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A CELL-CENTERED FINITE ELEMENT METHOD WITH

IMPOSED FLUX CONTINUITY AND STREAMLINE UPWIND

TECHNIQUE FOR ADVECTION-DIFFUSION PROBLEMS ON

GENERAL MESHES

ONG THANH HAI∗, NGUYEN T. HONG THAI, AND TRAN THIEN THANH

Abstract. We extend the cell-centered finite element method (CCFE) [1] with imposed flux conti-
nuity and streamline upwind technique to solve the advection-diffusion equations with anisotropic
and heterogeneous diffusivity and a convection-dominated regime on general meshes. The scheme
is cell-centered in the sense that the solution is computed by cell unknowns of the primal mesh.

From general meshes, the method is constructed by the dual meshes and their triangular submesh-
es. The scheme gives auxiliary edge unknowns interpolated by the multipoint fluid approximation
technique to obtain the local continuity of numerical fluxes across the interfaces. In addition,

the scheme uses piecewise linear functions combined with a streamline upwind technique on the
dual submesh in order to stabilize the numerical solutions and eliminate the spurious oscillations.
The coercivity, the strong and dual consistency, and the convergence properties of this method
are shown in the rigorous theoretical framework. Numerical results are carried out to highlight

accuracy and computational cost.

Key words. Advection-diffusion equations, anisotropic and heterogeneous diffusion, convection-
dominated regime, cell-centered schemes, and convergence analysis.

1. Introduction

Many mathematical models involving Partial Differential Equations (PDEs) with
both advection and diffusion terms play a fundamental role in solving complicated
problems such as various fluid flow, Navier-Stokes equations, etc. The advection-
diffusion problems, determined by two physical mechanisms: advection and dif-
fusion, still pose many challenges in finding numerical solutions, especially when
the diffusion is anisotropic (e.g. tensor-valued) and heterogeneous (e.g. nonsmooth,
possibly with discontinuities) combined with strongly dominant convection.

On the one hand, one can hardly obtain the approximate solution which con-
verges to the weak one for some general problems with a heterogeneous and anisotrop-
ic tensor, possibly with large discontinuities. In fact, when it comes to the discon-
tinuous diffusion problems with the convective term, their approximate solutions
computed by the standard finite element method (FEM) can be inaccurate [2].
The authors of [3] proposed a cell-centered scheme, e.g. the standard finite vol-
ume method (FVM), to address this issue; however, it requires admissible meshes
as computational grids [4]. The multi-point flux approximation methods (MPFA)
that are also cell-centered schemes precisely approximate the solutions by imposing
the local conservation of fluxes [5, 6]. Nevertheless, the MPFA methods only satisfy
the coercivity under suitable conditions on the mesh and the permeability tensor.
In [7], the authors represented a MUSCL-like cell-centered finite volume method to
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approximate the solution of multi-dimensional steady advection-diffusion equation-
s, but only for the diffusion process driven by the scalar viscosity field in C1(Ω),
not a tensor (possibly with discontinuous). Furthermore, a variety of efficient hy-
brid numerical schemes have been developed in the last decade to approximate
solutions of diffusive equations on general grids, for example, the hybrid mimetic
(HM) method [8, 9], the discontinuous Galerkin (DG) method [10, 11], the mimetic
finite-difference (MFD) method [12], the mixed finite volume (MFV) method [13],
the hybrid finite volume (HFV) method [8], and the discrete duality finite volume
method (DDFV) [14]. However, these hybrid methods must depend on more than
two different types of unknowns including edges, vertices, and cell ones. This can
result in much greater computational cost in the implementation. Therefore, these
methods need to rely on condensation arguments (such as Schur complement re-
duction [15], domain decomposition [16]) in order to reduce the size of the linear
systems that need to be solved.

On the other hand, when the problems are isotropic diffusion and convection-
dominated, their solutions possess interior and boundary layers. These boundary
layers are small subregions where the derivatives of the solution are very large.
The widths of these layers are usually significantly smaller than the mesh size,
which means the layers are not properly resolved. This leads to unwanted spurious
(nonphysical) oscillations in the numerical solution analyzed in [17]. The classical
Galerkin formulation is inappropriate for the advection-diffusion problems since, in
the case of dominant convection, the discrete solution is usually globally polluted
by spurious oscillations, which causes a severe loss of accuracy and stability. To
overcome this challenge, according to [9], there are two possible approaches for
the convection-diffusion problems. The first approach is that the diffusive term is
approximated, and then some forms of centered or upwind approximation of the
convection term are implemented to discretize the boundary problems [18, 19, 20].
For the second approach, the total flux of both diffusive and convective terms is
approximated, which seems more popular in the finite-element practitioner com-
munity. Due to the stability properties and higher-order accuracy, [21] commented
that the streamline upwind/ Petrov-Galerkin (SUPG) method developed by Brook-
s and Hughes [22] is regarded as one of the most efficient procedures for solving
convection-dominated equations.

In addition, for the convection-diffusion-reactions equations with a symmetric
and uniformly positive definite dispersion-diffusion matrix, the finite volume ele-
ment methods considered in [23] are based on a Petrov-Galerkin formulation in
which the solution space consists of continuous piecewise polynomial functions and
the test space consists of piecewise constant functions. This choice of test space
is essential for preserving the local conservation property of the method. Howev-
er, these methods are only implemented on triangular primal meshes, since their
piecewise linear finite element spaces are defined on triangulations of the domain;
furthermore, they are not cell-centered schemes.

In this paper, we propose a numerical method, namely cell-centered finite element
(CCFE), to solve the advection-diffusion problems. This results in addressing two
aforementioned challenges due to several following advantages:

1. In the case of heterogeneous and anisotropic diffusivity, possibly with dis-
continuities, the scheme uses a first-order finite approximation space for
the solution and multi-point flux approximations for the discrete gradients
to satisfy the local continuity of fluxes. In addition, the scheme adds a
streamline upwind diffusion term developed by Brooks and Hughes [22] to
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substantially eliminate almost all the difficulties such as spurious crosswind
diffusion, non-consistent formulations for the convection-dominated regime.
Note that the SDCCFE method in [24] also added a streamline upwind dif-
fusion term, but its discrete gradients (similar to the standard finite element
method) do not satisfy flux continuity. This is a key difference from the
proposed scheme.

2. Based on the construction of dual meshes and dual sub-meshes, the method
is thus suitable for general meshes since it does not deteriorate when the
mesh becomes distorted.

3. These dual meshes and dual sub-meshes are constructed in a way that they
recover a cell-centered scheme (in which the number of unknowns is the
number of elements). Hence, the scheme gives higher accuracy while the
computational cost is the same as other cell-centered schemes.

4. The rigorous convergence analysis of the scheme is shown by the coercivity,
the strong and dual consistency.

5. The scheme is easily implemented since standard finite element codes rely-
ing on triangular meshes are used directly.

The rest of this paper is organized as follows: Section 2 presents the advection-
diffusion model with the heterogeneous and anisotropic diffusion tensor and its
convection-dominated regime. We represent the discretizations (the meshes, a pro-
jection operator, and a discrete gradient) using the CCFE scheme and construct
the associated system of linear equations involving only cell unknowns. Section 3
verifies the existence of unique solution of the linear system. We also show the
convergence analysis of the CCFE scheme, that is, the coercivity, the strong and
dual consistency properties. Numerical experiments, including comparisons with
performances of other discretization schemes, are presented in Section 4. These
results also illustrate the benefits of using the CCFE method to approximate the
advection-diffusion equations with the heterogeneous and anisotropic diffusivity and
its convection-dominated regime. Finally, Section 5 concludes the paper.

2. The advection-diffusion problems

2.1. The mathematical model. Let Ω be a bounded, open, connected and
polygonal domain in R2 with boundary ∂Ω. We consider the advection-diffusion
equation

− div(Λ∇u) + bbb · ∇u+ µu = f in Ω,(1)

u = 0 on ∂Ω,(2)

under the following assumptions:

(A1) An anisotropic and heterogeneous diffusion tensor Λ ∈ (L∞(Ω))
2×2

is sym-
metric and positive definite. There exists two positive constant λ1, λ2 such
that

λ2|ξ|2≥ Λξ · ξ ≥ λ1|ξ|2, for all ξ ∈ R2, and a.e. xxx ∈ Ω.

(A2) bbb ∈ [W 1,∞(Ω)]2 and µ ∈ L∞(Ω) satisfy µ− 1

2
div bbb ≥ µ0 > 0 a.e in Ω.

(A3) f ∈ L2(Ω) is a source term.
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The weak formulation of (1) consists of finding u ∈ H1
0 (Ω) such that

∫
Ω

 (Λ∇u) · ∇v +
1

2
(bbb · ∇u) v

−1

2
u(bbb · ∇v) +

(
µ− 1

2
div bbb

)
uv

 dxxx =

∫
Ω

fvdxxx, ∀v ∈ H1
0 (Ω).(3)

Owning to the assumptions (A1)-(A3) and the Lax-Milgram theorem, the result in
[25] established the well-posedness of (3).

2.2. The meshes. The CCFE method is an extension of the cell-centered finite
element scheme for stationary diffusion problems [1] to the case of convection-
diffusion problems with locally small, heterogeneous and anisotropic diffusivity.
Let us begin to construct three meshes: the primal mesh Th, the dual mesh T∗

h,
and the dual sub-mesh T∗∗

h . The construction of these meshes is briefly recalled in
the following part of this section.

Firstly, we consider the primal mesh Th that consists of nonempty connected
close disjoint subsets of Ω, and have the following interpretation

Ω =
∪

K∈Th

K,

where K is a star-shaped polygon. In each element K ∈ Th, we choose a point
CK ∈ int(K) which is a primary control point of volume K. These points are
called as the mesh points of Th. The collection of these mesh points is called Ch.

Secondly, to assemble the dual mesh T∗
h, we assume that the line segment con-

necting two mesh points of any two neighbouring elements is inside the domain Ω.
Since the construction of the dual mesh T∗

h is based on the primary mesh Th, each
mesh point of T∗

h corresponds to a vertex of Th. The set of vertices in Th is denoted
by

N = {P : P is a vertex of element K ∈ V} .

And for each P ∈ N , we also denote by

TP = {K ∈ Th : K shares the node P} ,

the set of primal elements which contain the node P . There are two cases in which
the dual mesh is established (see Figure 1):

(i) If P is an interior node, then the dual control volume MP associated with
the node P is created by connecting the two mesh points of two neighbour-
ing elements in TP .

