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A LOCKING-FREE REDUCED-ORDER MODEL FOR SOLVING
THE ELASTIC WAVE EQUATION

LU WANG, YOUCAI XU, AND MINFU FENG*

Abstract. In this paper, a new locking-free mixed full-order model (FOM) for solving the
elastic wave equation is studied, and then a locking-free reduced-order model (ROM) based on
the proper orthogonal decomposition (POD) technique is constructed, which greatly improves
solving efficiency compared to FOM while maintaining the locking-free. Theoretical analysis of
semi discrete and fully discrete schemes for the FOM and the ROM are also presented. Some
numerical experiments verify the theoretical analysis results.
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1. Introduction

The elastic wave equation, also known as the elastodynamic equation, can be
used to simulate the propagation of waves in heterogeneous media and predict dam-
age patterns caused by earthquakes [1]. To solve the elastic wave equation, there
are many various numerical methods developed, such as the finite difference (FD)
method [2] and the finite element (FE) method. Owing to the advantages of dealing
with complex geometry and boundary conditions, the FE method is widely used
for solving the elastic wave equation. Various FE methods have been developed,
including conforming finite element methods [3, 4], spectral finite element methods
[5], non-conforming finite element methods [6], and discontinuous Galerkin (DG)
methods [7, 8, 9].

The elastic wave equation can be viewed as a nonstationary linear elasticity
problem. The classical FE method poses two challenges when solving it. One is low
computational efficiency, and the other is the locking phenomenon that occurs when
A — 00. Developing algorithms that can simultaneously overcome and improve both
of the two problems is interesting.

In terms of improving computing efficiency, the ROM based on the POD method
(POD-ROM) [10, 11, 12, 13] is an effective way. This method provides an orthogonal
basis for describing a given dataset in the least-squares optimal sense, enabling us to
determine the best low-dimensional approximation for a particular data collection.
There have been successful attempts at POD-ROM for Navier-Stokes equation [14],
Stokes equation [15], parabolic equations [16], and many other problems [17]. The
results of such attempts have shown that ROM can significantly enhance computa-
tional efficiency while maintaining the accuracy of the models. Some research has
also been carried out on ROM for wave equations, such as [18, 19]. As far as we
know, there is little research on ROM for the elastic wave equation (1).

To make the ROM meet the locking-free property when solving (1), constructing
a locking-free FOM is necessary. There are some methods to be locking-free, in-
cluding the mixed finite element (MFE) method. Multiple types of MFE methods

Received by the editors on April 7, 2024 and, accepted on November 4, 2024.
2000 Mathematics Subject Classification. 35R35, 49J40, 60G40.
*Corresponding author.

307



308 L. WANG, Y. XU, AND M. FENG

have been developed for (1), such as the MFE method based on ”stress displace-
ment” [20, 21] and "stress velocity” [22, 23] mixed form. However, for the MFE
methods mentioned above, the construction of the MFE space needs to satisfy the
inf-sup condition and the construction of the stress space is complicated since the
symmetry of the stress must be satisfied; otherwise, a new variable with weakly
applied symmetry must be introduced.

In this paper, we construct an FOM using the MFE method of ”displacement
pseudo-pressure” by introducing pseudo-pressure p = AV - u, and we employ an
unconditionally stable implicit scheme on time discretization. The constructed
mixed form is similar to the Stokes problem; as a result, some stable MFE spaces
that satisfy the inf-sup condition, applicable to the Stokes problem, can also be
applied to (1) [24]. Then we construct a ROM based on the FOM using the POD
technique and give analysis. The results show that the POD-ROM can improve
efficiency compared with the FOM and keep locking-free.

Compared to the work of [25], our method differs in the following points. Firstly,
the reference only considers the case u = 0, which is the acoustic wave equation,
whereas we focus on the case p # 0. Secondly, the reference provides an error
estimate of p that is dependent on A~'/2, we improved it in our analysis. Thirdly,
the reference uses an explicit, fully discrete scheme, and we use the implicit scheme.
Fourthly, we further propose a ROM to improve computational efficiency.

The remainder of this paper is structured as follows: Section 2 provides an
overview of the elastic wave equation and the notions and conclusions used in the
subsequent theoretical analysis. Section 3 constructs the FOM by the MFE method.
In Section 4, we establish the POD-ROM and provide the algorithm. In Section
5, we validate the theoretical analysis of the FOM through some numerical tests.
Section 6 provides a summary of the whole paper.

2. Preliminaries

This section presents some preliminaries of the elastic wave equation.

2.1. The mixed form of the elastic wave equation. In this section, we will
discuss the mixed form of the elastic wave equation, along with some concepts and
lemmas that will be used in the subsequent analysis.

Specifically, this paper will focus on the elastic wave equation in either two or
three dimensions. Let Q ¢ R% (d = 2,3) denotes an open, bounded, connect-
ed domain with a Lipschitz continuous boundary 0f2. We give a body exterior
force f, and the elastic wave model seeks a displacement vector field u(x,t) =
(uz(x,t), uy(x,t)) in two dimensions (or wu(x,t) = (uz(x,t),uy(x,t), u.(z,t)) in
three dimensions) at time ¢ that satisfies the following equation.

2
1) pOr Vow)=f o
where o(u) is the symmetric stress tensor and p denotes the density for linear,
homogeneous, and isotropic materials. For simplicity, we assume that the density
p is a constant. The stress tensor o(u) is related to the strain tensor by Hooke’s
law

(2) o(u) =2ue(u) + MV - u)l,

where the strain tensor e(u) is

(3) e(u) = = (Vu+ vu’),

| =
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and the Lam constants A and p are given by
ET FE

A arna-zy P

where F is the elasticity modulus and 7 is the Poisson’s ratio. Substituting (2) and
(3) into (1) and eliminating stress and strain, we have the following primal form of
the elastic wave equation

0*u
(4) Pg — VIA+ W)V -u) =V (uVu) = f.

There are some kinds of mixed forms of the elastic wave equation, for example,
”displacement-stress” or ”velocity-stress” formulations. In this paper, we study
another ”displacement pseudo-pressure” mixed form of the elastic wave equation
by introducing a pseudo-pressure variable p = AV - u, which is like a generalized
nonstationary Stokes system as follows:

32
- P — 20V - (e(u) = Vp = f,
p=AV-u.

The content of the following paper relies on (5).

2.2. Notions and notations. First, we define the L? inner product over ) as
usual: (u,v) = [, uvdQ), and define || - || ;2 as the L? norm over , i.e., [Jul|2(q) =

(u,u)z. For a bounded domain €2, we set H™(Q)(m > 0) and L3(Q) = H(Q) as
the usual Sobolev spaces equipped with the semi-norm |- |,,, o and the norm ||-||,».0,
respectively. || - [|1 is equivalent to |- |1 in H}(Q), where the subspace H}(Q) of
H'() is denoted as
HY(©) = {u € H'(@): ulyg =0}
In addition, it is essential to give the Sobolev spaces dependent on time t. Let
® be a Hilbert space. For all T > 0 and a integer n > 0, H™([0, T]; @) is defined as

T n

H"([0,T]; @) = {v(t) S <I>;/0 Z;

equipped with the norm

n T
vl 27 0, 17:0) = lZ/O
=0

where || - ||g is the norm of space ®. Especially, if n = 0, the time-space norm
|- [l 22(jo,1; 22 () is defined as

d ;
dt?

(t)

2
dt < oo} vt € 10,71,
]

2

di
a0

3
dt] for u € H"([0,T]; ®),
)

T 2
||u||L2([O,T];L2(Q)):||U|L2(L2):(/O IIUIizm)) :

in addition, the time-space norm || - || oo (12 is similarly defined as

L°([0,T); @) = {v(t) e @;esssuplo(f) o < oo} |

equipped with the norm

[Vl oo (@) = esssup||v(?)|o-
0<t<T
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We also defined the discrete {*°-norm for time-discrete functions v™ = v(t,,) by

loliay = maz, 0" o

where NN is the number of time domain partitions, the [*°-norm will be used in the
analysis of the fully discrete scheme.
3. The FOM constructed by the MFE method

In this section, we are going to constrcut FOM by MFE method.
3.1. The weak form. The initial boundary value problem for the mixed form of
elastic wave equations (5) is as follows:

2
pO oV ()~ Vp = f in @ x (0,7),

p=AV-uin Q x (0,7,
(6) u(x,t) = 0 on AQ x (0, 7],
u(x,0) = ug in Q,

ut($,0) = U in Q,

where ug and u; are initial values of wu.

