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A HIGH ORDER UNFITTED FINITE ELEMENT METHOD FOR
TIME-HARMONIC MAXWELL INTERFACE PROBLEMS

ZHIMING CHEN, KE LI, MAOHUI LYU, AND XUESHAUNG XIANG

Abstract. We propose a high order unfitted finite element method for solving time-harmonic
Maxwell interface problems. The unfitted finite element method is based on a mixed formulation
in the discontinuous Galerkin framework on a Cartesian mesh with possible hanging nodes. The
H? regularity of the solution to Maxwell interface problems with C? interfaces in each subdomain
is proved. Practical interface-resolving mesh conditions are introduced under which the hp inverse
estimates on three-dimensional curved domains are proved. Stability and hp a priori error estimate
of the unfitted finite element method are proved. Numerical results are included to illustrate the
performance of the method.
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1. Introduction

Let Q C R? be a bounded domain with a Lipschitz boundary . We consider in
this paper the following time-harmonic Maxwell interface problem

(1) Vx(u'VxE)-k*E=J, div(eE)=0 inQQ,
(2) [Exn]r=0, [(1”'VxE)xn]r=0, [cE-nJr=0 onT,
(3) Exn=gxn onXx,

where J € L?(Q) with divJ = 0in Q and g x n € H*/?(X). Here and throughout
the paper, for any Banach space X, we denote X = X? and || - ||x both the norms
of X and X.

We assume the domain € is divided by a C? interface I' into two subdomains so
that Q = Q; UT'U Q9 and €2 is strictly included in 2. For simplicity, we assume
the relative permeability 1 and the relative permittivity € are piecewise constants
W= 11X, T M2XQys € = E1X0, +E2X0,, Where for ¢ = 1,2, xq, is the characteristic
function of €2;, and p;,e; are positive constants. k = w,/ggpig is the wave number
of the vacuum with w > 0 the angular frequency and pg,e¢ the permeability and
permittivity of the vacuum. With this notation, J = iku¢J, with J, being the
applied current density. We denote by m both the unit outer normal to ; on I’
and the unit outer normal to Q on X. [v]r := v|q, — v|q, stands for the jump of a
function v across the interface T'.

The existence and uniqueness of the weak solution to the problem (1)-(3) are
well studied in the literature (see, e.g., [32]). The singularity and regularity of
the solution with smooth pu,e in polyhedral and smooth domains are considered
in [21, 23]. The singularity of the solution of the Maxwell interface problems with
polyhedral interfaces is studied in [22]. To the best of the authors’ knowledge, the
H? interface regularity of the solution to the Maxwell interface problem with smooth
interfaces is missing in the literature. In this paper, we first prove the H? regularity
of the solution to (1)-(3) in each subdomain Q;,§2. Our proof is based on the
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H (curl)-coercive Maxwell equations which is different from the H (curl) N H (div )-
coercive Maxwell equations used in [21, 22, 23]. This new regularity result will be
used in our finite element convergence analysis based on the Schatz argument in
dealing with the indefiniteness of the time-harmonic Maxwell equations.

There exists a large literature on finite element methods for solving the time-
harmonic Maxwell equations after the seminar work [45]. We refer to [32, 44] for the
study of the H (curl)-conforming h-methods, [25, 42] for the hp-methods, and [46,
36, 37] for the discontinuous Galerkin (DG) methods. The common assumptions in
these studies are that the domains are polyhedral and the material interfaces are
piecewise flat so that conforming tetrahedral or hexahedral meshes can be used.
Much less studies have been devoted to finite element methods solving Maxwell
equations on domains with curved boundary. We refer to [27, 33, 43] for body-
fitted finite element methods, [11] for the isogeometric analysis, and [15] for the
low order unfitted finite element method. We remark that the design of body-fitted
high-order finite element methods depends on nonlinear element transforms from
the reference element to the elements with curved boundary [6, 43]. It may be
challenging to satisfy the conditions on the nonlinear element transforms which
depend on the geometry of the interface or boundary in practical applications.

The original motivation of unfitted finite element methods in the DG framework
is to release the time-consuming work of constructing shape regular meshes for
domains with complex geometry. It turns out that the unfitted finite element
methods also provide a natural way to design high-order methods without resorting
to the nonlinear element transforms. Since the seminal work [31] for elliptic interface
problems, considerable progress of the unfitted finite element methods has been
made in the literature [13, 51, 39, 30, 4, 52, 38, 16]. The small cut cell problem,
that is, the intersection of the domain and the elements can be arbitrarily small or
anisotropic, can be solved by appropriate techniques of stabilization [13, 51, 39] or
merging small cut cells with surrounding large elements [30, 4, 12, 16]. We refer
to [16, 17] for further references and other approaches of unfitted finite element
methods.