(ii) If the node P is on the boundary ∂Ω, we denote by e ⊂ ∂E and ê ⊂ ∂Ê the

two edges on the boundary that have P as their node (E, Ê ∈ TP could be
two different neighbouring elements or just one element). Then, the dual
control volume MP is formed by joining the mesh points of each element

E and Ê with the midpoints of e and ê, respectively. Note that P is also a
node of the dual control volume MP in this case.
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Figure 1. Dual control volumes (dashed blue lines) for interior
(left) and boundary (right) nodes of the primal mesh Th (solid
black lines).

Thus, the dual mesh T∗
h can be defined by the collection of all MP :

Ω =
∪

P∈N
MP .

We also denote by CMP
the mesh point of each dual control volume M ∈ T∗

h which
is chosen to be the corresponding vertex P of the primal mesh, i.e.

(4) CMP
≡ P, for all MP ∈ T∗

h.

In the following part of this paper, by dropping the subscript P , this point is written
in the simple form CM . We also denote by C∗

h a set of all dual mesh points CM ,
∀M ∈ T∗

h.
Finally, we construct the dual sub-mesh T∗∗

h as a triangular subgrid of the dual
mesh. In particular, for each element M ∈ T∗

h, the elements of T∗∗
h (denoted by

T ) associated with M are defined by connecting the dual control point CM to all
nodes of M (see Figure 2).

Figure 2. The primal mesh Th (solid black lines), its dual mesh
T∗
h (dashed blue lines), and its dual submesh T∗∗

h (dashed red lines).

Hence, we obtain the interpretation as follows:

Ω =
∪

T∈T∗∗
h

T .

Note that for all interior triangular elements T ∈ T∗∗
h (i.e. ∂T ∩∂Ω = ∅) there exist

at least two primal elements K, L ∈ Th satisfying T ∩K ̸= ∅ and T ∩ L ̸= ∅.
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Let us denote by N ∗∗
Ω and N ∗∗

∂Ω the set of interior and boundary nodes of Ω,
respectively. Mathematically, N ∗∗

Ω contains the mesh points of primal elements
and dual control volumes, that is,

(5) N ∗∗
Ω = C ∪ C∗,

where C := {CK ,∀K ∈ Th} and C∗ := {CM , ∀M ∈ T∗
h}. Then, the set of vertices

of T∗∗
h is defined by

(6) N ∗∗ = N ∗∗
Ω ∪N ∗∗

∂Ω.

We also define the size of discretization as follows:

h = sup {hT , T ∈ T∗∗
h } ,(7)

where hT denotes the diameter of T .

On each primal element K ∈ Th, we denote by ΛK =
1

mK

∫
K

Λdxxx the average

of tensor Λ on K, where mK is the measure of K. For the heterogeneous and
anisotropic case, Λ may be discontinuous across two different primal elements, that
is,

(8) ΛK ̸= ΛL for any K,L ∈ Th,K ̸= L.

The CCFE scheme is based on the idea of standard finite element on the triangular
dual sub-mesh T∗∗

h . In particular, we find an approximate solution of (1) by com-
puting its values at all nodes P of the dual sub-mesh N ∗∗. For this work, let us
define by

Hh := {uh = (uP )P∈N∗∗ , uP ∈ R} ,
the set of all vectors uh := (uP )P∈N∗∗ , where uP is an approximate value of the
solution u at a node P ∈ N ∗∗. By (5), each vector uh can be rewritten as

uh = (uP )P∈N∗∗ =
(
(uK)K∈Th

, (uM )M∈T∗
h
, (uP )P∈N∗∗

Ω

)t
,

where uK and uM are two approximate values of u at nodes CK and CM , respec-
tively.
Due to the homogeneous Dirichlet boundary condition, we need to define a subset
H0

h of Hh by

H0
h = {uh ∈ Hh : uP = 0 ∀P ∈ N ∗∗

∂Ω} .

2.3. The projection operator and the discrete gradient. In this section,
we introduce a projection operator Πuh and the discrete gradient ∇Λuh for any
uh ∈ Hh to write the discrete form of variational problem (3). These two operators
should be defined by their restrictions to each triangular element T of T∗∗

h . Based
on the properties of tensor Λ, these definitions are represented in the two following
cases:
For the case of isotropic tensor Λ, we seek Πuh of the form

(9) Πuh|T=
∑

P∈N∗∗
T

uPLP (xxx),

where N ∗∗
T is the set of three vertices of T and LP is a first-order Lagrange basis

function associated with a vertex P .
Since the function Πuh|T belongs to H1(T ), a restriction of the discrete gradient
on T is defined by

(10) ∇Λuh|T= ∇Πuh(xxx), a.e. xxx ∈ T.
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For the case of anisotropic and heterogeneous tensor Λ, we consider a triangle
T = (CM , CK , CL) in T∗

h, where K, L are two primal elements of Th, and M is a
dual control volume of T∗

h (see Figure 3). There has a common edge e between K

Figure 3. Left: A triangular element (green) T = (CM , CK , CL)
of the dual submesh T∗∗

h ; Right: Outward normal vectors of two
sub-triangles of T .

and L. This edge intersects the segment CKCL at a point Ce. Thus, the triangle T
can be partitioned into two sub-triangles T1 = (CMCeCK) and T2 = (CMCeCL).
In addition, we denote by nnnK

CMCe
, nnnCMCK

and nnnCKCe the outward normal vectors
of the triangle T1 whose lengths are equal to the segments CMCe, CMCK and
CKCe, respectively. The notation mT1 is the measure of triangle T1. Note that
nnnK
CMCe

+nnnL
CMCe

= 0.

Next, we introduce an auxiliary unknown uM
e , which is an approximation of u at

Ce seeing from M . Remark that if e is a boundary edge, then uM
e is equal to 0

because of the homogenous Dirichlet boudary condition (2).
For any vector uh ∈ Hh, the function Πuh|T is continuous on T , and piecewise

linear on each T1 and T2. Both the projection operator Πuh|T and the discrete
gradient ∇Λuh|T must be taken into account the tensor Λ and defined as follows

(i) On the triangle T1, we have

Πuh|T1(xxx) =


uK if xxx = CK ,

uM if xxx = CM ,

uM
e if xxx = Ce.

(11)

By the multi-point flux approximations, we define the restriction of ∇Λuh

on T1 as

∇Λuh|T1=
−uM

e nnnCMCK − uKnnnK
CMCe

− uMnnnCKCe

2mT1

.(12)

Similarly, the restriction of Πuh and ∇Λuh on the triangle T2 are also
defined as

Πuh|T2(xxx) =


uL if xxx = CL,

uM if xxx = CM ,

uM
e if xxx = Ce,

(13)

and

(14) ∇Λuh|T2=
−uM

e nnnCMCL
− uLnnn

L
CMCe

− uMnnnCLCe

2mT2

.
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(ii) Next, we determine the auxiliary unknown uM
e to strongly satisfy the fol-

lowing total flux conservation at the internal edge CMCe∫
CMCe

(ΛK∇Λuh|T1) ·nnnK
CMCe

+ (ΛL∇Λuh|T2) ·nnnL
CMCe

dγ = 0.(15)

With the assumption of

△ =

(
nnnK
CMCe

)t
ΛKnnnCMCK

2mT1

+

(
nnnL
CMCe

)t
ΛLnnnCMCL

2mT2

̸= 0,(16)

we calculate (15) to get the following linear combination of the auxiliary
unknown uM

e

uM
e = βM,e

K uK + βM,e
L uL + βM,e

M uM ,(17)

with

βM,e
K = − 1

△

(
nnnK
CMCe

)t
ΛKnnnK

CMCe

2mT1

,

βM,e
L = − 1

△

(
nnnL
CMCe

)t
ΛLnnn

L
CMCe

2mT2

,

βM,e
M = 1− βM,e

K − βM,e
L ,

in which nnnt is the tranpose of vector nnn.

Remark 2.1. It is easy to satisfy (16) by moving slightly locations of primal
mesh points.

Substituting (17) into (12) and (14), we deduce that the restrictions of
the function Πuh and the discrete gradient∇Λuh on T = (CMCKCL) ∈ T∗∗

h

linearly depend on the three values uM , uK and uL:

(18) ∇Λuh|T1= −ñnn
T1

K uK + ñnn
T1

L uL + ñnn
T1

MuM

2mT1

,

(19) ∇Λuh|T2= −ñnn
T2

K uK + ñnn
T2

L uL + ñnn
T2

MuM

2mT2

,

with

ñnn
T1

K =
(
βM,e
K nnnCMCK +nnnK

CMCe

)
, ñnn

T1

L =
(
βM,e
L nnnCMCK

)
,

ñnn
T1

M =
(
βM,e
M nnnCMCK

+nnnCKCe

)
, ñnn

T2

K =
(
βM,e
K nnnCMCL

)
,

ñnn
T2

L =
(
βM,e
L nnnCMCL

+nnnL
CMCe

)
, ñnn

T2

M =
(
βM,e
M nnnCMCL

+nnnCLCe

)
.

Remark 2.2. For any M, M̂ ∈ T∗
h such that e = CMC

M̂
is an internal edge of the

primal mesh, there are two values of solution at Ce, one from M (uM
e ), and another

from M̂ (uM̂
e ). As (17) for uM

e , we also have that uM̂
e can be represented as a

linear combination of u
M̂
, uK and uL. Since two adjacent triangles (CM , CK , CL)

and (C
M̂
, CK , CL) are disctinct, there are two different values of solution at Ce:

uM
e ̸= uM̂

e . Note that for the homogeneous Dirichlet boundary condition, if Ce ∈ ∂Ω,

then uM
e = uM̂

e = 0.
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Using the above definitions, we write the following discrete form of (3): finding
uh ∈ H0

h such that for all vh ∈ H0
h,∫

Ω

 (Λ∇Λuh) · ∇Λvh +
1

2
(bbb · ∇Λuh)Πvh

−1

2
Πuh(bbb · ∇Λvh) +

(
µ− 1

2
div bbb

)
Πuh Πvh

 dxxx =

∫
Ω

f Πvhdxxx.(20)

In the dominated convection situations, the Galerkin method lacks stability to
find the approximate solutions for the advection-diffusion problems. Having said
that, the CCFE scheme also lacks stability since it inherits a basis of the standard
finite element method (FEM). Thus, to improve the stability of CCFE scheme, we
add the streamline upwind term in (20) as follows:∫

Ω

(Λ∇Λuh) · ∇Λvhdxxx+
1

2

∫
Ω

(bbb · ∇Λuh)Πvhdxxx− 1

2

∫
Ω

(bbb · ∇Λvh)Πuhdxxx

+

∫
Ω

(
µ− 1

2
div bbb

)
ΠuhΠvhdxxx+

∑
T∈T∗∗

h

δT

∫
T

(bbb · ∇Λuh + µΠuh)(bbb · ∇Λvh)dxxx

=
∑

T∈T∗∗
h

∫
T

δT f (bbb · ∇Λvh)dxxx+

∫
Ω

f Πvhdxxx, ∀vh ∈ H0
h.