We first define the spaces U = [H§ ()] ¢ and M = L%(Q). Then the weak form is
generated by multiplying the test function on both sides of (6) and utilizing Green’s
formula: find u € H2([0 T);U) and p € L?([0,T]; M) such that for V¢ € [0, T):

(P2 o)+ 2(pc(u) 2(w) + (T v.0) = (£.0) w el
(V-u,q) — ()fp,q):() Yq € M,

) (u(,0),v) = (u, ).
(ui(,0),v) = (u1,v),

( (iL‘,O), ) = (pO»Q)'

Then the existence and uniqueness of the solution of (7) hold.

Lemma 3.1. The solution (u,p) of (7) exists and is unique.

Proof. By the similar argument of Lemma 3.1 in [25], we can draw conclusions.
O

3.2. Semi discrete scheme. Following that, we will show the finite element ap-
proximation of (7). Any finite element suitable for the Stokes problem would theo-
retically provide a solution to (7). For example, the Taylor-Hood element and Mini
element. The difference is that (7) solves a saddle-point problem with an additional
pseudo-pressure variable, and it is a kind of hyperbolic equation. For simplicity of
expression, first, we rewrite (7) as: find w € H?([0,T];U) and p € L2([0,T]; M)
such that for almost all ¢ € [0, T]:

0%u

(pﬁgu) + a(u,v) + b(p,v) = (f,v) YveU,

b(uvq) - C(pvq) =0 vq S M7
(u(0),v) = (uo,v),

(ut(O),v) = (ul’v)a

(

p(0),9) = (po,q),
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where a(u,v) = 2u [, e(u) : e(v)de, b(p,v) = [, V-opde and c¢(p, q) = A7 [, pgde.
In addition, the bilinear forms a(-,-) and ¢(+,-) have the following properties of
conercivity and continuity|[24]

©) a(v,0) > 2ol Vo€ U,

(10) la(u, )| < 2pllullu|vllv Vu,v e,
(11) c(g,q) = A lalla, Vg € M,

(12) le(p. @)l < A Ipllallallae Vp,a € M,
and the following inf-sup condition[24]

(13) sup 12 > ol

where (3 is a positive constant.

Next, we give the semi discrete scheme of (8). Let {3} be a uniformly reg-
ular family of triangulation or tetrahedron K of €, indexed by a parameter h =
maxges, {hi; hx = diam(K)}. We introduce the mixed finite element subspaces
U, C U and M), C M. In addition, we set Xj, = U, x Mj,.

More important, we assume that (U, M},) satisfies the following discrete inf-sup
condition, i.e.,

b(qn,v
(14) sup LAY S gy Vg € M,

v €UR ||V’Uh||0

where (3 is a positive constant independent of h.

There are many finite spaces Uy, and M}, that satisfy the discrete inf-sup condi-
tions. We set Py as the function space of polynomials of degree < k. For example,
if we take finite element space Uy, x M}, as Mini’s element space [27], i.e.,

Un = {vh ceUnCco () vplp € Pk VK € C\‘;h}’
My, = {gn € MNC(Q); anlyc € PL(K) VK € S},

where Px = P;(K)? @ span {AKl/\KQ)\Kg}2 in two dimensions and Px = P;(K)3®
span {/\KV\KQ)\K?,)\;@}?’ in three dimensions. In which Ag; are the barycentric
coordinates corresponding to the vertex A;(i = 1,2,3) of element K. For the
definition of other stable MFE spaces, we refer to [24].

By the MFE spaces, we give the semi discrete scheme of (8): Find wu; €
H2([0,T);Uy,) and py, € L([0,T]; My).

82uh
(PW,WJ + a(un, vn) + b(pn, vi) = (F,vn) You € U,
b(un,qn) — c(pn,qn) =0 Vgu € Mp,
(uh<0)7v) = (Iluo,v),
(uht (0)’ U) = (Hl}:ula v) )
(Pn(0),q) = (I;po, q) -

In the following analysis, we need to use the Stokes projection. Let (u,p) be
the solution of (8), then the discrete Stokes projection is defined as (II}fw, IV p) €
U, x M}, such that
(16) a (Ifu, vy) + b (vi, II0p) = a(w,vy) +b(vp,p) Vv, € Up,

(17) b( Z"hq}z) =b (’u’aqh) th S Mh~

(15)
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We have the following result of the Stokes projection by similar scaling argument
of [26].

Lemma 3.2. Let (u,p) € (U N [H*1(Q)]Y) x (M N H*(Q)) satisfies (8) and
(IT}w, I} p) € U, x My, be the discrete Stokes projection defined above. Then the
following estimate hold:

llw — Tully + o Ju = Il < CR* (Julis + [pl)
lp = 15 plly < CA® (Jaelksr + [pli) -

Before the proof begins, we set v; = % for any functions v. wvy, vy and vy
are similarly defined. The following theorem gives estimates for the L2 norm of p
and the H' norm of u.

Theorem 3.3. Fort > 0, let (u,p) be the solution of (8) and (up,pr) be the
solution of (15). Assume that w € L™ ([H*(Q)]) ,u, € L™ ([H*H(Q)]4) N
L2 ([HF(Q)]Y) juy € L2 ([HF(Q)]Y) ,p € L™ (L*()), pr € L™ (H*(Q)) N
L? (H*(Q)) and py € L* (H*(Q)). Then there are constants Cy, Cy and Cj inde-
pendent on h, and C7 is dependent on the A"2% such that

Proof. Using the previously defined Stokes projection (II},II}) and a similar
discussion process of Theorem 4.1 in [25], we can draw conclusions. O

p* (u — up); + @}V ()

_1
Lo (L?) + H 2(p7ph)H

< C1hF + CohF + CynFHL,

Loo(L2) Loo(L2)

To obtain the A independent error estimate of pseudo-pressure, we give the
following error estimate of (w — wp,)¢s.

Theorem 3.4. For t > 0, let (u,p) be the solution of (8) and (wup,pp) be the
solution of (15). Assume that w, € L> ([HF1(Q)]?) ,uy € L ([HF1(Q)]4) N
L? ([H* Y Q)]) suwe € L2 ([HHQ))Y) ,pe € L (LP(Q)), pu € L (HH(Q)) N
L? (H’“(Q)) and pyy € L? (Hk(Q)) Then there are constants Cy,Cy and C3 inde-
pendent of h, and C1 is dependent on the A"z such that

< C1h* + Coh® + Csh* T,
L (L2)

%(U - Uh)tt

Proof. Using the Stokes projection (II},II}), we denote x = up — H}u, n =
u —IT'u, £ = pp, —II7p and ¢ = p — I} p. Then beginning with the error equatlon

(PXi11:vn) + a(x, vn) + (6, V - vp)
(18) = (P> vn) +a(n,vn) + (G, Vo) Vo, € Uy,
(19) (A an) = (Voxoan) = (ANCan) = (V-man)  Van € My,
we differentiate (18) and (19) about ¢, then set vj, = X, and add two formulations,

we have

1d 2 _1
H 2§t
2dt L2() 2dt

(20) = (PMses Xae) + ()‘ Ctuft)a

1

PZ Xt

E ‘

L2(Q) 2 dt H L2(Q)
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where we use the property of Stokes projections II} and II},. By Cauchy-Schwarz’s
inequality and Young’s inequality, we infer that

2 2 2

d 1
— [\ 2
) + dt H e

2

d 1
g et

2

i il
dt P2 Xt L2
2

L2(Q

e

L2(2)
N 2
PNy

(21) < ‘ P2 Xt

+| + A e :
L2(Q) L2(Q L2(Q) L2(Q)

applying the Gronwall’s inequality to (21) we obtain

<]

2 2 2

(t) + H)\_%ft‘

2

OFY [EHEECS]

(t)

L2(Q)

+ H(2u)%s(Xt(0))‘ ;(m

b
P2 Xt L2(Q) L2(@)

-+ [rte)

1
x,,(0 ‘
P?x1:(0) L2(9)

@2) * /ot (‘ i?(ﬂ)) '

We take the maximum over all ¢ and choose appropriate initial conditions such that
e(xt(0)) = x4+ (0) = &(0) = 0, then we have

L2(Q
N 2
P2 Mt

+ |t

L2 ()

2 2

2
Y IS Y (T
’p Xet|| oy T | gy T (21)2e(xe) ()
23 b Nt
< |lp2 -3
(23) = ‘P Mite L2(22) + ” Get L2z’
By the triangle inequality and the Lemma 3.2, we complete the proof. O

Further, we can also estimate the L? error of u.