In [16] an adaptive high-order unfitted finite element method in two dimension
is proposed for elliptic interface problems in which the Ap a priori and a posteriori
error estimates are derived based on novel hp domain inverse estimates and the
concept of interface deviation. The interface deviation is a measure that quantifies
the resolution of the geometry by the mesh. In [17], for any C? interface, a reliable
algorithm is constructed to merge small interface elements with their surrounding
elements to generate an induced mesh whose elements are large with respect to
both domains, which solves the small cut cell problem. It is also shown in [17] that
the exponential growth of the condition number of the stiffness matrix on the finite
element approximation order, which is observed in the literature (e.g., [48, 17]), can
be controlled by reducing the interface deviation. Therefore, arbitrarily high order
unfitted finite element methods on automatically generated Cartesian meshes for
solving elliptic interface problems can be achieved for arbitrarily shaped C? smooth
interfaces.

The main purpose of this paper is to extend the high order unfitted finite el-
ement method for two-dimensional elliptic interface problems in [16] to solve the
time-harmonic Maxwell equations (1)-(3). We characterize and quantify the mesh
resolution of the geometry in two steps. We first introduce the concept of proper
intersection of the interface and boundary to the elements and the concept of large
element in three dimension, which allow us to show that each large element is a
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union of strongly shape regular polyhedrons in the sense that the polyhedron is a
union of shape regular tetrahedrons in the classical sense. Then we introduce the
concept of the interface deviation in three dimension and prove the hp inverse trace
estimate on curved domains which plays an important role in studying the unfitted
finite element method in this paper.

One of the key difficulties in the finite element convergence analysis for the
indefinite time-harmonic Maxwell equations is the discretization of the divergence
free condition div (¢ E) = 0. In the H (curl)-conforming finite element method, this
condition is implemented implicitly and the finite element convergence analysis
depends on the fact that any discrete divergence free finite element function can
be approximated by a continuous divergence free function (see, e.g., [32, 44]). This
property, which depends crucially on the construction of conforming edges elements,
unfortunately, is not available for unfitted finite element functions which can not be
conforming across the curved interface. To overcome the difficulty, we propose to
use the mixed formulation to explicitly enforce the discrete divergence free condition
and penalize the jump of the normal component of the discrete electric field in the
H'/2 norm, which implies to penalize div (eE) = 0 in the L? norm, see Lemma 4.5
below. The stability and hp-error estimates are proved in the asymptotic range,
that is, sufficiently small mesh sizes.

The layout of the paper is as follows. In section 2 we introduce some notation and
prove the H? regularity of the problem (1)-(3) in each subdomain €, 2. In section
3 we introduce the unfitted finite element method for the time-harmonic Maxwell
equations. In section 4 we prove the stability and hp-a priori error estimate for our
unfitted finite element method. In section 5 we report some numerical results.

2. The Maxwell interface problem

We first recall some notation. For any Lipschitz domain D in R3 with boundary
D whose unit normal is denoted by n, the space H(curl; D) = {v € L*(D) :
V xv € L*(D)} is a Hilbert space under the graph norm. For any v € H(curl; D),
its tangential trace is defined as v, (v) = v X n on D. It is known that (see Buffa
et al. [10]) 7, : H(curl; D) — H~2(div 5p; dD) is bounded and surjective, where

H~Y%(div gp; dD) = {X € V,(dD)" : divgp(A) € H™/2(8D)}.

Here V,(0D)’ is the dual space of Vy(0D) = {vr =n xv xn : v € H'/?(OD)}
and div pp : V,(0D) — H~Y/2(0D) is the dual operator of the surface gradient
Vr @ HY2(OD) — V,(0D)', where V,(0D) = {v x n : v € H'/?(9D)}. 1t is
known that div gp(v x n) = (V xv)-n € H~Y/2(9D) for any v € H(curl; D). We
denote Hy(curl; D) :={v € H(curl; D) : v x n =0 on 0D}.

The following two lemmas will be used in the proof of the H? regularity up to
the interface of the solution to time-harmonic Maxwell equations.

Lemma 2.1. Let D be a bounded Lipschitz domain, F € H*(D)'NHy(curl; D),
and div F € H=Y(D). Then there exists a constant C' depending only on the domain
D such that ||F||Hg(cur1;D)’ < C(HFHHl(D)’ + ||diVF||H71(D)).