(21)

In (21), for every T ∈ T∗∗
h , the stabilization parameter δT taken from [21, Eq.(5)],

that is,

(22) δT =
hT

2 ∥bbb∥(W 1,∞(T ))2
ξ(PeT ), with PeT =

∥bbb∥(W 1,∞(T ))2 hT

2λT
,

where ξ is an upwind function (such that ξ(α)
α is bounded for α → 0+) and PeT is

the local Péclet number. Here, we set

λT =

{
min(1, spec(ΛK), spec(ΛL)) if T ∩K ̸= ∅ and T ∩ L ̸= ∅,with K,L ∈ Th,

min(1, spec(ΛK)) otherwise,with T ⊂ K, and K ∈ Th,

(23)

where spec(ΛK) are the eigenvalues of ΛK .

2.4. The linear algebraic system. For each Q ∈ N ∗∗
Ω , we choose vh in (20) and

(21) by eQh =
(
eQP

)
P∈N∗∗

∈ H0
h such that eQP =

{
1 if P = Q,

0 if P ̸= Q.

Since uh =
∑

P∈N∗∗
Ω

uP e
P
h , ∇Λuh =

∑
P∈N∗∗

Ω

uP∇Λe
P
h and Πuh =

∑
P∈N∗∗

Ω

uPΠe
P
h , we

can rewrite (20) by

∑
P∈N∗∗

Ω

uP

∑
T∈T∗∗

h

∫
T


(
Λ∇Λe

P
h

)
· ∇Λe

Q
h +

1

2
(bbb · ∇Λe

P
h )Πe

Q
h

−1

2
ΠePh (bbb · ∇eQh )

+

(
µ− 1

2
div bbb

)
ΠePh ΠeQh

 dxxx

=
∑

T∈T∗∗
h

∫
T

f ΠeQh dxxx,(24)



410 O.T. HAI, N. T. H. THAI, AND T.T. THANH

and (21) by

∑
P∈N∗∗

Ω

uP

∑
T∈T∗∗

h

∫
T


(
Λ∇Λe

P
h

)
· ∇Λe

Q
h +

1

2
(bbb · ∇Λe

P
h )ΠeQh

−1

2
ΠePh (bbb · ∇eQh ) +

(
µ− 1

2
div bbb

)
ΠePh ΠeQh

+δT
[
bbb · ∇Λe

P
h + µΠePh

]
(bbb · ∇Λe

Q
h )

 dxxx

=
∑

T∈T∗∗
h

∫
T

[
f ΠeQh + δT f (bbb · ∇Λe

Q
h )
]
dxxx.(25)

Next, we denote by T∗∗
P a set of all triangular elements of T∗∗

h having a common
vertex P . By the construction of dual mesh T∗

h, for any M ∈ T∗
h, it follows that

all elements of T∗∗
CM

are inside M . This means two compact support sets of the

function ΠeCM

h and the discrete gradient ∇Λe
CM

h are also inside M . With these
compact supports, the set of interior nodes of M (denoted by N ∗∗

M ) is defined by

(26) N ∗∗
M = CM ∪ CM ,

where CM = {CK ∈ C : K ∩M ̸= ∅}.
In order to derive the linear algebraic system associated with (20) and (21), we

implement the following computational process:
(a) For each M ∈ T∗

h, by taking vh = eCM

h into (20) and (21), and from (26), we
obtain the following equation

(27) DMM uM +
∑

K∈CM

EMK uK = F ∗
M ,

where coefficients DMM , EMK and F ∗
M are computed from (24):

DMM =
∑

T∈T∗∗
CM

∫
T

[(
Λ∇Λe

CM

h

)
· ∇Λe

CM

h +

(
µ− 1

2
div bbb

)
ΠeCM

h ΠeCM

h

]
dxxx,

EMK =
∑

T∈(T∗∗
CK

∩T∗∗
CM

)

∫
T


(
Λ∇Λe

CK

h

)
· ∇Λe

CM

h +

(
µ− 1

2
div bbb

)
ΠeCK

h ΠeCM

h

+
1

2
(bbb · ∇Λe

CK

h )ΠeCM

h − 1

2
ΠeCK

h (bbb · ∇Λe
CM

h )

 dxxx,

F ∗
M =

∫
M

f ΠeCM

h dxxx.

From (25), we also have

DMM =
∑

T∈T∗∗
CM

∫
T


(
Λ∇Λe

CM

h

)
· ∇Λe

CM

h +

(
µ− 1

2
div bbb

)
(ΠeCM

h )2

+δT

[
bbb · ∇Λe

CM

h + µΠeCM

h

]
(bbb · ∇Λe

CM

h )

 dxxx,

EMK =
∑

T∈(T∗∗
CK

∩T∗∗
CM

)

∫
T


(
Λ∇Λe

CK

h

)
· ∇Λe

CM

h +

(
µ− 1

2
div bbb

)
ΠeCK

h ΠeCM

h

+
1

2
(bbb · ∇Λe

CK

h )ΠeCM

h − 1

2
ΠeCK

h (bbb · ∇Λe
CM

h )

+δT

[
bbb · ∇Λe

CK

h + µΠeCK

h

]
(bbb · ∇Λe

CM

h )

 dxxx,

F ∗
M =

∑
T∈T∗∗

CM

∫
T

f
[
ΠeCM

h + δT (bbb · ∇Λe
CM

h )
]
dxxx.
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From (27), if DMM ̸= 0, then the unknown uM is represented in the following linear
combination

(28) uM =
1

DMM

(
F ∗
M −

∑
K∈CM

EMK uK

)
.

Then, for all M ∈ T∗
h, we can write the first linear system as follows

(29) DDD UUU∗ +EEE UUU = FFF ∗,

withDDD = (DMM )M∈T∗
h
∈ Rcard(T∗

h)×card(T∗
h),EEE = (EMK)M∈T∗

h
K∈Th

∈ Rcard(T∗
h)×card(Th),

UUU∗ = (uM )M∈T∗
h
∈ Rcard(T∗

h), UUU = (uK)K∈Th
∈ Rcard(Th), and FFF ∗ = (F ∗

M )M∈T∗
h
∈

Rcard(T∗
h).

Note that DDD is a diagonal matrix. If all of its diagonal elements are different from
zero, (29) leads to

(30) UUU∗ =DDD−1 (FFF ∗ −EEE UUU) .

(b) For each K ∈ Th, by taking vh = eCK

h ∈ H0
h into (20) and (21), we then write

the second linear system:

(31) GGG UUU∗ +HHH UUU = FFF ,

withGGG = (GKM )K∈Th

M∈T∗
h

∈ Rcard(Th)×card(T∗
h),HHH = (HKL)K,L∈Th

∈ Rcard(Th)×card(Th)

and FFF = (FK)K∈Th
∈ Rcard(Th). Their coefficients are computed from (24):

GKM =
∑

T∈(T∗∗
CK

∩T∗∗
CM

)

∫
T


(
Λ∇Λe

CM

h

)
· ∇Λe

CK

h +

(
µ− 1

2
div bbb

)
ΠeCM

h ΠeCK

h

+
1

2
(bbb · ∇Λe

CM

h )ΠeCK

h − 1

2
ΠeCM

h (bbb · ∇Λe
CK

h )

 dxxx,

HKL =
∑

T∈(T∗∗
CK

∩T∗∗
CL

)

∫
T


(
Λ∇Λe

CL

h

)
· ∇Λe

CK

h +

(
µ− 1

2
div bbb

)
ΠeCL

h ΠeCK

h

+
1

2
(bbb · ∇Λe

CL

h )ΠeCK

h − 1

2
ΠeCL

h (bbb · ∇Λe
CK

h )

 dxxx,

FK =

∫
Ω

f ΠeCK

h dxxx.

From (25), we also get

GKM =
∑

T∈(T∗∗
CM

∩T∗∗
CK

)

∫
T


(
Λ∇Λe

CM

h

)
· ∇Λe

CK

h +

(
µ− 1

2
div bbb

)
ΠeCM

h ΠeCK

h

+
1

2
(bbb · ∇Λe

CM

h )ΠeCK

h − 1

2
ΠeCM

h (bbb · ∇Λe
CK

h )

+δT

[
bbb · ∇Λe

CM

h + µΠeCM

h

]
(bbb · ∇Λe

CK

h )

 dxxx,

HKL =
∑

T∈(T∗∗
CK

∩T∗∗
CL

)

∫
T


(
Λ∇Λe

CL

h

)
· ∇Λe

CK

h +

(
µ− 1

2
div bbb

)
ΠeCL

h ΠeCK

h

+
1

2
(bbb · ∇Λe

CL

h )ΠeCK

h − 1

2
ΠeCL

h (bbb · ∇Λe
CK

h )

+δT

[
bbb · ∇Λe

CL

h + µΠeCL

h

]
(bbb · ∇Λe

CK

h )

 dxxx,

FK =
∑

T∈T∗∗
CK

∫
T

f
[
ΠeCK

h + δT (bbb · ∇Λe
CK

h )
]
dxxx.

(c) Substituting (30) into (31), we end up with a linear system of the form

(32) AAA UUU = BBB,
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where AAA =HHH −GGG DDD−1 EEE ∈ Rcard(Th)×card(Th), BBB = FFF −GGG DDD−1 FFF ∗ ∈ Rcard(Th).

Remark 2.3. Since the matrix AAA belongs to Rcard(Th)×card(Th), the computational
cost for solving (32) is the same as that of other cell-centered schemes.

3. Mathematical properties

We now show the existence of unique solution of CCFE scheme in (20) or (21)
as follows:

Proposition 3.1. Under Hypothesis (A1) − (A4), let D∗ be a discretization, and
assume that the coefficient δT satisfies

(33) 0 < δT ≤ 1

2
min

{
h2
T

λ2
2C

2
inv

,
µ0

∥µ∥2L∞(T )

}
, ∀T ∈ T∗∗

h ,

where the positive constant Cinv is arisen from [26, Theorem C.30 (Inverse esti-
mate), p.745]. Then the problem (32) has a unique solution.

Proof of Proposition 3.1: By combining the systems (29) and (31), we get

(34) ÂAA ÛUU = F̂FF

where ÂAA :=

(
DDD EEE
GGG HHH

)
, ÛUU :=

(
UUU
UUU∗

)
and F̂FF :=

(
FFF
FFF ∗

)
.