Theorem 3.5. Fort > 0, let (u,p) be the solution of (8) and (up,pn) be the solu-

tion of (15). Assumew € L™ ([HFT1(Q)]1)NL? ([HF(Q)]9) ,u, € L? ([HF1(Q)]Y) ,p e
L (H*(Q))NL? (H*(Q)) and p, € L? (H*(2)). Then there are constants Cy and

C5 independent on h, and C is dependent on the A" such that

|

Proof. Using the similar argument of Theorem 4.2 in [25], we can complete the
proof. O

1

pf(u—uh) < Clhk +02hk+1.

HLoo(Lz)

Remark 3.1. From Theorem 3.3 and Theorem 3.5, we note the MFE for the elastic
wave equation is locking-free when A — co.

Next, we give the error estimate of ||p — pp|| independent on A~2 by inf-sup
condition.

Theorem 3.6. Under the same assumptions of Theorem 3.3 and Theorem 3.4.
There exists a positive constant C' depending on reqularity of w, us, Usr, Wert, P, Pt, Pet
Pt such that the following estimate holds:

Hp - Ph”Loo(L2) < Ch".
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Proof. Let q;, € M} be an arbitrary element. We can conclude the following
result from the discrete inf-sup condition:

b(vn,pn — qn
Blpn(t) — qnll < sup b (vn, ph —an)
vr€UR ||vhH1
’Uh;lfo
b — b _
(24) = Sup (vh7ph p) + (U}Hp qh)7
onely Jonl
v;,;éO

where 3 is a constant.
Replacing v by vy, in (8) and subtracting (8) from (15), we have
b(vn,p —pn) = (p(wn)er; va) = (pue, va) +a(up, vp) — a(u,vp),

=:H; =:Hy

then we split the right term into two parts H; and Hs. Exploiting Cauchy-Schwarz
inequality, we estimate that

|H1| < Cl[(un)te — wiel onll,  |Ha| < C (Jun —uly) [vnl;
From Theorem 3.4 and Theorem 3.3. We deduce that
b(vp,p—
(25) (”ﬁvi” Ph) < (Cyh¥ 4 Cob + Col )b+ (CHRE + G + CJRM ),
1

where C, Cy, C5 are constants given in Theorem 3.4 and C7, C3, C5 are constants
given in Theorem 3.3. Then we get

b —
(26) (vhvp ph) S C«hk7
[vnlly

where C' is positive generic constant that depends on the regularity of u, ug, uy,
Uytt, D, Dty Pits Pre- Then substituting (26) into (24), we obtain

Bllpn — anll < Ch* + |lp — an| »

by triangle inequality, we have

(27) Ip = pull < C(lp = anll + lpn — anll) < C (B* + Ip — aull) ,

where ¢, is an arbitrary element of M},. Hence, the equation (27) becomes
28 - < Ch* + inf —aqll,

(28) lp=pall < Ch + int o= anl

Choosing g, = II}p, using Lemma 3.2, and taking the maximum on the left. We
have the desired result of Theorem 3.6. O

3.3. Fully discrete scheme. In this section, we present the theoretical analysis
of the fully discrete scheme of (15). Let N be the number of time divisions in the
time domain, At = T/N denotes the time step, and ¢; = iAt,i =1,--- N. For any
function g of time, let g™ denotes g(¢,). For convenience, we define the following
operator:

il _ (gn-‘rl _|_gn) 5 il gn+1 _gn ni_ (gn-i-l +gn—1)
g - f? tg - TLQ - f?
82 0 3tgn+% _ 8159"7% B gn+1 _ 2977. +gn71

r9 = At B At2 ’
ogn = D90 E g — g

2 2At
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By using these operators, the implicit fully discrete scheme below can be obtained.
Find uZH and pZH such that

(29) (p8 uh,'uh) +a (uh ,vh> +b (pZ’%,'uh> = (f"’%,vh> Yoy, € Uy,

(30) b (UZJFE»%) —-c (ph Z,Qh) =0,Ygy € My,
(p@tuh,vh) + ATtQa (8tu;b,vh> + %a (uh,fvh)
2

+ A7tb ('Uh,@tpé) + %b (vh,pg)
Aj (8% 00) + 55 (@08 00) + (s, v1),

(32) (uo,vh) = (Tjuo, vp),

(33)  (ph,an) = (I}po,an),

where (31) is used to compute u;. Note that the fully discrete scheme is an implicit

method. Then by the similar argument of the explicit method in Theorem 5.1 of

[25], we know the fully discrete scheme is unconditionally stable. Here we only give
the error estimate for brevity.

Theorem 3.7. Under the assumption of Theorem 3.3 and Theorem 3.6, if u €
LOO([Hk+1(Q)]d),’LLttt S LOO ([LQ(Q)]d)7 Dttt c LOO (LQ(Q)) s Wittt S LOO ([LQ(Q)]d),
p € L™ (H*(Q)), then for (un(t), py(t)) defined by (29)-(33), there exists a constant
C independent on h and At, and dependent on reqularity of solution such that
1 n n
02 (w(tn) — up)lliee(n2y + [[(P(tn) — Pi)lliee (£2)
+ |V(u(ty) — U'Z)HIW(L?) <C (hk + AtQ) .

Proof. Subtracting (29)-(30) from (8), combing with the properties of the IT}
and II} we have:

(34) (pOIx" vn) + ( 3 g ) (5”’%,1;;,,) = (pofn™,vp) + (r",vp),
(35) (At b (aoxE) = (VTR a),
n,1/2

where "™ = p (utt 8?11") The x, n, £ and ¢ are same with the proof of

Theorem 3.4
We introduce some new variables here:

n—1 n—1
=AY R @0 =0, =AY x'tE, w =0,
=0 =0
noting that

ot = Shet 4 2 ;(5”% veth), g =Eha g 2 ;(x”% +X'7).
Then we consider (8) at n =0 and n = 1, and use the Taylor expansion. We infer
(p0r(uf). 0n) + (D, wp) + b0, v1) = (f* vn).

1 At o 1 At ,Pu
Ou? = u(0) + — 5 Uy + —— SAL / (At — t) Ere —(¢t)dt.
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Hence,

At? 1 At?
(POvu®,vn) + =-a(Oput op) +

Tb(atp%7vh)

Atp, 1 At 5, OPu
= (0 0) + S whown) + 5 [ (A= 02 o)

At? L At? 1
+ T(thi”vh) - T(K)at(utzt)a vp).

Subtracting the above equation form (31), considering the initial condition and the
consistency we have

L At? . At
(Patvavh) + Ta(atvavh) + 7G(XO»’U}1)
At?

1 At
+ Tb(atgiavh) + 7b(€07 vh)

= (pdm*,vp) + (p(Iuy — wy),vp)
2

I 2, OPu At 1
(36) ~ g (A= P o+ (0w ) o).