Proof. By the Birman-Solomyak regular decomposition theorem [7], Hiptmair [32,
Lemma 2.4], any v € Hy(curl; D) can be splitted as v = vy + Vo) for some v, €
H'(D), ¢ € H§(D) such that ||vs|lgi(py + [¥llarp) < CllvllH(cur;p)-  Since
Y € HE(D), for any § > 0, there exists ¢5 € C$°(D) such that ¢5 — 1 in
H}(D) as 6 — 0, which also implies V)5 — V1 in Hy(curl; D) as 6 — 0. By
the definition of the derivatives of the distribution, (div F)(¢s) = —F(V1)s). Now
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since F' € Hy(curl; D) and div F € H-(D), we obtain F (V) = —(div F)(3) by
letting § — 0. Thus

F(v
Flemny =  swp @
vEH(curl; D) HvHH(Curl;D)
F (v
< C sup |F(vs + V)|
v.eH' (D) peri(D) |[Vsllm(p) + 1¥]|r1 (D)
< CFlla(py + [|[div F[|z-1(py)-
This completes the proof. ([

Lemma 2.2. Let D be a bounded Lipschitz domain which is divided by a C1!
surface T'p into two parts Dy, Dy. Let B € R3*3 be a symmetric matriz with
elements in C%1(Dy U Dy) such that a_|z|? < Bz -z < a,|z|?> Vx € R3 a.e. in D
for some constants a_,ay > 0. Let f € L*(D),g € H'/*(I'p), and v € H(curl; D)
satisfy

(4) div(Bv) = f in D1 UDs, [Bv-nfr, =g onTp.

Then for any subdomain O strictly included in D, O1 = O N Dy, Oy = ON Dy,
we have v € H'(Oy U Oy), and vl 0,00, < ClvHEu;D) + 1 fllL2(p) +
9l 120 yy), where the constant C' depends on the domains O, D, and the coeffi-
ctent matriz B.

Proof. The argument is standard (see, e.g., Hiptmair et al. [34, Lemma 3.2]). We
sketch a proof for the sake of completeness. By the regular decomposition theorem,
v = v, + V) for some v, € H' (D), ¢ € H*(D) such that ||vs||g1(p) + ||| g2 (p) <
Cllv| H(cur; p)- It is clear from (4) that ¢ € H*(D) satisfies

div (BVvy) = f — div (Bvs) in D1 U Da,

[[wHFD =0, [[BZ%HF =g - HB'US’TL]]FD on I'p.

By the regularity theorem of elliptic interface problems (see, e.g., McLean [40,

Theorem 4.20]), ¢ € H?(O; U O3) and

¥l 2(0100.) SCUIPNH (D) + |f = div (Bvs)| L2(p) + lg = [Bos - nlrp | #1r2(r )
<C([v|l & (curt;ny + 1 fllz2p) + |9l g2 (0 ,))-

This completes the proof. O

The weak formulation of the problem (1)-(3) is to find E € H (curl; Q) such that
E xn=gxmnonX, and

(5) (0 'V x E,V xv) — k*(¢E,v) = (J,v) Vv € Hy(curl;Q),

where (-, -) denotes the inner product on L%(Q2). Notice that (5) implies div (¢ E) =
0 in Q by taking v = Vi for any ¢ € Hg (). It is known that except a denumerable
wave numbers 0 < k1 < ko < --- of nonzero Maxwell eigenvalues tending to oo,
the problem (5) exists a unique solution (see, e.g., [32, §4.1-§4.2]). In this paper,
we will assume k is not equal to one of these eigenvalues and thus the problem (5)
has a unique solution E € H (curl; ) which satisfies [32, (96)]

(6) ||EHH(curl;Q) < C(HJ”LZ(Q) + ||g X nHH*l/?(divE;E))'

The following H'! regularity of the solution of (5) can be proved by the same
argument used in the proof of Lemma 2.2. Here we omit the details.
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Lemma 2.3. Let the interface I' and the boundary ¥ be CV', J € L?(Q),g €
H'/2(%) satisfy divJ = 0 in Q. Then the solution of the problem (5) satisfies E €
H'(Q1 U Q) and | E| m1,u0,) < O z2@) + 1gllm1/2(s)), where the constant
C depends on the domain ) and the coefficients k, u, €.

The following theorem is the main result of this section. It will be used in our
finite element convergence analysis in section 4.

Theorem 2.1. Let the interface T and the boundary X be C?, J € L*(Q)) with
divJ = 0 in Q, and g € H3/?(X). Then the solution of (5) has the reqularity
E € H?*(0UQy) and satisfies || E| m2(9,00,) < Creg (11| 22) + 191l zr3/2(s) ), where
the constant Cieg > 0 depends on the domain Q, the interface I', the boundary X,
and the coefficients k, e, .

Proof. The proof follows the idea to prove the H? regularity for elliptic equations
(see, e.g., Evans [28, Chapter 6], [40, Chapter 4]) based on selecting smooth cut-off
functions to localize the equation and flatting the interface and the boundary by
means of a suitable change of variables. Let {B(w;, )}, where &; € T, i =
1,---,n, be a union of balls inside € such that Or = U, B(x;, r;/2) covers I, and
{B(y;,d;)}", where y; € ¥,i =1,--- ,m, be a union of balls not intersecting with
the interface I' such that Os = U™, B(y;,d;/2) covers 3. Let O; = Q;\(Or U Ox),
i =1,2. Clearly, the union of Or, Oy, and O U Oy covers 2. The proof is divided
into three parts.