Let define two bilinear forms a(uh, uh) and aSU(uh, uh) on Hh, where aSU(uh, uh) is
associated with the dominated-convection regime problem. From two assumptions
(A1) and (A2), for any uh ̸= 000, we obtain

a(uh, uh) =

∫
Ω

[
(Λ∇Λuh) · ∇Λuh +

(
µ− 1

2
div bbb

)
(Πuh)

2

]
dxxx > 0

aSU(uh, uh) =

∫
Ω

(Λ∇Λuh) · ∇Λuhdxxx+

∫
Ω

(
µ− 1

2
div bbb

)
(Πuh)

2dxxx

+
∑

T∈T∗∗
h

δT

[∫
T

(bbb · ∇Λuh)
2dxxx+

∫
T

µΠuh(bbb · ∇Λuh)dxxx

]
,

≥
∑

T∈T∗∗
CM

∫
T

 (Λ∇Λuh) · ∇Λuh +

(
µ− 1

2
div bbb

)
(Πuh)

2

+δT (bbb · ∇Λuh)
2 − δT |µΠuh(bbb · ∇Λuh)|

 dxxx,

≥
∑

T∈T∗∗
CM

∫
T

[
(Λ∇Λuh) · ∇Λuh +

3

4
δT (bbb · ∇Λuh)

2

]
dxxx > 0,

due to the assumption (A2), the condition (33), and the Cauchy-Schwarz inequality,
that is,

δT

∫
T

|µΠuh(bbb · ∇Λuh)| dxxx ≤
√
δT ∥µ∥L∞(T ) ∥Πuh∥L2(T )

∥∥∥√δT (bbb · ∇Λuh)
∥∥∥
L2(T )

,

≤
√

µ0

2
∥Πuh∥L2(T )

∥∥∥√δT (bbb · ∇Λuh)
∥∥∥
L2(T )

,

≤ µ0

2
∥Πuh∥2L2(T ) +

1

4

∥∥∥√δT (bbb · ∇Λuh)
∥∥∥2
L2(T )

.

Since ÛUU
t
ÂAA ÛUU is associated with a(uh, uh) or aSU(uh, uh), we then have

(35) ÛUU
t
ÂAA ÛUU > 0 for any ÛUU ̸= 000
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in which ÛUU
t
is the tranpose of vector ÛUU .

This follows that ÂAA is positive definite.
Moreover, we see that the main diagonal of DDD is

DMM =
∑

T∈T∗∗
CM

∫
T

[(
Λ∇Λe

CM

h

)
· ∇Λe

CM

h +

(
µ− 1

2
div bbb

)
(ΠeCM

h )2
]
dxxx > 0,(36)

In the dominated-convection regime, we also have

DMM =
∑

T∈T∗∗
CM

∫
T


(
Λ∇Λe

CM

h

)
· ∇Λe

CM

h +

(
µ− 1

2
div bbb

)
(ΠeCM

h )2

+δT

[
bbb · ∇Λe

CM

h + µΠeCM

h

]
(bbb · ∇Λe

CM

h )

 dxxx,

≥
∑

T∈T∗∗
CM

∫
T

[(
Λ∇Λe

CM

h

)
· ∇Λe

CM

h +
3

4
δT (bbb · ∇Λe

CM

h )2
]
dxxx > 0.(37)

According to [27, Theorem 2.1 (i)], the Schur complement AAA =HHH −GGG DDD−1 EEE of DDD
is invertible, since the matrix DDD is positive definite and the positive-definite matrix

ÂAA is invertible.
�
We now focus on demonstrating the theoretical convergence of the proposed scheme.
For isotropic diffusion tensor Λ without convection-dominated regime, the scheme
is equivalent to the standard finite element scheme on the triangular subdual mesh
T∗∗
h . For isotropic diffusion tensor Λ in convection-dominated regime, its conver-

gence analysis is similar as the streamline upwind Petrov-Galerkin method on the
triangular subdual mesh T∗∗

h . With the remainder of this work, we show its conver-
gence analysis in the case of heteorgeneous, anisotropic or possibly discontinuous
tensor Λ in convection-dominated regime. For this purpose, we introduce the fol-

lowing properties: let us define the discretization D̂∗∗ = (H0
D̂∗∗ ,Π,∇Λ) having

(i) The coercivity of discretization D̂∗∗ is measured through the coefficient
CD̂∗∗ of the linear mapping Π defined by

(38) CD̂∗∗ := max
vh∈H0

h,
|||vh|||=1

∥Πvh∥L2(Ω) .

A sequence (D̂∗∗
h )h∈R is coercive if there exists CΠ > 0 such that

(39) CD̂∗∗
h

≤ CΠ, ∀h.

(ii) The strong consistency of discretization D̂∗∗ is measured through the func-
tion SD̂∗∗ : H1

0 (Ω) → [0,+∞) defined by

∀φ ∈ H1
0 (Ω), SD̂∗∗(φ) := min

vh∈H0
h

(
∥Πvh − φ∥L2(Ω) + ∥∇Λvh −∇φ∥(L2(Ω))2

)
.

(40)

A sequence (D̂∗∗
h )h∈R is strongly consistent if, for all φ ∈ H1

0 (Ω), SD̂∗∗
h
(φ)

tends to 0 as h → 0.
(iii) The dual consistency (or limit-conforming) of the discretization D̂∗∗ is mea-

sured through the function WD̂∗∗ :
(
H1

0 (Ω)
)2 → [0,+∞) defined by

WD̂∗∗(φφφ) := max
vh∈H0

D∗∗
|||vh|||=1

∫
Ω

[∇Λvh ·φφφ+Πvh divφφφ] dxxx, ∀φφφ ∈
(
H1

0 (Ω)
)2

.(41)
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Besides, we define the following discrete H1−norm by

∥vh∥21,D∗∗ :=
∑

T∈T∗∗
h

|nnnKL|
dKL

(vK − vL)
2 +

|nnnKM |
dKM

(vK − vM )2 +
|nnnLM |
dLM

(vL − vM )2,

and the norm |||·||| used for the dominated-convection regime:

|||vh|||2 := λ1 ∥∇Λvh∥2L2(Ω) +
∑

T∈T∗∗
h

∥∥∥δ1/2
T (bbb · ∇Λvh)

∥∥∥2
L2(T )

,(42)

for any vh ∈ Hh.
Based on the properties of Λ, T∗∗

h is classified into two following sets

T∗∗
h,Λ = {T ∈ T∗∗

h : Λ is not continuous on T} ,
T∗∗
h,const = {T ∈ T∗∗

h : Λ is constant on T} .

If T ∈ T∗∗
h,Λ, let us assume that

Λ(xxx) =

{
Λ1, if xxx ∈ T1,

Λ2, if xxx ∈ T2,

where T1, T2 are two sub-triangles of T (see Figure 4).
Next, we represent Theorem 3.2 to verify the convergence, i.e.

∥∇u−∇Λuh∥(L2(Ω))2 −→ 0, and ∥u−Πuh∥L2(Ω) −→ 0, as h → 0,(43)

by showing the strong, dual consistency, and the coercive properties.

Theorem 3.2. In the dominated-convection situation, under Hypotheses (A1) −
(A4), let u be the unique weak solution (3) of the problem (1), and satisfies the

assumption Λ∇u ∈ W div,2(Ω). Let consider a discretization D̂∗∗, we assume that
there exists two positive constants, one is CΠ satisfying (62), and another is θ
independent of h such that

(44) max

{
hT

hT1

,
hT

hT2

}
≤ θ, ∀T ∈

(
T∗∗
h \ T∗∗

h,const

)
,

Also, the coefficient δT defined in (22) satisfies

(45) 0 < δT ≤ 1

2
min

{
h2
T

λ2
2C

2
inv

,
µ0

∥µ∥2L∞(T )

}
, ∀T ∈ T∗∗

h ,

where the positive constant Cinv is arisen from [26, Theorem C.30 (Inverse esti-
mate), p.745].
Then, there exists a unique solution uD∗∗ ∈ H0

h of the CCFE scheme (21) and a
positive constant Θ depends on Λ, bbb, µ, µ0 and θ, such that

∥u−ΠuD∗∗∥L2(Ω) + ∥∇u−∇ΛuD∗∗∥(L2(Ω))2

≤ Θ [WD∗∗(Λ∇u) +WD∗∗(−bbbu) + SD∗∗(u)] .(46)

Remark that, the proof is not straightforward from [28, Theorem 3.1], since the
proposed method adds to the original bilinear form a term which is a suitable
amount of artificial viscosity in the direction of streamlines.
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Proof of Theorem 3.2: With Λ∇u ∈ W div,2(Ω), we can insert φφφ = Λ∇u in (41),
and implement div(Λ∇u) = bbb · ∇u+ µu− f a.e. Ω to rewrite

WD∗∗(Λ∇u) = max
vh∈H0

h,
|||vh|||=1

∫
Ω

[
(Λ∇u) · ∇Λvh + (bbb · ∇u)Πvh + µ u Πvh − f Πvh

]
dxxx.

(47)

Moreover, if we choose φφφ = −bbbu for (41), then it follows∫
Ω

[∇Λvh · (bbbu) + Πvh div (bbbu)] dxxx ≥ −WD∗∗(−bbbu), ∀vh ∈ H0
h.(48)

In (47), we replace −
∫
Ω

f Πvhdxxx with the remainder of (21) and − div(Λ∇u) +

bbb · ∇u+ µu = f a.e. Ω to obtain the following estimation

|||vh|||WD̂∗∗(Λ∇u)

≥
∫
Ω

[ (
Λ∇u− Λ∇ΛuD̂∗∗

)
· ∇Λvh +

1

2
bbb ·
(
∇u−∇ΛuD̂∗∗

)
Πvh

]
dxxx

+
1

2

∫
Ω

(bbb · ∇Λvh)
(
ΠuD̂∗∗ − u

)
dxxx+

1

2

∫
Ω

[(bbb · ∇Λvh)u+ div(bbbu)Πvh] dxxx

+
1

2

∫
Ω

div bbb(ΠuD̂∗∗ − u)Πvhdxxx+

∫
Ω

µ
(
u−ΠuD̂∗∗

)
Πvhdxxx

+
∑

T∈T∗∗
h

δT

∫
T

[
bbb · (∇u−∇ΛuD̂∗∗) + µ(u−ΠuD̂∗∗)

]
(bbb · ∇Λvh)dxxx

−
∑

T∈T∗∗
h,const

δT

∫
T

div
[
Λ∇u− ΛT (∇ΛuD̂∗∗)|T

]
(bbb · ∇Λvh)|T dxxx

−
∑

T∈(T∗∗
h \T∗∗

h,const)
T :=(CK ,CL,CM )

δT


∫
T1

div
[
Λ∇u− ΛT1(∇ΛuD̂∗∗)|T1

]
(bbb · ∇Λvh)|T1dxxx

+

∫
T2

div
[
Λ∇u− ΛT2(∇ΛuD̂∗∗)|T2

]
bbb · (∇Λvh)|T2dxxx

 .