(34) can be rewritten as

2

1 P At .
(POFX",vn) + ifl(XnJré +X 5»%) + Ta(f?fx ,Vh)

1 1 At? n
+ ib(fnJr% +ETE o) + Tb(aff ,Uh)
n
(37) = (pdZn",vy) + (AtZri, vp),n > 1.
i=1
Then summing over all time intervals of (37), we have

1 1 At il i
(P2 = pdix?,vn) + - > alx® +x
=1

1
27vh)

A 2 1 1
+ a0 E 9 o)
At & L g At? . .
7 Z b(52+5 + 617577)}1) + Tb(at§n+§ — 3t§§,vh)

i=1

+

n
(38) = (pOm"*> — pOm?,vy) + (ALY ' o).
i=1

Taking (36) into (38), using the initial condition x° = 0 and £° = 0, noting ox? =
%x% and 8,5{% = %5%, combining with the definition of ¢ and 1, we infer that

1 At? 1 a1
(PO x" V2, v5) + Ta(atxn+27vh) +a(¥"2,vp)

At? nt1 ntd
+Tb(8tf 2,vp) +0(¢" 72, vp)

(39) — (0" 2, vn) + (R", ),
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where R" is defined as

ou

1 1
13 (t)dt + §At2p8t(ut2t).

§ no 1 At
R':AtZT’—i—p(H}ful—ul)—m/o p(At — t)?

i=1
In addition, we set v, = x"*2 in (39) and ¢ = ¢"*2 in (35), note that ;¢"*+2 =
€2 and 99" T2 = x"2, adding (39) and (35) we have

At? 1
(PO 2. X" ) 4+ = a(@™ X - a(0 R, 0

2
+EDHOEE ) + (A0 )

(10) = (o0 E X"TE) 4 (R X £ (AR 9,

We take g, = 0,£""2 in (35), note that the term b(0,6"2, %™ 2) has the following
form

BOE™TE, X"TE) = (AR 9T E) — (AT 9,7,
Take the formula into (40) we obtain

1 1 AtQ 1 1 1 1
(PO 2, x"T2) + Ta(atx”f,x"*f) +a(y"t, 9yt
At2 1 1 1
+ (VIR 0L )+ (AT ¢ )
_ (patnn+% , Xn-‘r%) + (R”7 XVH'%)
At?

(41) o AR ) £ (TR 9,

Summing (41) over all the time intervals and multiplying 2A¢ on the both side,
using the Cauchy-Schwarz’s inequality, we have

i on+i2 102 Ar? n+12 012 n+1 2 02
lp=x" = 22 = llp=x L2 + == (VX" e = IVXCIL2) + IV e = Ve

AL 1 _1 . _1
T O A e N P A P

<

| —

AN IATECHE | 2 (JATZEH 2 + I TZE 12)
i=0
n n
s 1 i+ 1 i 1 a1 1 ;41
+ 286 I 2 2 (I00em™™ 2|2 + [ R || 12) + 288> A2¢ 2|12 A2 2 | 2.
1=0 1=0
By the inequality [[A"2&"|[r2 < AT2€[ 1 (r2) and A2z < AT 2 X[l (22),

using the initial condition, taking the maximum over time on the left side, noting
NAt =T we infer

1 _1 _1
102Xl (12) + AT 2Bl 2y + X290

N-1 N-1
42) <cC (IIA‘5CII?00<L2> + AR Ipdm ™2 3) + AR R’IL2)2> -

=0 1=0
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After applying the similar proof as in Theorem 5.2 in [28], we can derive an estimate
for the second term on the right-hand side of (42) combined with the Lemma 3.2

N—-1

i1
ALY (o0 ™| 12 < Ol o (a2 + B2l e i)
1=0

+ A {|wprel L1 L2y + AP |peeel| 2 (22)),

For the third term, we can use the similar proof of Theorem 5.2 in [28] by Taylor
expansion

N-1
At Y ||RY||2 < C(h® + AP,

i=0
where C' depends on the regularity of [[wsss]|z1(z2) in the above inequality. For the

first term ||)\_%C||loo(L2)7 we can use the Lemma 3.2 to bound it. Hence, we give
the following result for (42) combined with the triangle inequality:

9% (u(t™) — u) i (22 + A7 F (p(E") = D) lioe (22
+IV(u(t™) — up) i 22y
< Ch(|[u)l oo sr2y + 1plloe (211)

(43) + CA (||l 1 (p2) + |Peeell 1 (z2))-

We need to obtain the A independent error estimate of p by the inf-sup condition.
First we rewrite (34) into the following form:

(5”7%,V : ’Uh) = —(Patzxnﬂjh) - a(x"’%,vh) + (Pafnn/l)h) + (rnv’vh)-

Then using the bound of (42)-(43), the inverse inequality and the continuity of
bilinear a, we derive that

n n 1 n
| = (pOEx",vn) — a(xX™ %, v1) + (pO7N", vp)]
< C(h+ Ah|jvp || g + C(h + At?)||op||gr < C(h + At?)||vg || .
Next, we will obtain the following result by Taylor expansion
(", v1)| < CAL ||wgsee | oe (22 [[0]]-

Using the inf-sup condition we infer

1
ﬁ”gﬂ,%” < sup | — (patzxnavh) _a(Xnyzavh) + (pathnvvh)+(rn7vh)|
a v, EHY v, #0 ||,Uh||H1
< O(h + A8).

Then taking the maximum on the left side, there exists a constant C' independent
on h and At such that

[€lli= 2y < C(h+ At?).

Combining with the triangle inequality and the approximation property of ||(|[;(z2)
we complete the proof.

4. The POD-ROM

In this section, we are going to give a reduced-order model using POD technique.
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4.1. The POD method. The POD method mainly provides a useful tool for
efficiently approximating a large amount of data. The method essentially provides
an orthogonal basis for representing the given data in a certain least squares optimal
sense.

For solutions U;(z,y) = ((u;‘i)h,(ug’?)h,pzi)ip (i = 1,2,...,L) obtained from
(29)-(33), we set

W:span{Ul,Ug,...,UL},

as the ensemble of the snapshots {Ui}le. Let {v,bj}i,zl denote an orthonormal
basis of W with | = dim W. Then each member of W can be defined as

MN

(44) U, = (Ul,w ) wj fori=1,2,...,L,

Jj=1
where (Uz, ( uy’ ,V?,bu] o0 Vuj: (pZ",ij)oij>, and (-,-)o denotes
L2-inner product 1,b d vp; are orthonormal basis corresponding to u and p,
respectively.

Definition 4.1 (POD method[17]). The method of POD consists in finding the
orthonormal basis such that for every d(1 < d <) the mean square error between
the elements U; (1 < i < L) and the corresponding d-th partial sum of (44) is
minimized on average:

2
L

d
(45) min Z Z ;) )

{w;},_, ¥ .
such that
(¢i»¢j)xh: ij, for1 <i<d, 1 <5 <4,

where

Nl=

n; 2 n; 2 n; (|2
1L, = [ aznl; + [ nlg + o7 1)
in two dimensions or
2 niy |12 niy. 12 ng |12
10l = [IV @l + [V g nlla + Iz nll + 51

in three dimensions. A solution {'wj};l:l = {wuj,ij }jzl of (45) is known as a
POD basis of rank d.

N

We also introduce the correlation matrix K = (Kj;),,, € REXE here corre-

Lx
sponding to the snapshots {U;}1_, b

1
(46) Kij =7 UiUjy,

The matrix K is positive semi discrete and has rank [ < L. Then the solutions of
(46) can be found in the following proposition.