1° Interior regularity. Since div(¢E) = 0 in Q; U Qo, by Lemma 2.3, E €
H'(Q, UQy) and it satisfies

~AE = pJ +k*peE  in Q) U Q.

By the interior regularity of elliptic equations (see, e.g., [40, Theorem 4.16]) and
Lemma 2.3, we know that E € H?(0O;), i = 1,2, and

(7) 1Ellg20,) < CUE|mi ) + 1T+ kpeEl 2q,))
< Oz + 19l g2 (sy)-
2° Interface regularity. Fori =1,--- ,n, let B = B(x;,r;) and B be the unit ball

in R?. Let @ : B — B be the C?, one-to-one mapping such that By = Q; N B =
&(B1), By = Q2N B = ®(By), and T N B = ®(1), where B, = {& € B : &5 < 0},

By={&#e€B:is>0}, and ' = {& € B : &3 = 0}. By the Piola transform (see,
e.g., Monk [44, §3.9]), we have
(8) V=D& TV, V.=J'V.(JD® ), Vx=J'D®V x D&,

where D® is the gradient matrix and J = det(D®). Moreover, the unit normal n
to I and the surface area ds of I' satisfy (see, e.g., Hofmann et al. [35])

(9) no®=D® Ta/[D® Tn|, ds=|J||D® Tn|ds,

where 7 = (0,0,1)7 and d3 is the surface area of I'.
Let x € C§°(B) be the cut-off function such that 0 < x <1in B and y =1 in
B(x;,7;/2). Denote u = xE. Then we have

(10) Vx(u'Vxu)=F, div(eu) = V- (¢E) in Q; UQy,

(11) [uxn]r=0, [(t7'Vxu)xn]r=g1xn, [cu-n]r=0 onT,
where g1 x n = [(17'Vx x E) x n]r on T, and

(12) F=F +Vx (u'Vxx E), Fi =xJ+kexE+Vxx (u'VxE) inQ.
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Now for any function v : B — C3, we denote © = D®” (v o ®). By (8)-(9) and the
following vector identity [35]

(13) Da x Db = det(D)D"Taxb VD e C**3 Va,bc C?,
we deduce from (10)-(11) that
(14) Vx (A 'AV x @) =A"'F, V-(A ™ a)=A"'Vx- (EE) in B, U By,

(15) [axn]p=0, [(A7'AV x @) xa]p =g xn, [FA7'a-n)p=0 onT,
where il = po®,é=co® yx=xo0®, A=J"'D®TDP, and
(16) AT'F = AT R+ Vx (i 'A(VY X E)), g1 xn=[(a  AVY x E)) x 7.
Since 72 = (0,0,1)7, [& x A = 0 implies that [i1]p = [@2]p = 0 on T'. For any
0 > 0 sufficiently small we consider the difference quotients A?, [l =1,2, defined as
Aju(a) = (a(@ + der) — a(#))/5.
By (14)-(15) we have
V- (AT AG) = —V - (B(ATA™Ya) + AJ(ATIVY - (E)) in By U By,
[EASAMG - Alp = —[E(AJA )4 - A on T,
where As = A(& + de;). Since @ 1(B(x;,7:/2) N Q) C By, k = 1,2, by Lemma
2.2,

(17) AL 1 (@1 (B (s r1 /2)0(210022)))

IN

CUIAYE gy ener;y + 1l 13,08, + 1B i1 (8,08,)
< O(IV x AYal| 2 ) + 1Bl (5,082
Next by (14)-(15) we have

A

(18) V x (17 AsV x (Ad@)) = F' in By, U By,

(19) [(A7a) x Alp =0, [(A7'AsV x (Af@)) x Al = ¢} x A onT,
where g| x 7 = (A2g1) x 7o — [(A~Y(AJA)V x @) x Ap, and

(20) F = ANATYF) =V x (07N (AA)V x ).

Since (Af#) x 7 = 0 on @B, by testing (18) with Al@ we obatin

. ~ F' , U X 1,V
(21) ||V ™ A?UHLQ(B) < C sup A |( ) <gl T>F|
VEH(curl;B) Hv”Ho curl;B)

From the definition of F’ and g1 X 1, we obtain by doing integration by parts that
(F', %)+ (9] x n,or)p = (AJ(AT'F), )5 + (Agr x R, b7);
(TN ATAYN(V x @), ¥ X 9) 5.
Since F' is compactly supported in B and g1 X n is compactly supported on BN,

by the definition of A~ F and g; x # in (16) and integration by parts, we have
then, for sufficiently small 6,

(AJ(ATIF), 9) 5 + (Algr x 7 vT>F
= —(AT'F,A7%9) 5 — (g x 0, A By
= —(ATVFLA%9) 5 — (BTA(VY X Wfo%)B
= —(A)(A 1F1 b); — (B AN A(VY x E