(49)

Let us define ID̂∗∗ : H1
0 (Ω) → H0

h by

ID̂∗∗φ := argmin
vh∈H0

h

(
∥Πvh − φ∥L2(Ω) + ∥∇Λvh −∇φ∥(L2(Ω))2

)
(50)

to insert −ID̂∗∗u + ID̂∗∗u into each term of the right hand side of (49). And by

invoking (48) for

∫
Ω

[div(bbbu)Πvh + (bbbu) · ∇Λvh] dxxx in (49), it leads to the following

inequality

|||vh|||WD̂∗∗(Λ∇u) + |||vh|||WD̂∗∗(−bbbu) ≥ I1(u, ID̂∗∗u, vh) + I2(ID̂∗∗u,ΠuD̂∗∗ , vh),

(51)
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where

I1(u, ID̂∗∗u, vh) :=

∫
Ω

(
Λ∇u− Λ∇ΛID̂∗∗u

)
· ∇Λvhdxxx

+
1

2

∫
Ω

bbb ·
(
∇u−∇ΛID̂∗∗u

)
Πvhdxxx

+
1

2

∫
Ω

(bbb · ∇Λvh)
(
ΠID̂∗∗u− u

)
dxxx+

1

2

∫
Ω

div bbb(ΠID̂∗∗u− u)Πvhdxxx

+

∫
Ω

µ
(
u−ΠID̂∗∗u

)
Πvhdxxx+

∑
T∈T∗∗

h

δT

∫
T

µ(u−ΠID̂∗∗u)(bbb · ∇Λvh)dxxx

+
∑

T∈T∗∗
h

δT

∫
T

[
bbb · (∇u−∇ΛID̂∗∗u)

]
(bbb · ∇Λvh)dxxx

−
∑

T∈T∗∗
h,const

δT

∫
T

div
[
Λ∇u− ΛT (∇ΛID̂∗∗u)|T

]
(bbb · ∇Λvh)|T dxxx

−
∑

T∈(T∗∗
h \T∗∗

h,const)
T :=(CK ,CL,CM )

δT


∫
T1

div
[
Λ∇u− ΛT1

(∇ΛID̂∗∗u)|T1

]
(bbb · ∇Λvh)|T1

dxxx

+

∫
T2

div
[
Λ∇u− ΛT2(∇ΛID̂∗∗u)|T2

]
(bbb · ∇Λvh)|T2dxxx

 ,

and

I2(ID̂∗∗u,ΠuD̂∗∗ , vh) =

∫
Ω

(
Λ∇ΛID̂∗∗u− Λ∇ΛuD̂∗∗

)
· ∇Λvhdxxx

+
1

2

∫
Ω

bbb ·
(
∇ΛID̂∗∗u−∇ΛuD̂∗∗

)
Πvhdxxx− 1

2

∫
Ω

(bbb · ∇Λvh)
(
ΠID̂∗∗u−ΠuD̂∗∗

)
dxxx

− 1

2

∫
Ω

div bbb(ΠID̂∗∗u−ΠuD̂∗∗)Πvhdxxx+

∫
Ω

µ
(
ΠID̂∗∗u−ΠuD̂∗∗

)
Πvhdxxx

+
∑

T∈T∗∗
h

δT

∫
T

[
bbb · (∇ΛID̂∗∗u−∇ΛuD∗∗)

]
(bbb · ∇Λvh)dxxx

+
∑

T∈T∗∗
h

δT

∫
T

µ(ΠID̂∗∗u−ΠuD̂∗∗)(bbb · ∇Λvh)dxxx,

since the vectors ΛT (∇ΛID̂∗∗u)|T , ΛT (∇ΛuD̂∗∗)T , (ΛTi∇ΛID̂∗∗u), and (ΛTi∇ΛuD̂∗∗)
for i = 1, 2, are constant vectors.
For I1(u, ID̂∗∗u, vh), we apply [26, Theorem C.30, pp.745] and the assumption (A1)
to estimate its following term

∫
Ti

div
(
Λ∇u− ΛTi

∇ΛID̂∗∗u
)
(bbb · ∇Λvh)dxxx,

≥ −
∥∥div (Λ∇u− ΛTi∇ΛID̂∗∗u

)∥∥
L2(Ti)

∥bbb · ∇Λvh∥L2(Ti)

≥ −Cinv

hTi

λ2

∥∥∇u−∇ΛID̂∗∗u
∥∥
L2(Ti)

∥bbb · ∇Λvh∥L2(Ti)
.(52)
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Owning to the inequality (52) and the definitions of SD∗∗(u) and ID∗∗u, the term
I1(u, ID̂∗∗u, vh) be bounded by∣∣I1(u, ID̂∗∗u, vh)

∣∣
≤SD̂∗∗(u)


λ2√
λ1

+
1

2

(
1√
λ1

+ CΠ

)
∥bbb∥(W 1,∞(Ω))2 +

√
2θ +

1√
2

+CΠ

∥∥∥∥µ− 1

2
div bbb

∥∥∥∥
L∞(Ω)

+

√
µ0

2

(
1 +

∥bbb∥(W 1,∞(Ω))2

∥µ∥L∞(Ω)

)
 ,(53)

for all vh ∈ H0
D̂∗∗ .

From two inequalities (51) and (53), we obtain

I2(ID̂∗∗u,ΠuD̂∗∗ , vh)

≤ |||vh|||



WD̂∗∗(Λ∇u) +WD̂∗∗(−bbbu)

+SD̂∗∗(u)


λ2√
λ1

+
1

2

(
1√
λ1

+ CΠ

)
∥bbb∥(W 1,∞(Ω))2 +

√
2θ +

1√
2

+CΠ

∥∥∥∥µ− 1

2
div bbb

∥∥∥∥
L∞(Ω)

+

√
µ0

2

(
1 +

∥bbb∥(W 1,∞(Ω))2

∥µ∥L∞(Ω)

)



.

(54)

After inserting vh = (ID̂∗∗u− uD̂∗∗) in (54), the following term in I2(ID̂∗∗u,ΠuD̂∗∗ ,
ID̂∗∗u− uD̂∗∗) is estimated by∣∣∣∣∣∣

∑
T∈T∗∗

h

δT

∫
T

[
µ(ΠID̂∗∗u−ΠuD̂∗∗)

]
(bbb · ∇Λ(ID̂∗∗u− uD∗∗))dxxx

∣∣∣∣∣∣
≤
∑

T∈T∗∗
h

δ
1/2
T ∥µ∥L∞(T )

∫
T

∣∣ΠID̂∗∗u−ΠuD∗∗
∣∣ ∣∣∣δ1/2

T bbb · ∇Λ(ID̂∗∗u− uD̂∗∗)
∣∣∣ dxxx

≤
∑

T∈T∗∗
h

δ
1/2
T ∥µ∥L∞(T )

∥∥ΠID̂∗∗u−ΠuD̂∗∗

∥∥
L2(T )

∥∥∥δ1/2
T bbb · ∇Λ(ID̂∗∗u− uD̂∗∗)

∥∥∥
L2(T )

≤
∑

T∈T∗∗
h

√
µ0

2

∥∥ΠID̂∗∗u−ΠuD∗∗
∥∥
L2(T )

∥∥∥δ1/2
T bbb · ∇Λ(ID̂∗∗u− uD∗∗)

∥∥∥
L2(T )

,

≤

µ0

2

∥∥ΠID̂∗∗u−ΠuD̂∗∗

∥∥2
L2(Ω)

+
1

4

∑
T∈T∗∗

h

∥∥∥δ1/2
T bbb · ∇Λ(ID̂∗∗u− uD∗∗)

∥∥∥2
L2(T )


≤ 1

2

(
µ0

∥∥ΠID̂∗∗u−Πuh

∥∥2
L2(Ω)

+
∣∣∣∣∣∣ID̂∗∗u− uD∗∗

∣∣∣∣∣∣2) .(55)

By the inequality (55), the left-hand side of (54) be lower bounded by

I2(ID̂∗∗u,ΠuD̂∗∗ , ID̂∗∗u− uD̂∗∗) ≥
∣∣∣∣∣∣ID̂∗∗u− uD̂∗∗

∣∣∣∣∣∣2 + µ0

∥∥ΠID̂∗∗u−ΠuD̂∗∗

∥∥2
L2(Ω)

+

∣∣∣∣∣∣
∑

T∈T∗∗
h

δT

∫
T

[
µ(ΠID̂∗∗u−ΠuD̂∗∗)

]
(bbb · ∇Λ(ID̂∗∗u− uD∗∗))dxxx

∣∣∣∣∣∣
≥ 1

2

(
µ0

∥∥ΠID̂∗∗u−ΠuD̂∗∗

∥∥2
L2(Ω)

+
∣∣∣∣∣∣ID̂∗∗u− uD̂∗∗

∣∣∣∣∣∣2) .(56)
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From (54) and (56), they lead to

2WD̂∗∗(Λ∇u) + 2WD̂∗∗(−bbbu)

+2SD̂∗∗(u)


λ2√
λ1

+
1

2

(
1√
λ1

+ CΠ

)
∥bbb∥(W 1,∞(Ω))2 +

√
2θ +

1√
2

+CΠ

∥∥∥∥µ− 1

2
div bbb

∥∥∥∥
L∞(Ω)

+

√
µ0

2

(
1 +

∥bbb∥(W 1,∞(Ω))2

∥µ∥L∞(Ω)

)


+ 2(WD̂∗∗(Λ∇u) +WD̂∗∗(−bbbu)) ≥
∣∣∣∣∣∣ID̂∗∗u− uD̂∗∗

∣∣∣∣∣∣.(57)

In addition, by using the triangle inequality, the definitions (40), (42), (50) and the
coercivity (62), we obtain∥∥∇u−∇ΛuD̂∗∗

∥∥
L2(Ω)2

≤
∥∥∇u−∇ΛID̂∗∗u

∥∥
L2(Ω)2

+
∥∥∇ΛID̂∗∗u−∇ΛuD̂∗∗

∥∥
L2(Ω)2

≤ SD̂∗∗(u) +
1

λ1

∣∣∣∣∣∣ID̂∗∗u− uD̂∗∗

∣∣∣∣∣∣,(58)

and ∥∥u−ΠuD̂∗∗

∥∥
L2(Ω)

≤
∥∥u−ΠID̂∗∗u

∥∥
L2(Ω)

+
∥∥ΠID̂∗∗u−ΠuD̂∗∗

∥∥
L2(Ω)

≤ SD̂∗∗(u) + CΠ

∣∣∣∣∣∣ID̂∗∗u− uD̂∗∗

∣∣∣∣∣∣.(59)

Therefore, we verify the inequality (46) from the results (57)-(59), where

Θ = 2max



(
1√
λ1

+ CΠ

)
,

1 +

(
1√
λ1

+ CΠ

)


λ2√
λ1

+
1

2

(
1√
λ1

+ CΠ

)
∥bbb∥(W 1,∞(Ω))2

+
√
2θ +

1√
2
+ CΠ

∥∥∥∥µ− 1

2
div bbb

∥∥∥∥
L∞(Ω)

+

√
µ0

2

(
1 +

∥bbb∥(W 1,∞(Ω))2

∥µ∥L∞(Ω)

)




.