Proposition 4.1 (Formula of POD basis[17]). Let \y > XAy > - > A\ > 0
denote the positive eigenvalues of K and v1,vs,...,v; the associated orthonormal
eigenvectors. Then a POD basis of rank d <[ is given by

1 L
(47) ¥i= ; (vi),U;,
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where ('vl-)j denotes the jth component of the eigenvector v;. Furthermore, the
following error equation holds:
2
1 X d
=1 j=1 X, j=d+1
Let X4 = span {¢1,%a,...,%a} = Uy x My with Uy C Uy, C U and My C M), C
M. Set the projection operator Py, : U — Uy, (if Py is restricted to projection from

Up to Uy, it is written as P; ) and L2-projection Qj : M — M, (if Qj, is restricted
to projection from M}, to My, it is written as Qg ), respectively. They satisfy

(49) a(Pqu,vq) = a(u,vq) Yvg € Uy,
and
(50) (Qap,qa)y = (p,qa)y  Vaa € My,

where u € Uj, and p € My,. Due to (49) and (50) the linear operators P; and Qg
are well-defined and bounded:

(51) IV(Paw)lly < IVullo, Vu € Un,
(52) 1Qapllo < llpllo, VP € Mp.
The P? and Q% defined above have the following properties:

Lemma 4.2 (Approximation properties of Py and Q). For every d(1 < d <) the
projection operators Py and Qg satisfy

L l
1 n; niy |2
(53) ZZ IV (u," = Pauy?)ll < Z Ajs
i=1 j—d+1
1 L
(54) 72 IV (g = Py g < Z A
i=1 j=d+1
1 L l
(55) ZZH“h — Paupillo <CR* >N,
i=1 j=d+1
and
1 L
(56) 7 2o = Quryllg < Z A
i=1 j=d+1

Proof. We can get the conclusion according to the proof of [14] by Korn’s in-
equality. (I

Thus, we give the following semi discrete POD-ROM scheme through reduced
space X4 = Uy x My for (8). Find (u}},p]}) € X4 such that

(ug,pi) = (Raup, Qap})

d

(57) = ((V’l,bu], VU'Z) d’ujv (d)pjapZ) ij) 0<n<L,
2

j=1

o~ul n
(58) (p 8t2 ,’Ud) + a(“’d? 'Ud) + b(pda ’l)d) (f avd)a V'Ud € Uda n> L+ 1,
(59) b(“‘vad) C(pdla qd) = Oa qu € Md; n 2 L+ 17
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where the POD-ROM solution (u},p}) € Xg is the projection of (u},p}) € Xj,
when 0 < n < L. Here Ry is the classical Ritz projection operator defined in [14].

Remark 4.1. (57)-(59) are formulas of POD-ROM. The number of total degrees of
freedom of (15) is Ny, whereas the number of total degrees of freedom of (58)-(59)
isd, and d <l < L < Np,.

4.2. Error estimate of the semi discrete POD-ROM. We see that X; =
Ugx Mg C X, =Up x M, C X =U x M. Then it is obvious that the existence
and uniqueness of (57)-(59). Now we derive the estimates of the semi discrete
POD-ROM by the projection Py and Qq.

Theorem 4.3. Fort >0, let (u,p) be the solution of the (8) and (uq,pq) be the
solution of POD-ROM (57)-(59). Assume that the solutions are smooth enough
under the assumption of Theorem 3.8 and 3.4. Then there are constants Cy, Cs,
C3 and Cy are independent on h, and Cy,Cy are dependent on the A\"% such that

l
< CihF + Coh* + Csh* T Cy | DY
Jj=d+1

1

p(u—uq)

+Hx%@—p@mW@%+H@m%vm—u@H

1/2

L (L2) L (L2)

Proof. For simplicity, we denote 8 = ug— Pyup,e = pg— Qqpp, o = up — Pyup,
and E = pp, — Qapn, where P; and ()4 have been defined above. These definitions
hold throughout the paper.

For n < L. Because uq = Rqup and pg = Qup;. By the definition of strain
operator ¢, it can be seen as a linear combination of gradient operators. Hence we
have ug = Pyup and pg = Qqp;, when n = 1--- L. Using the results (53)-(56) we
can deduce that

1
P2 (up — ug):

)\—l no__,n
LW(L2)+H 2(pp — Pg) ()

+ [ @) V(g — i)

Loo(L2)
1/2

l
(60) <SC{L > N n=1,2... L.
j=d+1
For n > L. We use a similar argument of Theorem 3.5. First we subtract
(58)-(59) from (15), and take vy, = vg, qn = ¢4, we have
(patt, ’Ud) + a(O, ’Ud) =+ (6, V- ’l)d)
(61) = (poi,vq) +a(o,vg) + (E,V-vy) Yvg €Uy,
(62) (A e, qa) = (V-0,q0) = (N 'E,qi) = (V- 0,qa) Vqa € My,

then we set vq = 6, differentiate (62) about ¢, and take ¢4 = e. Adding two
equations and combining with the definition of P; and Q4 we infer

1.d 2 d d 1
—(— — — 1(2u)2e(0 ‘
Q(dt L2(Q) * dt L2(Q) + dt H( w)e(9)

(63) = (poit, 0:) + (/\_lEt, e) —(V-oy,e).

1 2

p26;

_1
H)\ 2¢

)

2
L2 ()



322 L. WANG, Y. XU, AND M. FENG

Then we use Cauchy-Schwarz’s inequality and Young’s inequality to bound the
right side of (63)

di 1,12 d 1 (|2 d 1 2

] e @ || @03e(0)

dt‘p2 K L2(Q)+ dt we Lz(Q)Jr dt (21)2(6) L2(Q)

19 2 | 2
< 2 2
- ‘p ¢ Lz(sz)Jr‘p Tt L2(2)
1 2 1 2 1 2
(64) +C (HAEJ‘ +pEv o >+ e, s
L2(Q) L2(Q) L2(Q)

integrating two sides of (64) form L to ¢ and applying the Gronwall’s inequality,
by suitable initial values such that 6,(L) = 8(L) = e(L) = 0, we infer

‘ ;(9) ) (t) + H(QM)%E(G)’ ()

L2(9)
t 2
<
(65) - C/L <’ L2<ﬂ>) ’

then we bound the first term on the right side by using the properties of projection
operators (53)-(56):

2

2
Péet ’

(t) + H)fée

L2(Q
2 2

1
P20

o

S+ Hx%v.at

L2(Q) + L2(Q

l
<Cih* | L ;
o SOt PP

j=d+1

l
<Gy (L > N,

j=d+1

l
<G| LY N

j=d+1

where Cy, Cy and C3 are independent on h, and Cs, C3 are dependent on A~L.
Taking the maximum over all time levels of (65), using the approximation prop-
erties of o, E and (o), we infer

(67) + |2

2

1 2
2 —
p (uh ud)tHLOC(LQ

ST
)+H (P — pa) Lo (1)

Nl

1
2
— <C|L A
E(’LLh ud)HLoo(L2) - Z J |
Jj=d+1
where C' is dependent on A~!. Finally, we obtain the error estimate between (u, p)
and (w4, pq) by using the Theorem 3.3 and triangle inequality. O

Next, we give the L? error estimate between w and ugy by the similar argument
of Theorem 3.5.

Theorem 4.4. For t > 0, let (u,p) be the solution of (8) and (uq,pq) be the
solution of (58)-(59). Assume that solutions are smooth enough. Under the same
assumption of Theorem 3.5. Then there are constants Cy, Cs and Cs independent
of h, and C1,C3 are dependent on A" such that

1/2

l
SO+ G H s [ LY N
j=d+1

1
p2(u- ud)HLoo(Lz)
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Proof. For n < L, we have

(63)  |o¥(up —up)

1/2
L) < Ch (L > )\) n=12,...,L,

j=d+1
according to (55). For n > L, we begin with the following error equation

(69) (PO, vq) + a(0,vq) + (6, V - vg) = (poy,vq) Yvg € Uy,
(70) (A e, qa) = (V- 6,q0) = (AN 'E,q4d) — (V-0,qa) Vaq € Mg,

If we integrate (69) from L to ¢, with initial conditions 6;(L) = 0. Then we set
vg=0,¢= fL s)ds and take gq = ¢ in (70). We have

(1) (6,,0) + ( / e(e)),s(e)) (6.7 -0) = (po1,8) — (por(L). 6).