~—
—
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By Lemma 2.1

(22) HA?(Ailﬁl)”Ho(curl;B)’

CUAY AT FD | 1y + IV - (ANATFD) 1)
ClIAT Fill gy aiv ;)

IN

A

Thus, by (12) and div F; =0 in ©, (21) can be bounded as

(23) IV x A?ﬁHm(é) < C(||A_1F1”H(div;l§) + HEHHl(BluBZ))
< ClFillmiv;) + |1 Elm (B,uB,))
< C(Jlz2y + 1 Bl g1 (B0B,))-

Combining (17) with (23), we obtain

1A 11 (@1 (B /2@ 002)) < CUT 228y + | Bl (8,uB,))-
This implies, by letting 6 — 0, for [ =1, 2,

(24) 102, 8| 1 (@1 (Bwi,rs /2)n(0100))) < CUI I L2(8) + 1Bl 51 (B,UBS))-
Finally, it follows from (14) that
—V-(éA7'a) = —A7'Vx - (éE) in B, UB,.

Notice that A= = JD®1D®~T whose elements (A1), = Jalay, k,1 =1,2,3,
where ay, as, a3 € R3 are column vectors of D®~T. Obviously, (A~1)33 = Jl|as|? >
ag for some constant ag > 0. Thus by differentiating the equation in &3 we obtain

H 0?43

2
072 < OZ 02,0 z11 (@1 (B(ai,r: /2)N(21002)))

L2(@~1(B(mi,m:/2)N(2:1UQ2))) =1

+ C(HEHHl(BluBz) + H'&HHl(BluBz))'

Therefore, it follows from (24) that
el 2 @1 (B ri/2n(@002) < CUTL2(8) + 1 Bl (8,08.));

and thus ||ullg2 (B, /2)0@1002)) < CUTlIL28) + 1Bl 51(B1UB,)) for any i =
1,--- ,n. This yields by Lemma 2.3 that

(25) B[ 52 (0rn@iua.)) < CUIT[z20) + gl a1/20s)-
3° Boundary regularity. Let ug € H?(Q) be the lifting of g € H3/2(%) such
that [|ugl|m2(0) < Clgllgs/2(s). Then u = E — ugy satisfies u x n =0 on %, and
Vx(u'Vxu)—kecu=J inQ,

where J' = J -V x (17'V X ug) + k*cugy in Q. Similar to the argument in the step
2° fori=1,--- ,m, we consider u; = x;u, where x; € C§°(B(yi,d;)) is the cut-off
function such that 0 < x; < 1, x; = 1 in B(y;,d;/2), and use the H? regularity of
the solution to time harmonic Maxwell equations in C? domains in Costabel et al.
[23, Theorems 4.5.3 and 3.4.5] to obtain

(26) 1Bl 2 0nne) < CUT [ L2@) + 19llm3/2(s))-
The theorem follows now from (7), (25), and (26). O
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We remark that it is crucial to use Lemma 2.1 in (22) to bound A?(A~'F}) in
the Hy(curl; B)' norm. If one simply bounds A?(A‘lﬁ’l) in the L? norm, one will
have to require J € H'(B) in (23). The regularity bound in Theorem 2.1 will
become || E|g2(0,00,) < Creg(| |71 () + 119l g3/2(q)); which is not sufficient for us
to use the Schatz argument in the proof of Theorem 4.2.

To conclude this section, we introduce the mixed formulation for (1)-(3) to be
used in this paper. Let ¢ € Hg () be the Lagrangian multiplier for the constraint
div(eE) =0in Q in (1). The mixed formulation is to find (E,¢) € H (curl; Q) x
H}(Q) such that E x n =g x n on X, and

(27) (7 'V x E,V x v) — k*(¢E,v) — (¢Vp,v) = (J,v) Yv € Hy(curl;Q),
(28)  (eE,Vy)=0 Yo € Hy(Q).

It is easy to see that if the wave number k is not equal to the Maxwell eigenvalues
and FE is the unique solution of (5), then the mixed problem (27)-(28) has a unique
solution (E, ) with ¢ =0 in .

3. The unfitted finite element method

In this section we first introduce some notation on the finite element mesh and
prove the crucial inverse trace estimate on curved domains by extending the idea
in Chen et al. [16] for the two-dimensional unfitted finite element method. Then
we introduce the unfitted finite element method for the mixed formulation of the
time-harmonic Maxwell interface problem (27)-(28).

3.1. Notation and the inverse trace estimate. Let 7 be a mesh consisting of
right hexahedrons with possible hanging nodes that covers . For each K € 7' =
{KeT:KNT#0}and K € T = {K € T : KN # ()}, we assume the interface
I" or the boundary ¥ intersects K properly in the following sense.