�
Next, instead of proving the coercivity (39), the strong and dual consistencies (40),
(41) directly, this work is simplified by checking these properties for the variant
form of the CCFE scheme, named the CCFEb scheme. This scheme is described
as follows: finding uh ∈ H0

h such that∫
Ω

(Λ∇Λuh) · ∇Λvhdxxx+
1

2

∫
Ω

(bbb · ∇Λuh)Π1vhdxxx− 1

2

∫
Ω

(bbb · ∇Λvh)Π1uhdxxx

+

∫
Ω

(
µ− 1

2
div bbb

)
Π1uhΠ1vhdxxx+

∑
T∈T∗∗

h

δT

∫
T

(bbb · ∇Λuh + µΠ1uh)(bbb · ∇Λvh)dxxx

=
∑

T∈T∗∗
h

∫
T

δT f (bbb · ∇Λvh)dxxx+

∫
Ω

f Π1vhdxxx, ∀vh ∈ H0
h,

(60)

where Π1 is a piecewise polynomial based on the first-order Lagrange basis func-
tions on T∗∗

h .
The CCFEb scheme also has the definitions for the coercive, the strong and dual
consistency properties as follows: let us define the discretizationD∗∗ = (H0

D∗∗ ,Π1,∇Λ)
having
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(i) The coercivity of discretization D∗∗ is measured through the coefficient
CD∗∗ of the linear mapping Π1 defined by

(61) CD∗∗ := max
vh∈H0

h,
|||vh|||=1

∥Π1vh∥L2(Ω) .

A sequence (D∗∗
h )h∈R is coercive if there exists CΠ1 > 0 such that

(62) CD∗∗
h

≤ CΠ1 ∀h.

(ii) The strong consistency of discretization D∗∗ is measured through the func-
tion SD∗∗ : H1

0 (Ω) → [0,+∞) defined by

∀φ ∈ H1
0 (Ω), SD∗∗(φ) := min

vh∈H0
h

(
∥Π1vh − φ∥L2(Ω) + ∥∇Λvh −∇φ∥(L2(Ω))2

)
.

(63)

A sequence (D∗∗
h )h∈R is strongly consistent if, for all φ ∈ H1

0 (Ω), SD∗∗
h
(φ)

tends to 0 as h → 0.
(iii) The dual consistency (or limit-conforming) of the discretization D∗∗ is mea-

sured through the function WD∗∗ :
(
H1

0 (Ω)
)2 → [0,+∞) defined by

WD∗∗(φφφ) := max
vh∈H0

D∗∗
|||vh|||=1

∫
Ω

(∇Λvh ·φφφ+Π1vh divφφφ) dxxx, ∀φφφ ∈
(
H1

0 (Ω)
)2

.(64)

To simplify checking the coercive (61), the strong and dual consistencies (63), (64),
we assume that, for neighboring control volumes, the line joining their primary
mesh points intersects their common edge. With the discretization D∗∗, for each
triangular element T ∈ T∗∗

h , we connect its center point CT to three midpoints
CKL, CKM and CLM of its edges [CK , CL], [CK , CM ] and [CL, CM ], respectively.
On three edges [CKL, CT ], [CKM , CT ] and [CLM , CT ], we denote by nnnL,K , nnnK,M and
nnnM,L the orthogonal vectors to these edges, respectively. Moreover, we also denote
by nnnK , nnnL, nnnM , nnne, nnnM,1, and nnnM,2 the orthogonal vectors to the edges [CL, CM ],
[CK , CL], [CK , CM ], [CM , Ce], [CK , Ce], and [CL, Ce]. Figure 4 illustrates these
definitions for any triangular element T ∈ T∗∗

h .
Three distances from CK to [CKL, CT ], from CL to [CLM , CT ], and from CM

to [CKM , CT ] are denoted by dKL, dLM , and dKM , respectively. Remark that
dKL = dLK , dLM = dML and dKM = dMK , where dLK , dML, and dMK are
three distances from CL to [CKL, CT ], from CM to [CLM , CT ], and from CK to
[CKM , CT ].

We denote by AiK , AiL, and AiM three polygons (CK , CK,L, CT , CK,M ), (CL,
CK,L, CT , CL,M ) and (CM , CK,M , CT , CL,M ). For uh ∈ Hh, we define a piecewise
constant reconstruction Π0

D∗∗uh on these polygons as follows:

Π0
D∗∗uh(xxx) :=


Π0

Kuh = uK , xxx ∈ AiK ,

Π0
Luh = uL, xxx ∈ AiL,

Π0
Muh = uM , xxx ∈ AiM .

Note that the CCFEb scheme employs the projection operator Π1uh based on
first order Lagrange basis functions on the triangular dual sub-mesh T∗∗

h . The
convergence of this operator is inherited from the standard finite element method.
Therefore, in future work, we will focus on analyzing the properties of the discrete
gradient..
For this purpose, we firstly recall Lemmas 5.1 and 5.2 of [1]. Since formulas of the
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Figure 4. A triangular element T := (CK , CL, CM ) ∈ T∗∗
h is

partitioned into two sub-triangles T1 := (CK , Ce, CM ) and T2 :=
(CL, Ce, CM ).

discrete gradients, and the coefficients βM,e
K , βM,e

L and βM,e
M are similar as in [1],

we have their results as follows:

Lemma 3.3. ([1, Lemma 5.1]) With assumption (16), let (D∗∗
m )m∈R be a sequence

of discretizations D∗∗ = (Hh, h,Π1,∇Λ) defined. We assume that there exists θ
such that

min (|nnnK,L| , |nnnK,M | , |nnnL,M |)
|nnnL|

mT1

mT
> θ, and

min (|nnnK,L| , |nnnK,M | , |nnnL,M |)
|nnnK |

mT2

mT
> θ,

(65)

for all D∗∗
m , and for T ∈ T∗∗

h \
(
T∗∗
h,Λ ∪ T∗∗

h,const

)
. Then, for T ∈ T∗∗

h \ T∗∗
Λ and

uh ∈ Hh, the gradient ∇Λuh|T satisfies

mT∇Λuh|T=(uM − uK)(nnnK,M + ϵϵϵK,M ) + (uL − uM )(nnnM,L + ϵϵϵM,L)

+ (uK − uL)(nnnL,K + ϵϵϵL,K),

where there exists three vectors ϵϵϵK,M , ϵϵϵM,L and ϵϵϵK,L such that

lim
h→0

|ϵϵϵK,M |
|nnnK,M |

= 0, lim
h→0

|ϵϵϵM,L|
|nnnM,L|

= 0, and lim
h→0

|ϵϵϵL,K |
|nnnL,K |

= 0.

Lemma 3.4. ([1, Lemma 5.2]) With assumption (16), let (D∗∗
h )h∈R be a sequence

of discretizations D∗∗
h =

(
H0

D∗∗ , h,Π1,∇Λ

)
defined. We assume that there exists a

positive constant θ independent from h, such that for all D∗∗
h , for T ∈ T∗∗

Λ

(H1)

∣∣∣∣nnnt
eΛ2nnnK

mT2

− nnnt
eΛ1nnnL

mT1

∣∣∣∣ ≥ θ

(
nnnt
eΛ1nnne

mT1

+
nnnt
eΛ2nnne

mT2

)
,
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(H2)
min {|nnnK,L| , |nnnK,M | , |nnnL,M |}
max {|nnne| , |nnnM,1| , |nnnM,2|}

≥ θ.

Then there exists a constant C2 such that the gradients ∇Λuh|T1
and ∇Λuh|T2

satisfy

mT1∇Λuh|T1 = (uM − uK)θθθ1(K,M) + (uL − uM )θθθ1(M,L) + (uK − uL)θθθ1(L,K),

mT2∇Λuh|T2 = (uM − uK)θθθ2(K,M) + (uL − uM )θθθ2(M,L) + (uK − uL)θθθ2(L,K),

where the vectors θθθi(K,M), θθθi(M,L), and θθθi(L,K) with i = 1, 2 satisfy

|θθθi(K,M)| ≤ C2

θ
|nnnK,M | , |θθθi(M,L)| ≤ C2

θ
|nnnM,L| , and |θθθi(L,K)| ≤ C2

θ
|nnnL,K | .

Using Lemmas 3.3 and 3.4, it can be shown that the CCFEb scheme exhibits co-
ercivity, duality, and strong consistency properties, similar to the results presented
in [1, Proposition 5.3], as follows:

Proposition 3.5. With assumption (16), let (D∗∗
h )h∈R be a sequence of discretiza-

tions D∗∗
h =

(
H0

D∗∗ , h,Π1,∇Λ

)
defined. We assume that there exists θ, such that

for all D∗∗
h :

(H3) ρT > θhT for all T ∈ T∗∗
h,const, where ρT = sup{diam(S) : S is a ball

contained in T},
(H4) ρT1 > θhT1 for all T ∈ T∗∗

h,const,
(H5) ρT2 > θhT2 for all T ∈ T∗∗

h,const,

(H6) dK,L >
1

θ
|nnnK,L|, dK,M >

1

θ
|nnnK,M |, dL,M >

1

θ
|nnnL,M |, for all T ∈ T∗∗

h ,

(H7)

∣∣∣∣nnnt
eΛ2nnnK

mT2

− nnnt
eΛ1nnnL

mT1

∣∣∣∣ ≥ θ

(
nnnt
σΛ1nnnσ

mT1

+
nnnt
σΛ2nnnσ

mT2

)
for all T ∈ T∗∗

h,Λ,

(H8)
min (|nnnL,K | , |nnnK,M | , |nnnM,L|)
max (|nnne| , |nnnM,1| , |bnM,2|)

> θ, for all T ∈ T∗∗
h,Λ,

(H9)
min (|nnnL,K | , |nnnK,M | , |nnnM,L|)

|nnnL|
mT1

mT
> θ, and

min (|nnnL,K | , |nnnK,M | , |nnnM,L|)
|nnnK |

mT2

mT

> θ, for all T ∈ T∗∗
h \

(
T∗∗
h,Λ ∪ T∗∗

h,const

)
then the CCFEb scheme is coercive, i.e. there exists CD∗∗ such that

(66) ∥Π1uh∥ ≤ CD∗∗ ∥∇Λuh∥(L2(Ω))2 ≤ CD∗∗ |||uh|||, ∀uh ∈ Hh.