(72) ()‘7163 ¢) - (V : 07 ¢) = (>‘71Ea ¢) - (v ‘o, (rb)a

adding (71) and (72) gives

o ([0 e

(73) = (po1,0) — (po4(L),0) + (\T'E,¢) — (V- 0, 9).
Then we set N = f 1 €(0(s))ds and suitable initial conditions €(6(L)) = 0 and
e(L) = 0.

(,0025,0) + (Na-/\/;ﬁ) + (A71¢t7¢)
(74) = (pot,0) = (poe(L),0) + (\'E,¢) = (V- 0,9),

using Cauchy-Schwarz’s inequality and Young’s inequality gives

2

+ g i

2 LQ(Q)
9 C ’ |
< 3 2 3
’ p ‘ L2(Q) + (‘ P ey P 71 )‘ L2(Q))
2 2
(75) +C (H/\ EH + HA*%V-U‘ > + HA*%‘
L2(Q) L2(Q) L2(Q

We integrate both sides of the equation (75) from L to ¢t and apply Gronwall’s
inequality, noting that ¢(L) = 0 and (L) = 0. Then we obtain

2 2 2

‘ Péa‘ L2(Q) (t) + H)‘_%(b‘ L2(Q) )+ H(QM%N’ L2(Q) “
< C/t( pio, e + ) P%US(L)‘ iQ(Q)
(76) i HA 2E’ . HA v "‘ Lzm as,
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then we take the maximum over all ¢, by the similar argument in Theorem 3.4 we
infer

gc‘

2 2 2

(t)

L?(Q)

(t) + HA—%‘

2

0+ || eming

2

%9‘
p L2(Q) L2(Q

pio, prou(L)|

+Ct‘
2)

L2 (L
2

L2(%)
1 2
(77) +CH>\‘§E‘

+CH)\_%V‘0“

L2(L?) L2(L?)

We estimate the right side of (77) by using properties of projection P; and Qg
(53)-(56). The final result is obtained by Theorem 3.5 and triangle inequality. O

4.3. Error estimate of the fully discrete POD-ROM. In this section, we
give the fully discrete POD-ROM as follows: Find u/*! and p[;*' such that

i 1
(Pt 00) +a (w5 0a) 4 (5 )
= (.fn’%7'ud) ,V’Ud S Ud,n > L,
1 1
b (u;l+27qd> —-C (P;H_Q;Qd) = Ovqu € Md,TL > L,
(ujy,vq) = (Pauy,vq) ,n < L,

(pdnaqd) = (deZan) , S La

The scheme is unconditionally stable, and the error estimate is as follows:

Theorem 4.5. Assume (u,p) are the solution of (8), (ul,p%) are the solution of
(78), under the assumption of Theorem 3.7, we have the following result:

1 n -1 n n
o2 (w(tn) = ug)llie w2y + A2 (p(En) = Pl (2) + IV (wltn) = ug) 1= (22

l
SO + A2+ (L Y M),
j=d+1

where C' is independent on h and At, and is dependent on Az,

Proof. For n < L, we directly have

102 (uhy — wg) i L2y + A2 (P) — Pl (£2)

1/2
. /

IV (up = u) iy <C L D A
Jj=d+1

For n > L, subtracting (29)-(30) from (78), we infer
(79)  (p020™,v4) + a(0™% ,vg) + b(e™3,vy) = (0020, v4) Yoa € Uy,
(80) (A—le“%,qd) ~b(qa, 6"FE) = (A—lE”+%,qd) —b(ga, ") Vaa € My,

using the technique the proof of the Theorem 3.7, we introduce the following vari-
ables:

n—1 n—1
or=AtY eti gh=0, wr=AtY 67z ph=o,

i=L i=L
noting that

n+l At L+l At i+ 1 i1
e XD DECAEE L
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nty _ ggLJr% At § AN
‘ 2 e i:;rl( ’ !
Rewriting (79) as

2gn 1 n+i n—1 AtQ 2gn
(p@t 0 ,’Ud) + 5&(0 2 4 0 2, ’Ud) + T&(at 0 ,'Ud)

o

4 b(@fe”, ’Ud)

1
+ ib(e”+% + " vg) +
(s1) — (p920%,v4).
Summing over time levels from L + 1 to n we infer that:

At &

(P8t9n+% - PateLJr%,vd) + 2 Z a(g”% + Oi_%’vd)
i=L+1

At?

+ Ta(aten"'% - 8t0L+%7vd)
At & , , At?

+ 7 Z b(e“'% + 61_%7'0(1) + Tb(ateTH_% — 8t6L+%,vd)

i=L+1
(82) = (p8t0"+% — pato'L+%,’Ud)-

In addition, we take n = L in (79). Combing with the initial condition we infer
that

L+1 gL+t pL+1 oL+l
(83) (PTtQavd) + G(Ta”d) +b( 5 ,Va) = (thg’vd)'
Multiplying both sides by At, noting 92? = &tOLJr%7 % = ataH%, %BLH =
%Qato“l, %e“‘l = ATtZ@teLH, we obtain
(7p3t0L+%avd)
At? At? 1
(84) = a(78t0L+17 'Ud) + b<78t€L+17 ’Ud) - (p@ta-LJ“% R ’Ud).

Taking (84) into (82), noting that %5}0“% = %OLJF%, AthateH% = Atel+ts
1 1
and the definitions of ¢Z+2 , ¢2+2 , we have the result

ntld At? nti n+i
(Patg 2, /Ud) + Ta(ata Z, 'Ud) + a( d ,’Ud)

At? nt
(85) + =00 ) + b2 va) = (pAio™E, v),
The following proof process is similar to (41)-(43), so we obtain

1 _1 _1
102617 (12) + N2 allic 12y + A" Zallfe 1y

N-1
(86) <C <||/\_%E||l2°°(L2) + At2(z ||P(9t0i+%||2L2)> :

=0
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Using the approximation property of E and o and the same technique as proved
(43), we get the following result:

P2 (un(t") — wg)llzee 2y + 1N 2 (P (t") —PQL)HZW (L?)

+ IV (un (") — )i 22y < C(AL? + Z )2,
Jj=d+1

Then using the result of (43) and triangle inequality, combining with similar proof
of Theorem 3.7, we complete the proof. [l

4.4. Algorithm. The algorithm of the POD-ROM for the elastic wave equation
is as follows:

Algorithm 1 POD-ROM algorithm

Step 1. Using the MFE method to obtain the L solution (up,pp) of
snapshot.

Computing (29)-(33) yields solutions u}(n =1,2,---,L).

Step 2. Assemble the snapshot matrix A

The snapshot matrix A = (Ay;), . ,, where A;; = {(Vuh, Vuh> ph,ph)] /L.

Step 3. Calculating eigenvalues and eigenvectors of A
Obtaining the eigenvalues A\ > Ao = -+ > A; > 0 (I = dim {uh 1<n< L} of

A and the corresponding eigenvectors v/ = (ajl, ab, - 7aL> (j=1,2,---,0).

Step 4. Obtain the number of POD basis
We set the error 6 = O (At2 hk) needed, then we decide the optimal number d

1/2
of POD bases by (LZ] a1 ) < 0.
Step 5. Calculating the POD basis ‘
The POD basis calculated by (wuj(x,y), Vpi(,y)) = 25:1 al (wh,ph) /LN (G =
1,2,---,d).
Step 6. Using the POD-ROM to obtain the reduced solution u,
Using (78) to compute.
Step 7. Decide whether to update the POD basis
1z =ty > s — g ond 22 = g2y > 5~ 23y 0 = LI+

y T 1 5
Then (uly,p?) (n =1,2,---, N) are the solutions to the POD-ROM method that
satisfy the accuracy requirement.
Bse if 1 — iy < [l — ol or [ —pilly < -
L,L+1,---,N—1
let (u%,p}l) = (ufi,pfi) (i=n—Ln—L—-1,--- ,n—1), return to Step 2.