Definiton 3.1. (Proper intersection) The intersection of the interface T' or the
boundary X with an element K is called the proper intersection if I' or X intersects
each (open) edge of K at most once, and if T or ¥ intersects a face F' of K, then
T or X intersects the edges of F' at most twice at different (open) edges.

If I or ¥ intersects an element at some vertex, we regard I' or ¥ as intersecting
one of the three edges originated from A at some point very close to A. If " or X
is tangent to an edge or a face of an element, we regard I' or X as being very close
to the edge or the face but not intersecting with the edge or the face.

It is clear that when I' and ¥ have proper intersections with all elements in
TV U T>, if two vertices A, B of an element are inside €;, then the edge AB is
included in Q;, ¢ = 1,2. Fig.1 shows some of the situations that are allowed by
Definition 3.1. In the situations shown in Fig.2, local refinements are needed to
resolve the interface or the boundary.

Definiton 3.2. (Large element) For ¢ = 1,2, an element K € T is called a large
element with respect to Q; if K C Q;; or K € TV UT?> for which there exists a
fized 6 € (0,1/2) such that |e N ;| > dole| for each edge e of K having nonempty
intersection with Q;. An element K € TV UT? is called a large element if K € T
is large with respect to both Q,,Qy or K € T is large with respect to Q. An
element K € TV UT™ is called a small element if it is not a large element.

Following [16] we make the following assumption on the finite element mesh when
K € TV UT? is a small element.
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FiGUre 1. Illustration of proper intersections of the interface I'
and an element K. From (a) to (d), K has 1,2, 3,4 vertices in one
of the domains Q;, 1 =1, 2.

(@ (b) () (d)

FIGURE 2. Examples of improper intersections of the interface I’
and an element K, for which local refinements are required to
resolve the interface.

Assumption (H1) For each K € T or K € T%, there exists a cuboid macro-
element N(K) which is a union of K and its surrounding element (or elements)
such that (i) T or ¥ has proper intersection with N (K); and (ii) N(K) is large with
respect to both 4,y or is large with respect to {la. We assume hy k) < Cohk
for some fixed constant Cy. Here hg is the diameter of K.

Inspired by Johansson and Larson [30] in the setting of a fictitious boundary
DG method for elliptic equations, one possible way to satisfy the assumption (H1)
is to locally refine the surrounding elements K’ of a small element K € 7' so
that the elements K’ are of the same size as K and K’ are completely included in
Qy or Q5. Then we can define N(K) as the union of K and those elements K’.
A similar construction can be made for small boundary elements K € 7>. Fig.3
illustrates a small element merged with 2 or 8 of its neighboring elements to form
a macro-element. When a small element K is of the form shown in Fig.1(a), the
macro-element may include all 26 elements having non-empty intersection with the
element K. We refer to Chen and Liu [17] for a reliable algorithm to merge small
interface elements with their surrounding elements to automatically generate a finite
element mesh whose elements are large with respect to both domains €21, Q25 for any
two-dimensional smooth interfaces. It is expected such a merging algorithm can
also be constructed for the three dimensional smooth interfaces and will be pursued
in a future work.

In the following, we will always set N(K) = K if K € TV UT?> is a large
element. Thus M = {N(K) : K e TPUT}U{K €T : K C Q,i=12K ¢
N(K') for some K’ € TF UT™} is also a mesh that covers ) consisting of right
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F1GURE 3. Examples of merging a small element K with 2 or 8 of
its neighboring elements to form a large element.

hexahedrons. We will call M the induced mesh of 7 and write M = Induced (7).
Weset Ml ={Ke M:KNT #0}, M*={K e M:KNX#0}.

For any K € MT, let T'x = K NT and denote by Vg the set of intersection
points of I and the edges of K. Similarly, for any K € M>, let ¥ = KN and
denote by Vj the set of intersection points of ¥ and the edges of K.

We call a polyhedron is strongly shape regular if it is the union of shape regualr
tetrahedrons in the classical sense of Ciarlet [18, P.132]. The following lemma
shows that if K € 7' is a large element, it is the union of two strongly shape
regular polyhedrons. In this paper, all polyhedrons are considered to be open. We
call a polyhedron D is the union of tetrahedrons T;, i = 1,--- , I, if D = Ul_|T;.
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FIGURE 4. Left: The figure used in the proof of Lemma 3.1. Right:
The figure used in the proof of Lemma 3.6. The tetrahedron with
at most two intersection points of I' and the edges of K.

Lemma 3.1. If K € MV, then K = K" U K}, where for i = 1,2, Kih 18 the

union of tetrahedrons Ty;, j = 1,--- ,m;, my > 1, whose vertices are the vertices
of K inside Q; and the points in Vi . The tetrahedrons T;;, j = 1,--- ,m;, have a
common vertex Ay which is a vertex of K inside §);. Moreover, Ti;, j =1,--- ,m;,

are shape regular in the sense that the radius of the inscribed ball of T;; is bounded
below by cohx for some constant ¢y > 0 depending only on &g in Definition 3.2.