Moreover, for all φ ∈ C∞
c (Ω), lim

h→0
SD∗∗(φ) = 0 and for all φφφ ∈ (C∞

c (Ω))
2
lim
h→φφφ

WD∗∗(φφφ)

= 0.

Since the spaces C∞
c (Ω) and (C∞

c (Ω))
2
are density in H1

0 (Ω) and
(
H1

0 (Ω)
)2
, the

CCFEb scheme (60) satisfies the coercive, the dual and strong consistency proper-
ties.

4. Numerical experiments

In this section we study a number of examples of problem (1) and (2) with the
isotropic and anisotropic heterogeneous diffusion, i.e. continuous and discontinu-
ous diffusive coefficients (subsection 4.1 and 4.2, respectively). The uniform and
non-uniform primal meshes are used to compute the solution of each example. To
investigate the performance of these discretization methods, we evaluate their con-
vergence rates measured by the absolute error when the meshes are refined. For
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this purpose, on each primal mesh Th, we define the absolute error between the
exact solution u and the approximate one uh in the L2-norm as follows

errTh
=

( ∑
K∈Th

mK |uh(K)− u(K)|2
) 1

2

,(67)

where mK is the measure of element K of Th.
To discretize our problems, we construct six types of primal meshes in the imple-
mentation of our solvers. Fig. 5 illustrates the plots of base meshes of these primal
mesh families: the uniform quadrangular mesh (Mesh 1), the uniform triangular
mesh (Mesh 2), the distorted quadrangular mesh (Mesh 3) with the distortion den-
sity d = 0.4, the distorted triangular mesh (Mesh 4) with the distortion density
d = 0.4, the locally refined non-conforming rectangular mesh (Mesh 5), and the ad-
missible mesh (Mesh 6). These primal meshes are used to discretize the continuous
diffusion problems, while the solutions of discontinuous ones are characterized by
only Mesh 1 and 6. Each mesh is built based on an n × n grid. We refine meshes
by doubling n and repeating the construction procedure. Note that Mesh 2 (resp.
Mesh 6) is constructed by splitting each quadrangle-shaped (resp. quadrilateral-
shaped) cell into two triangles. To generate the distorted meshes, i.e. Mesh 3 and
4, we remap the position (x, y) of the nodes of Mesh 1 and 2 into new positions
(x′, y′) through

x′ = x+ rcd∆x,(68)

y′ = y + rcd∆y,(69)

where rc ∈ [−1, 1] is a random number, d ∈ [0, 0.5] is a distortion density, ∆x and
∆y are the sizes of the x and y directions, respectively. Details about the mesh
characteristics are reported in Table 1.

Table 1. Number of elements of the primal mesh Th in Fig. 5
with the refinement level denoted by p (the base mesh takes p = 0).

p Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5 Mesh 6
0 16 32 16 32 40 56
1 64 128 64 128 160 224
2 256 512 256 512 640 896
3 1024 2048 1024 2048 2560 3584

4.1. Accuracy. In this subsection, we consider the test case proposed in [9] where
the forcing term f in (1) and the inhomogeneous boundary condition function gD
in (2) are set according to their exact solution

u(x, y) =
(
x− e

2(x−1)
ν

)(
y2 − e

3(y−1)
ν

)
,(70)

the coefficients bbb = (2, 3)T and µ = 0, and the domain Ω = (0, 1) × (0, 1). Due to
the continuity of diffusive coefficient, the diffusion tensor Λ is given by the identify
matrix scaled by the positive real factor ν. Moreover, by taking ν = 10−4, our
problem becomes strongly convection-dominated and its unknown is defined by an
exponential boundary layer near the top and right sides of domain Ω. To deal with
this issue, the streamline diffusion cell-centered finite element (SDCCFE) technique
[24] is carried out to characterize its solution.
As mentioned in [9] and other references therein, the error measurements include
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Mesh 1 Mesh 2 Mesh 3

Mesh 4 Mesh 5 Mesh 6

Figure 5. Six types of primal meshes are established to discretize
the numerical examples: (a) Mesh 1: the uniform quadrangular
mesh, (b) Mesh 2: the uniform triangular mesh, (c) Mesh 3: the
distorted quadrangular mesh with distortion density d = 0.4, (d)
Mesh 4: the distorted triangular mesh with distortion density d =
0.4, (e) Mesh 5: the locally refined non-conforming rectangular
mesh, and (f) Mesh 6: the admissible mesh.

the approximation errors of the solution gradients in the narrow strip around the
boundary. This reason may prevent any convergence of the discretization method
since these errors are so large. Hence, we restrict our error measurements to the
subdomain [0, 0.95]× [0, 0.95] based on the idea of [9] to avoid these errors. In Table

Table 2. Errors of the solutions in L2 norm and convergence or-
ders of CCFE using six types of primal meshes (see Fig. 5) for the
test case with ν = 1.

p Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5 Mesh 6
0 6.88e− 4 2.54e− 4 6.68e− 4 2.82e− 4 6.34e− 4 1.62e− 4
1 1.93e− 4 7.56e− 5 1.96e− 4 7.74e− 5 1.83e− 4 5.83e− 5
2 5.20e− 5 2.17e− 5 5.30e− 5 2.23e− 5 4.99e− 5 1.70e− 5
3 1.35e− 5 5.84e− 6 1.40e− 5 6.16e− 6 1.30e− 5 4.52e− 6
Order 1.94 1.89 1.92 1.85 1.94 1.91

2, we show the numerical results of the CCFE method for the case of ν = 1 using six
types of primal meshes in Fig. 5. The convergence orders are computed according
to the last two rows of the table. These numerical results indicate that the CCFE
method exhibits the second order of convergence. Moreover, we observe that the
CCFE method delivers better results than other methods in [9] with respect to the
error measurements despite their second-order accuracy. Given different numbers
of elements in Table 1 and [9, Subsection 4.1, Table 1], the upper plots of [9,
Subsection 4.1, Fig. 3] illustrate the minimum values of error measurements are in
(10−3, 10−4) for the numerical approximation of the exact solution, while those of
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the CCFE method are in (10−5, 10−6).
In the convection-dominated case, that is, for ν = 10−4, we implement the SDCCFE
technique that includes the streamline diffusion term in the CCFE method to tackle

our problem, with parameters δT =
hT

2|bbb|
ξ(PeT ), ξ(α) = cothα − 1

α
and PeT =

|bbb|hT

2ν
for each T ∈ T∗∗

h . The numerical results are reported in Table 3 where the last

two rows of the table are used to calculate the convergence orders for the CCFE
method. We observe that the numerical approximation provided by the CCFE
method is first-order accurate. This accuracy is consistent with the error curves
displayed in [9, Subsection 4.1, Fig. 3] where the authors present that their methods
approximate the exact solution with linear convergence. Note that the domain
restriction of error calculations considerably reduces the effects of solution gradients
in the narrow strip around the boundary when meshes are refined. Similarly to the
diffusive case, the CCFE method yields better numerical approximations than the
other methods in [9, Subsection 4.1, Fig. 3]. Given different numbers of elements in
Table 1 and [9, Subsection 4.1, Table 1], the values of error measurements obtained
by the CCFE method reach 10−3 while the other methods in [9, Subsection 4.1, Fig.
3] achieve the minimum results at 10−2. Table 4 shows that the maximum local

Table 3. Errors of the solutions in L2 norm and convergence or-
ders of CCFE using six types of primal meshes (see Fig. 5) with
SDCCFE technique for the convection-dominated case (ν = 10−4).

p Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5 Mesh 6
0 7.69e− 2 5.99e− 2 7.41e− 2 5.94e− 2 8.16e− 2 4.05e− 2
1 5.05e− 2 3.13e− 2 4.62e− 2 3.33e− 2 5.17e− 2 2.21e− 2
2 2.11e− 2 1.61e− 2 2.24e− 2 1.61e− 2 2.02e− 2 1.11e− 2
3 9.40e− 3 7.32e− 3 9.70e− 3 7.39e− 3 8.74e− 3 4.68e− 3
Order 1.17 1.13 1.21 1.13 1.21 1.24

Pclet numbers, PeTmax , are in the range [102, 104]. These values are much greater
than 1, which is expected for the convection-dominated case (ν = 10−4). However,
the associated stabilization parameters δTmax , are in the range [10−3, 10−1], much
smaller than 1. Both PeTmax and δTmax decrease as the refinement level p increases.
This is reasonable, as it helps to reduce the negative impact of the streamline
upwind terms on the accuracy of the approximate solution.

4.2. A test case with discontinuous coefficients. In this second test case, we
study an example proposed in [29] where the problem (1) and (2) is solved for a
discontinuous diffusion tensor and the exact solution is analytically computed. To
begin with, the domain Ω = [0, 1]× [0, 1] is divided into two subdomains, that is Ω

= Ω1 ∪Ω2, where Ω1 =

[
0,

1

2

]
× [0, 1] and Ω2 =

[
1

2
, 1

]
× [0, 1]. Unlike the isotropic

heterogeneous cases in Subsection 4.1, we assume that our diffusion tensor Λ is
constant within each subregion, and defined as

Λ(x, y) =

(
λ(x) 0
0 1.0

)
,

where λ(x) is a discontinuous function across the interface x =
1

2
. We denote λ1

(resp. λ2) the value of λ(x) for x ∈ Ω1 (resp. x ∈ Ω2). For this test case, we consider
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Table 4. Maximum local Péclet numbers (PeTmax :=
max{PeT | ∀T ∈ T∗∗

h }) and associated stabilization parame-
ters (δTmax) using six types of primal meshes (see Fig. 5) with the
refinement level p (see Table 1) for the convection-dominated case
(ν = 10−4).

p = 0 Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5 Mesh 6
PeTmax 5.63e + 3 3.54e + 3 6.04e + 3 4.02e + 3 6.53e + 3 5.56e + 3
δTmax 4.33e− 3 2.72e− 2 4.65e− 2 3.09e− 2 5.02e− 2 4.27e− 2

p = 1 Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5 Mesh 6
PeTmax 2.82e + 3 1.77e + 3 3.39e + 3 2.14e + 3 3.27e + 3 2.78e + 3
δTmax 2.17e− 2 1.36e− 2 2.61e− 2 1.64e− 2 2.51e− 2 2.14e− 2

p = 2 Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5 Mesh 6
PeTmax 1.41e + 3 8.85e + 2 1.85e + 3 1.14e + 3 1.63e + 3 1.39e + 3
δTmax 1.08e− 2 6.81e− 3 1.42e− 2 8.78e− 3 1.25e− 2 1.07e− 2

p = 3 Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5 Mesh 6
PeTmax 7.04e + 2 4.43e + 2 9.26e + 2 5.53e + 2 8.17e + 2 6.95e + 2
δTmax 5.41e− 3 3.39e− 3 7.12e− 3 4.24e− 3 6.28e− 3 5.34e− 3

three different values of λ1, which are 0.1, 5.10−2 and 5.10−3, while λ2 is always
set equal to 1.0. By setting b = (1, 0)T , µ = 0 and f = 0, one can easily obtain
the exact solution on each subdomain, which is exponential with respect to the x−
coordinate and independent of the y− coordinate. The global solution u(x, y) must
satisfy the following conditions at the interface between two subregions:

lim
x→ 1

2
−
u(x, y) = lim

x→ 1
2
+
u(x, y), and lim

x→ 1
2
−
−λ1∂xu(x, y) = lim

x→ 1
2
+
−∂xu(x, y).