P lo(n =

5. Numerical experiments

In this section, we test the FOM and the POD-ROM of the elastic wave equation
to validate the theoretical analysis. That is, testing based on FOM (29)-(33) and
POD-ROM (78). In addition, we solve the discrete systems of equations with a
direct solver. 7, is taken as uniform triangulation in 2D or uniform tetrahedron in
3D. We use the approximation space as the Mini’s element space for calculation.

5.1. Locking-free. In this part, we test POD-ROM’s locking-free ability. For the
2D example, the computational domain is = (0, 1)? with a partition of triangles.
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TABLE 1. 2D example, A = 1.

(A) The FOM

h |lu—wuyl, Rate |u—wuy|; Rate

1/2  1.5530e-02 0 1.2443e-01 0

1/4  3.6977e-03 2.07 6.3403e¢-02 0.97
1/8 9.0460e-04 2.03 3.1800e-02 1.00
1/16 2.2369e-04 2.02 1.5898e-02 1.00
1/32 5.5495e-05 2.01 7.9453e-03 1.00
1/64 1.3584e-05 2.03 3.9714e-03 1.00

(B) The POD-ROM

h Jlu—ug4|, Rate |u—wu4l, Rate

1/2  1.5445e-02 0 1.2433e-01 0

1/4  3.8091e-03 2.02 6.3245e-02 0.98
1/8 9.4096e-04 2.02 3.1786e-02 0.99
1/16 2.3656e-04 1.99 1.5895e-02 1.00
1/32 5.9322e-05 2.00 7.9451e-03 1.00
1/64 1.4790e-05 2.00 3.9714e-03 1.00

The exact solution of displacement is given by

. . l
w— {smmsmy—l— )iw

cos T cosy + )\y] simt.

For the 3D example, the computational domain is Q = (0,1)® with a partition of
tetrahedrons. The exact solution of displacement is given by

2sinxsinysinz+f\lx
u = | coszcosysinz+ 1y | sint.
cos z + %z

We notice V -u — 0 as A — oco. The corresponding source term can be given by
(1). We find the two solutions are sensitive to volumetric locking for a large A. The
following parameters are set for the test: p = 1, u = 1, the total time is 10s, the
time step is 0.01s, and the mesh sizeis h = 1/2,1/4,1/8,1/16,1/32,1/64 in the 2D
test and h =1/2,1/4,1/8,1/16 in the 3D test. The number of snapshots is L = 20,
L =30 and L = 50 under A = 1,103, 10° in the 2D test. The number of snapshots
is L =50, L =70 and L = 100 under A = 1,103, 10° in the 3D test.

The convergence rate of the two-dimensional test of the POD-ROM under dif-
ferent A is demonstrated in Table 1-Table 3. The convergence rate of the three-
dimensional test of the POD-ROM under different A is demonstrated in Table
4-Table 6. The results showed that the POD-ROM is able to reach the convergence
order of theoretical analysis and is locking-free when A — oo.

5.2. Computational efficiency. In this part, we compare the computational
efficiency of POD-ROM and FOM. The two-dimensional area is Q = [0,1/4] x
[0,1/4] and the three-dimensional area is Q = [0,1/4] x [0,1/4] x [0,1/4]. The
two-dimensional exact solution is

—4z(z —1)y(y — 1)

4= | (e - yly - 1) ]
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TABLE 2. 2D example, A = 103.

(A) The FOM

[[w _uh”o

Rate

lu —upl

Rate

1/2
1/4
1/8
1/16
1/32
1/64

1.4250e-02
3.2820e-03
7.5909e-04
1.8667e-04
4.6394¢e-05
1.1537e-05

0
2.12
2.11
2.02
2.01
2.01

1.2978e-01
6.5085¢e-02
3.2178e-02
1.5984¢e-02
7.9653e-03
3.9761e-03

1.00
1.02
1.01
1.00
1.00

(B) The POD-ROM

[ —uall

Rate

lu — uql,

Rate

1/2
1/4
1/8
1/16
1/32
1/64

3.3769e-01
3.5758e-02
1.0928e-03
2.0345e-04
4.9845e-05
1.1778e-05

0
3.24
5.03
2.43
2.03
2.08

3.8813e-01
8.1616e-02
3.2161e-02
1.5985e-02
7.9658e-03
3.9763e-03

2.25
1.34
1.01
1.00
1.00

TABLE 3. 2D example, A = 106.

(A) The FOM

[[w _uhHo

Rate

lu — wupl,

Rate

1/2
1/4
1/8
1/16
1/32
1/64

1.4360e-02
3.2800e-03
7.6541e-04
1.8675e-04
4.6537e-05
1.1548e-05

0
2.13
2.10
2.03
2.00
2.01

1.2950e-01
6.4995e-02
3.2169e-02
1.5985e-02
7.9654e-03
3.9761e-03

0.99
1.01
1.01
1.00
1.00

(B) The POD-ROM

h

Hu_ud”o

Rate

lu — uqly

Rate

1/2
1/4
1/8
1/16
1/32
1/64

1.3962¢-02
3.1809e-03
7.3533e-04
1.7913e-04
4.7497e-05
1.1144e-05

0
2.13
2.11
2.04
1.92
2.09

1.3171e-01
6.5027e-02
3.2179e-02
1.5986¢-02
7.9659¢-03
3.9763e-03

1.02
1.01
1.01
1.00
1.00

the three-dimensional exact solution is

u =

cos(mz) sin(wzx) sin(my) sin(7z)
cos(mzx) sin(mzx) sin(my) sin(nz) | sin(t),
cos(my) sin(ma) sin(7y) sin(rz)
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TABLE 4. 3D example, A = 1.

(A) The FOM

h  |lu—wupl|, Rate |u—wuyl, Rate

1/2  3.3775e-02 0 2.7267e-01 0

1/4  8.3384e-03 2.02 1.3762e-01 0.99
1/8 2.0316e-03 2.04 6.8966e-02 1.00
1/16 5.0774e-04 2.00 3.4485e-02 1.00

(B) The POD-ROM

h |lu—u4l, Rate |u—wuq|; Rate

1/2  3.3779e-02 0 2.7266e-01 0

1/4 8.3816e-03 2.01 1.3761e-01 0.99
1/8 2.0568e-03 2.03 6.8958¢-02 1.00
1/16  5.0779e-04 2.02 3.4485e-02  1.00

TABLE 5. 3D example, A = 103.

(A) The FOM

h  |lu—wul|, Rate |u—wuyl, Rate

1/2  3.2819e-02 0 2.7365e-01 0

1/4  9.5460e-03 1.78 1.5943e-01 0.78
1/8 2.2776e-03 2.08 7.8412e-02 1.02
1/16 5.2022e-04 2.13  3.7627e-02 1.06

(B) The POD-ROM

h |lu—uq4l, Rate |u—wuq|; Rate

1/2  3.0350e-02 0 2.7841e-01 0

1/4  9.5007e-03 1.68 1.5905e-01 0.81
1/8 2.3166e-03 2.04 7.9009e-02 1.00
1/16 5.2051e-04 2.15 3.7679e-02 1.07

Weset p =1, A\ =1, u = 1. The number of snapshots L = 20 in the two-dimensional
case and L = 50 in the three-dimensional case. The record time 7" = 1s and the time
step At = 0.001s. Tables 7-8 show the comparison of computing efficiency between
POD-ROM and FOM under different grid sizes. In addition, we set T'=1—5s. In
two dimensions, the grid scale is h = 1/32, and in three dimensions, the grid-scale is
h =1/8. Tables 9-10 show the CPU time required for ROM and FOM at different
recording times.

It can be seen that ROM can effectively improve computing efficiency while
maintaining accuracy. If the grid is finer and the time calculation time is longer,
the effect will be more obvious.

5.3. Point source problem. In this section, we investigate a point source prob-
lem inspired by [29] where the analytical solution is not easily obtainable. The
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TABLE 6. 3D example, A = 106.