Proof. First notice that K € M" is a large element. We only prove the case when
K has three vertices A, B,C inside Q;. The other cases can be proved analo-
gously. Without loss of generality, we assume A = (0,0,0)”, B = (0,0, h3)7,C =
(0, ha, h3)T, where h; = h;(K) is the length of the side of K in the z; direction,
i = 1,2,3, see Fig.4 (left). Since if two vertices inside Q, the edges connect-
ing the vertices is also in ), there are five intersecting points Z;, j = 1,---,5,
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of ' and the edges of K. The coordinates of the points are Z; = (a1,0,0)7,
Z2 = (GQ,O,hg)T7 Zg = (ag,hg,hg)T, Z4 = (O,hQ,C4)T7 Z5 = (O,bf,,O)T. By
Definition 3.2, 9 < ajhy! < 1—3dp, j = 1,2,3, 8 < cshy! < 1 — dp, and
o < bshy t <1 — dp.

We recall that for any tetrahedron 7', the radius pr of the inscribed ball of T is
pr = 3|T|/|0T)|. 1t is easy to see that the tetrahedron Ty with vertices B, A, Z1, Zs
and T with vertices B, Zy, Z3, C satisfy |T11],|T12| > %58|K|. The volume of the
tetrahedron Tis with vertices B, Z4, Z1, Z5 is

O hg Cq — h3

1
a; O —hs = 6@1 [hghg + b5(C4 — hg)}
0 b5 —hg

Tis| =

| =

1
= 60,1[(h2 — b5)h3 + b504},

which yields |T13] > %(60 + 02)60| K|. Similarly, the volume of the tetrahedron T4
with vertices B, Z1,Z2,Z4 is |Th4| = %(LQthg > %50\K|, and the volume of the
tetrahedron Ty5 with vertices B, Zy, Z2, Z3 is |T1s| = %aghg(hg, —cy) > %5§|K|.
On the other hand, it is easy to see that for j = 1,---,5, |0T1;| < Ch3 for some
constant C' depending only on &y. Thus K} = U?zlflj with Ty, j = 1,---,5,
being shape regular tetrahedrons.

Let K} = K\K?. One can show that KJ is a union of shape regular tetrahedrons
with the common vertex F in Fig.4 (left). Here we omit the details. This completes
the proof. ([

We remark that in the proof it is important to have B as the common vertex
of the tetrahedrons T7;, j = 1,---,5. If one chooses A as the common vertex, the
volume of the tetrahedron Ty with vertices A, Zs, Z5, Z4 is |Ty| = %hg [az(cs —hs3) +
ashg], which may not have a uniform lower bound with respect to the positions of
Zo, 23, Zy.

The following lemma can be proved by the same argument as that in Lemma
3.1.

Lemma 3.2. If K € M?* is a large element, then there is a polyhedron K" C K,
K" is the union of tetrahedrons T, 5 =1,---,m, m > 1, whose vertices are the
vertices of K inside Q and the points in V.. The tetrahedrons Tj, j = 1,---,m,
have a common vertex A} which is a vertex of K inside Q1. Moreover, Tj, j =
1,---,m, are shape regular in the sense that the radius of the inscribed ball of T; is
bounded below by cohy for some constant cg > 0 depending only on &g in Definition
3.2.

We remark that the construction of the strongly shape regular polyhedrons K/
in Lemma 3.1 and K" in Lemma 3.2 may not be unique. For example, in the
case when K has two or four vertices in §2;, each one of the vertices K in €); can
be chosen as the common vertex A% of the shape regular tetrahedrons. In the
following, we always fix one construction of the strongly shape regular polydrons
K} Kb for K € MY, and K" for K € M*.

Now for any K € MT, we want to approximate ' with a flat face I'%. not far
from I'. Since K is a large element, by Lemma 3.1 we know that K is the union

of two strongly regular polyhedrons K", K. It is clear that 0K NOKY = Ujﬁl fi
where {f; }]21 are triangles with vertices in Vi which may not be coplanar. Let
F; be the plane that f; lies in, j = 1,---,Jg. We define F}}( as one of the
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planes among {Fj };-]’:‘1 such that disty (I, ) = mini <<, distg (I x, Fj), where
distg(I'1,T'2) = maxger, (minger, |z — y|). Roughly speaking, disty(I'1,I'2) mea-
sures how far I'; deviates from I';. Let A% be the common vertex in ; of the
tetrahedron defined in Lemma 3.1.

Similarly, for K € M?¥, let K" be the s:crongly shape regular polyhedron de-

fined in Lemma 3.2. Then OK"\0K = U7k !, where f} are the triangles with

J=13 .

jﬁl such that
distg (X, 2%) = min; << ;. distu(X g, F}), where F] is the plane that f] lies in,
j=1,---,J}. Let A% be the vertex of K in Q defined in Lemma 3.2.

