i = 1,--- ,4) on the last line of (34) indi-
vidually.
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For Jp, using Cauchy-Schwarz inequality, the trace inequality (8), the estimates
(24)-(25), gives

(35)
Jl :E(u, Qhw)
S‘ Z —(Qvw — Qow, V((Qr — I)Au) - n)sr
TeTh

+ <Qn(vw ' ne)ne n— VQOU} -1, (Q - I)Au>6T|

(X 1@ - Quul) ' (X IV (@ — Daw -nl)”

TeTh TeTh
+ (X 1en(Vw - nome -0 - VQuw i, )’
TE,Y-}L
(X @ - DAuldr)”
TETh
<('Y 17w - Qould + h72llQuw - QowlE )’
TETh
(3 mHIv(@Q - DAw nl3,)’
TETh
+ (3 2 1Qu(Vw me)n, - n — VQuw - nlf}
TETh
+11Qu(Vao - o), -1 — VQouw - nHiT) (X mrll@r — DAl
TETh
<3 hthe — Quwly + il — Quulii )
TeTh

- ChMY(|fullks + hdrpllulla)

+ (3 m Ve — VQuulh + 9w — VQuul ) T O ullsen
TE,]—}L

<CR*(||ullesr + hérollulla) [wlla-

For Js, using Cauchy-Schwarz inequality, (26) with k = 3 and (27) gives
J2 < flw — Quuwllllenll <CR* (|lullisr + hdrollulla)h?[[wlla

(36)
SC’hk+1(|\U||k+1 + hdrollull4)l|wlla-

For J3, denote by Q' a L? projection onto P (7). Using (5) gives
(Aw(Qhu - ’LL), QlAww)T
(37) =(Qou — u, A(Q' Ayw))r — (Qou — u, V(Q' Ayw) - n)ar
+ ((Qn(Vu -n)n, — Vu-nen,) - n, Q' Ayw)sr = 0,

where we used A(Q!0? W) =0, V(Q'o? 5.0 Ww) = C, the property of the projection
opertors @y and @, as well as p > 1,q > 1.
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Using (37), Cauchy-Schwarz inequality, (20) and (26), gives

J3 §| Z (Awwa Aw(Qhu - u))T‘
TeTh

=) (Aww — Q' Ayw, Ay (Qru — u))r|

TEThH
(38) =) (QrAw - Q'QrAw, Ay (Qru — u)) 7|

TeETh

(Y 10aw- @' aul) 1Quu— ]

TETh
<CP* [l 1 [|w]la-

For Jy, using Cauchy-Schwarz inequality, the trace inequality (8), Lemma 4.4,
the estimates (24)-(25), (26), (27) gives

J4 :€(w7(h)
<| 37 46 = 6, V(@ = DAw) - n)or
TETh
+ <Cnne n— VCO -1, (QT‘ - I)Aw>6T)
<( > 176 - Golizr) " (Y WHIVI@r — DAw) - nll3)

1
2

(39) TETs TET)
1 1
_ 2 2
+ (X et Gme - n = Vo nlEr) " (D2 hrll @ - DAwlEr)
TETh TeTh
<CR000 o4l

<R wlla(lu = unll + flu — Quull)
<SCR 00wl ([[ullk1 + Adrollulla).
Using (32) and substituting (35)-(36) and (38)-(39) into (34) gives
160/1? < CRFF1= 00 flwl|a([[ulli 1 +hdrollulla) < CRFM=0m0 (f[ul|i 1 +hdrolfulla)lIGo]-

This gives
1Goll < CR*H=0m0 (a1 + R0 |ulla),

which, using the triangle inequality, gives

leoll < 1ol + llw = Qoull < CH***=0m0 (Jull 41 + hérolull4)-

This completes the proof of the theorem. ([l
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