Letting u(0, y) = 1, u(1, y) = 0, and applying two matching conditions, we get

u

(
1

2
, y

)
=

exp
(

1
2λ1

)
1− exp

(
1

2λ1

)
 exp

(
1

2λ1

)
1− exp

(
1

2λ1

) +
1

1− exp
(
1
2

)
−1

.(71)

Consequently, the exact solution in each subdomain can be written as follows

u1(x, y) =
u
(
1
2 , y
)
− exp

(
1

2λ1

)
+
(
1− u

(
1
2 , y
))

exp
(

x
λ1

)
1− exp

(
1

2λ1

) ,(72)

u2(x, y) =
− exp

(
1
2

)
u
(
1
2 , y
)
+ u

(
1
2 , y
)
exp

(
x− 1

2

)
1− exp

(
1
2

) .(73)

To assess the accuracy of the CCFE method for solving the anisotropic heteroge-
neous diffusion problem, Meshes 1 and 6 are used as primal meshes since they are

conforming on the interface x =
1

2
between Ω1 and Ω2. Furthermore, for the cases

where λ1 = 5.10−2 or λ1 = 5.10−3, the problem on the domain Ω1 is advection-
dominated based on the eigenvalues of Λ (i.e., the Péclet number is consistently
large when the eigenvalues of Λ exhibit high contrast). This is due to the calcu-
lation of the relative strength of advection over diffusion along the eigenvectors’
directions, as detailed in [30, Section 3.3]). Therefore, we implement the SDCCFE
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technique, where the streamline diffusion term has parameters δT =
hT

2|bbb|
ξ(PeT ),

ξ(α) = cothα − 1

α
and PeT =

|bbb|hT

2λ1
for each T ∈ T∗∗

h that is either inside Ω1 or

intersects with both Ω1 and Ω2.
For convenience in comparing CCFE with other discretization methods in [29], we
consider the mesh sizes of each primal mesh family as in Table 5. For the test case

Table 5. Mesh-size of Mesh 1 and 6 with respect to the refinement
level p.

p Mesh 1 Mesh 6
0 0.3536 0.2693
1 0.1768 0.1346
2 0.0884 0.0673
3 0.0441 0.0337

with λ1 = 0.1, the numerical results are shown in Table 6 where we also calculate
the order of convergence according to the last two rows of the table, while a visual
comparison is given in Figures 6 and 7. By comparing to the results in [29, Sub-
section 5.1, Table 1], we deduce that the CCFE scheme exhibits the same orders of
convergence as the Symmetric Weighted Interior Penalty (SWIP) method.

Table 6. Convergence rates of CCFE method using Mesh 1 and
6 for the case of λ1 = 0.1.

p Mesh 1 Mesh 6
0 7.07e− 3 1.55e− 2
1 2.74e− 3 6.21e− 3
2 8.94e− 4 2.14e− 3
3 2.49e− 4 6.49e− 4
Order 1.84 1.72

For two numerical examples with λ1 = 5.10−2 and λ1 = 5.10−3, we also consider
Mesh 1 and 6 characterized by the refinement level p = 3 as primal meshes of the
CCFE method. In addition to the quantitative analysis measured by the abso-
lute errors in L2 norm, we introduce the indicator which quantifies overshoots and
undershoots of the computed solutions [29] as follows

M = max(|max
Ω

(uh)−max
Ω

(u)|, |min
Ω

(uh)−min
Ω

(u)|).(74)

The solutions are visualized in Figure 8 (Mesh 1) and 9 (Mesh 6) for λ1 = 5.10−2,
while those for λ1 = 5.10−3 are displayed in Figures 10 (Mesh 1) and 11 (Mesh
6). The numerical results obtained with λ1 = 5.10−2 and λ1 = 5.10−3 are reported
in Tables 7. In Table 7, we observe that the CCFE scheme using Mesh 1 and 6
with sufficiently small mesh-sizes performs better than the SWIP and two Interior
Penalty (IP) methods in [29, Subsection 5.1, Table 3] with respect to the L2-norm
errors and the indicator M . Furthermore, with λ1 = 5.10−3, a comparison of the
results in Table 7 with those in [29, Subsection 5.1, Table 4] reveals that the CCFE
and SWIP schemes deliver similar results and exhibit better performance than the
other IP methods for all quantities of interest.
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Table 7. Errors of the solutions in L2 norm of the CCFE method
using Mesh 1 and 6 for the case of λ1 = 5.10−2 and λ1 = 5.10−3.

λ1 Type of Th errTh
M

5.10−2 Mesh 1 8.76e− 4 2.93e− 5
5.10−3 Mesh 1 2.40e− 2 1.30e− 1

5.10−2 Mesh 6 1.90e− 3 2.69e− 7
5.10−3 Mesh 6 3.17e− 2 6.87e− 2
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Figure 6. Graphical comparison of the exact solution u (left) and
the numerical approximation uh (right) obtained with the CCFE
method in the test case 4.2, for λ1 = 0.1, on Mesh 1 with mesh
size h = 0.0884.
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Figure 7. Graphical comparison of the exact solution u (left) and
the numerical approximation uh (right) obtained with the CCFE
method in the test case 4.2, for λ1 = 0.1, on Mesh 6 with mesh
size h = 0.1346.

For λ1 = 0.1 or 5.10−2, Table 8 indicates that the maximum local Péclet numbers
PeTmax are less than 1 (except for λ1 = 5.10−2 on Mesh 6 with the mesh size
h = 0.1346). In these non-convection-dominated regimes, we use the scheme as
in (20) without the stabilization parameter δT . Consequently, the CCFE method
on Meshes 1 and 6 performed well, as confirmed by the observations of the exact
solution and the CCFE solution in Figures 6−9.
However, for λ1 = 5.10−3, the maximum local Péclet numbers PeTmax are much
greater than 1 (see Table 8), indicating a convection-dominated regime. In this
case, the CCFE solution exhibits different behavior compared to the exact solution
on the two meshes, as depicted in Figures 10 and 11. Specifically, it is lightly
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Figure 8. Graphical comparison of the exact solution u (left) and
the numerical approximation uh (right) obtained with the CCFE
method in test case 4.2, for λ1 = 5.10−2, on Mesh 1 with mesh size
h = 0.0884.
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Figure 9. Graphical comparison of the exact solution u (left) and
the numerical approximation uh (right) obtained with the CCFE
method in test case 4.2, for λ1 = 5.10−2, on Mesh 6 with mesh size
h = 0.1346.
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Figure 10. Graphical comparison of the exact solution u (left)
and the numerical approximation uh (right) obtained with the C-
CFE method in test case 4.2, for λ1 = 5.10−3, on Mesh 1, with
mesh size h = 0.0884.

smeared at the internal layers on Mesh 1 (Figure 10), while on Mesh 6, minor
overshooting occurs near the internal layer (Figure 11).
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Figure 11. Graphical comparison of the exact solution u (left)
and the numerical approximation uh (right) obtained with the C-
CFE method in test case 4.2, for λ1 = 5.10−3, on Mesh 6, with
mesh size h = 0.1346.

Table 8. Maximum local Péclet numbers PeTmax and associated
stabilization parameters δTmax in the test case 4.2.

λ1 0.1 5.10−2 5.10−3 0.1 5.10−2 5.10−3

PeTmax 3.91e− 1 7.81e− 1 7.81e + 0 7.71e− 1 1.54e + 0 1.54e + 1
δTmax 0 0 3.41e− 2 0 0 7.21e− 2

Mesh 1, with mesh size h = 0.0884 Mesh 6, with mesh size h = 0.1346

5. Conclusion

This paper proposes the CCFE scheme for the advection-diffusion problem con-
sidered with the heterogeneous and anisotropic diffusivities, and for the convection-
dominated regime on general meshes. From a primal mesh, we can construct a dual
mesh T∗

h and a triangular subdual mesh T∗∗
h . By these constructions, we approxi-

mate the solution of (3) by first-order polynomials on T∗∗
h . The degree of freedom

of solution only includes primal cell-centred unknowns. Moreover, the above re-
sults in this study indicate that (i) it guarantees the local continuity of numerical
fluxes, (ii) the method is presented within a rigorous theoretical framework to show
coercive, strong & dual consistency and convergence properties, (iii) the numeri-
cal results showed that the proposed method converges with the expected rates of
convergence, for heterogeneous and anisotropic diffusivities (possibly with discon-
tinuous), and in convection-dominated regime on six types of primal meshes (in
particular for heavily distorted meshes), and (iv) the method is easily implement-
ed due to the conventional finite element codes on triangular meshes. However,
a significant drawback of the proposed method is that it involves a stabilization
parameter δT (see Eq. (21)), for which a general optimal choice has not yet been
established. This can negatively impact the accuracy and convergence order of the
method in specific cases, such as when dealing with a diffusion tensor exhibiting
strong anisotropy that is nearly aligned with the mesh, and where diffusion is very
weak in either the x−direction or y−direction. A further drawback of the pro-
posed scheme is its inability to generalize to 3D convection-diffusion problems. To
address this, we will study a scheme based on the enhanced flux continuity three-
dimensional finite element method (EFC-3DFEM) proposed in [31]. This scheme
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incorporates a streamline upwind diffusion term that utilizes discrete gradients. It
also requires edge unknowns to ensure local flux continuity.
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