(A) The FOM

h  |lu—wupl|, Rate |u—wuyl, Rate
1/2  3.1154e-02 0 3.0422¢-01 0
1/4  1.0143e-02 1.62 1.7427e-01 0.80
1/8 2.4997e-03 2.02 8.4743e-02 1.04
1/16 6.2287e-04 2.00 4.1377e-02 1.03

(8) The POD-ROM

h |lu—u4l, Rate |u—wuq|; Rate
1/2  3.4110e-02 0 3.0111e-01 0
1/4  1.0228e-02 1.74 1.7527e-01 0.78
1/8 2.5351e-03 2.01 8.5201e-02 1.04
1/16 6.2420e-04 2.02 4.1596e-02 1.03

TABLE 7. The CPU time under different grid size in the two-
dimensional case.

h lp —pnlo Rate CPU time |p—pglo Rate CPU time
1/2  3.6152e-02 0 0.53 3.3752e-02 0 0.27
1/4  1.2567e-02 1.52 2.06 1.1755e-02 1.52 0.40
1/8 4.4187e-03 1.51 9.82 4.1394e-03 1.50 1.01
1/16 1.5558e-03 1.51 57.68 1.4548e-03 1.51 6.32
1/32 5.4862e-04 1.50 353.42 5.1208e-04 1.51 32.68
1/64 1.9345e-04 1.50 3184.57 1.8012e-04 1.51 125.33

TABLE 8. The CPU time under different grid size in the three-
dimensional case.

h lp—pnlo Rate CPU time |p—p4lo Rate CPU time
1/2  2.1696e-01 0 1.00 2.1696e-01 0 1.05
1/4  7.1250e-02 1.60 2.28 4.1141e-02 2.40 4.48
1/8 2.0851e-02 1.77 84.58 1.2623e-02 1.70 26.63
1/16 6.4503e-03 1.69 2311.35  3.7604e-03 1.75 312.05

source functions are expressed as follows in two dimensions:

—(z — 6)e TV (@02 +(y—6)?

1=y - gerveemmaor | 40
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TABLE 9. The CPU time under different record time with h =
1/32 in the two-dimensional case.
Record time (s) ||lu —upllo CPU time ||u—uqllo CPU time
1 2.3226e-06 353.42 2.1912e-06 32.68
2 2.5111e-06 591.20 2.3376e-06 76.73
3 2.9776e-07  1072.47  2.6511e-07 130.69
4 2.0809¢-06  1393.61  1.9765e-06 195.17
) 2.6840e-06  1919.23  2.4332e-06 280.32
TABLE 10. The CPU time under different record time with h =
1/8 in the three-dimensional case.
Record time (s) ||lu —unllo CPU time ||lu—ug4llo CPU time
1 8.90201e-04 52.64 8.79000e-04 17.36
2 9.62345e-04 137.21 9.55745e-04 68.97
3 1.48971e-04 248.36 1.46846e-04 101.55
4 8.02991e-04 394.06 8.00694e-04 165.03
5) 5.85106e-04 568.07 5.64295e-04 318.45

and expressed as follows in three dimensions:

—(z — 6)e~TV(@=6+(u=6°+(=-6)?
f=|=(y—6)e VE =62 +=-67 | g(t),
—(z — 6)e~ TV (@=0+(y—6)>+(:=6)°

where g(t) = 2a(2a(t—b)2—1)e=*"" ¢ = ({22)% and b = 1.35. The computation
area in two dimensions is [12 x 12], and the computation area in three dimensions
is [12 x 12 x 12]. The mesh size is h = 6/25 in two dimensions, and the mesh size
is h = 3/5 in three dimensions. The time step is At = 0.001s, and the record time
is T'=1s. In addition, A=1, p =1, p=1and L = 500.

We compare the graphs of the two methods in Figures 1-2, and the results show
that the solutions obtained by the POD-ROM are not significantly different from
those obtained by the FOM. Furthermore, in the three-dimensional example, we
intercepted the waveform diagram of the plane at x = 6, as shown in Figure 3. The
waveform diagram of the POD-ROM matches well with that of the FOM. At the
same time, we recorded the time required for the POD-ROM and the FOM and the
number of POD bases d selected in Table 11. It can be seen that the calculation
time of the POD-ROM is significantly less than that of the FOM while maintaining
accuracy.

5.4. Wave propagation. To further investigate the FOM and the POD-ROM,
we simulated the propagation of two-dimensional wave in this subsection. The
computational area is [0,100] x [0,100] and the space step is h = 1. The time
step is At = 0.001s, and the record time is T' = 1s. The source term is located
at (50,100), and it has form f = sin(27fy)exp(—m2f3t%/4) where fo = 30. In
addition, the initial value and the boundary value are zero.
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P-MFE P-PODROM
0 0
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2 5 2 5

0o

(c) Pseudo-pressure P

FiGure 1. Comparison of surface graphs of the FOM and the
POD-ROM method at T'= 1s in 2D numerical test.

We tested and simulated the propagation of waves in a homogeneous medium
model and a two-layer model. The parameters of the homogeneous medium model
are A = 10000, ¢ = 10000, and p = 1. In the two-layer model, the interface is set
at y = 50, the parameters of the upper layer are A\ = 10000, = 10000 and p = 1,
the parameters of the lower layer are A = 1000, . = 1000 and p = 1. We record the
snapshots at different time, as shown in Figure 4-5. In the POD model reduction
algorithm, we set the number of sample snapshots L = 600.
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Ue-POOROM

(A) Displacement U,

Uy-MFE ] Uy-PODROM

(B) Displacement U,

B et
Uz-MFE = Uz-PODROM =

(c) Displacement U,

P-PODROM

(D) Pseudo-pressure P

FicUure 2. Comparison of surface graphs of the FOM and the
POD-ROM method at T'= 1s in 3D numerical test.

Figure 4 shows that the MFE method simulates wave propagation very well, and
the POD method is also effective. Figure 5 shows that the wave is reflected at the
interface. Moreover, when we compare the computational time of the FOM and
the POD-ROM in Table 12, the results show that the computational efficiency of
the POD-ROM is slightly higher.
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<107 Comparison of the Ux waveform plot at the X=6 tangent plane
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Ficure 3. Comparison of the waveforms of the FOM and the
POD-ROM method at tangent plane z = 6.

6. Conclusions

In this paper, we give a locking-free ROM to solve the elastic wave equation.
First, we use the locking-free mixed finite element method to construct an FOM,
and then we use the POD technique to construct a ROM called POD-ROM. In
this way, the POD-ROM can greatly improve the computing efficiency compared
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FIGURE 4. Snapshots of the homogeneous medium model obtained
using FOM and POD-ROM methods recorded at different times
T =0.25,0.4s,0.65,0.8s, 1.0s.
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FIGURE 5. Snapshots of the two-layer model obtained using
FOM and POD-ROM methods recorded at different times T =
0.2s,0.4s,0.6s,0.8s, 1.0s.
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TABLE 11. Comparison of CPU Time.

Dimension CPU Time (s) using FOM CPU Time (s) using POD-ROM d

2 1453 351 5
3 7340 1432 6

TABLE 12. Comparison of CPU Time.

Dimension CPU Time (s) using FOM CPU Time (s) using POD-ROM
2 3658 2218

with the FOM while maintaining the characteristics of numerical accuracy and
locking-free. In addition, the solution of parameterized partial differential equations
(PDEs) plays a crucial role in various fields of scientific and engineering computa-
tion. These problems are often encountered in the modeling of complex physical
systems, where multiple parameters (such as material properties or external forces)
significantly affect the system’s behavior. However, solving such systems in full
can be computationally expensive, especially when simulations need to be repeated
for a large number of different parameter values. Model reduction methods have
become widely used in these contexts due to their ability to significantly reduce
computational complexity while maintaining a high level of accuracy. Among these
methods, Proper Orthogonal Decomposition (POD) is a popular technique that
generates a low-dimensional approximation of the system by extracting the most
relevant features from a set of simulation snapshots. In the future, we will fur-
ther use the POD-ROM for practical engineering problems and study the model
reduction methods for solving parameterized PDEs.
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