The following definition extends that in [16] for two-dimensional interfaces.

vertices in Vi, 1 < j < Ji. We define X} as one of the planes {F]

Definiton 3.3. (Interface and boundary deviation) The interface deviation ng for
K € MY and the boundary deviation ng for K € M* are defined as

disty (g, TR ) _ distn (S, IS

_ VK € M%,
=12 dist(Al, T) dist(Al,, k) M

Nk = VK € MY,

where dist (A, ') = minger, |A—yl| is the distance of the point A to the set 'y C R3.

Lemma 3.3. If the interface T' and the boundary ¥ are C? smooth, then there
exists a constant hg > 0 such that for any K € MY U M?> satisfying hx < hg, we
have ng < Chy for some constant C independent of hy .

Proof. We only prove the lemma for the case of interface. The other case can
be proved similarly. The argument extends that in Feistauer [29, (3.27)] for the
two-dimensional case. Since I' is C? smooth, for any point & € I, there exist
re > 0 and a C? function ¥, : R?> — R such that, upon rotating and relabeling
the coordinate axes if necessary, Q1 N B(x,ry) = {y € B(x,7z) : y3 < Yo (y1,¥2)},
QN B(x,re) = {y € B(xz,r2) : y3 > Vu(yr,y2)}, and T N B(x,rz) = {y €
B(z,r2) 1 ys = Ya(y1,y2) }-

By compactness, there exist finite number of points &; € I', 1 < j < M, such
that the union of balls B(x;,rz,/2), j = 1,--- , M, covers the interface. Let ho =
(mini<j<arrs,)/2. Then any element K € M satisfying hx < hg is included in
some ball B(x;,7z,). Let A, B, C be the three intersection points on the edges of
K that determines I"}(. If 11, ¥, : R? — R is the linear Lagrangian interpolation
of U, at the points A, B,C, then disty(I'x,T%) = ||¥s, — I, Vg, || @2). The
lemma now follows from the standard finite element interpolation estimates as
dist(A%,T%) > Chr. 0

Lemma 3.3 implies that the following assumption is not very restrictive in prac-
tical applications.

Assumption (H2) The interface and the boundary deviation nx < 1/2 for all
K e M uM>

We recall the following one-dimensional inverse domain estimate proved in [16,
Lemma 2.3].

Lemma 3.4. Let I = (—1,1) and I, = (=\,\), A > 1. We have

1
HgHiZ(b\\I_) < ) {()‘ + VA2 = )P 1} ||9||2L2(1) Vg € Qp(In),

where Q,(Ix) is the set of polynomials of order p > 1 in I.
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We remark that the growing factor (A+v/A2 — 1)?P*1 in the bound is sharp, which
is attained by the Chebyshev polynomials. It is well known that the Chebyshev
polynomials C,(t) = 3[(t + V2 —1)" + (t — V2 —1)"], n > 0, see DeVore and
Lorentz [26, P.76].

For any integer p > 1 and any Lipschitz domain D C R3, we denote @,(D) the
set of polynomials of order p in each variable in D. The following lemma can be
proved as in [16, Lemma 2.4] by using Lemma 3.4. We omit the details.

Lemma 3.5. Let T be a tetrahedron with vertices O = (0,0,0)”, A = (a1, as,a3)7,
B = (b1,b2,0)T, and C = (c1,¢2,0)T, where az > 0. For any 6 € (0,as3), let the
tetrahedron Ts = {x € T : dist(x, AOBC) > ¢}. Then, we have

1+ daz*
v <T| ——=
lolsacry < 7 (152
where T(t) =t +Vt? —1 Vt > 1.

The following inverse trace estimate on curved domains is the main result in this
subsection.

Lemma 3.6. Let Assumptions (H1) and (H2) be satisfied. Then for any K €
MEUME K, =KNQ,, i=1,2,

3p+3/2
) lollary W0 € Qp(T),

1430\
T ollaey o € QulE),
— K

where the constant C' is independent of hyi,p, and 1k .

ol econy < Cohid>T (

Proof. We only prove the theorem when K € M. The other case K € M* can
be proved similarly. For i = 1,2, let K be the polyhedron defined in Lemma 3.1.
K! is divided into tetrahedrons, each of them with one vertex at A% as follows

K3
th = (Uyleij) U (U}n:in+1Tij)7
where Tj;, j = 1,--- ,n, has at most two vertices in Vg and T35, j =n+1,--- ,my,
has three vertices in Vi. By Lemma 3.1, each tetrahedron T;;, j = 1,--- ,m,, is
shape regular. Let § = disty(T'x,T%) and d; = dist(A%, %) so that §/d; < nx.
Let F?f‘s be two planes parallel to I'% whose distance to A% is d; & 6.
For j =n+1,---,m;, denote T}; the infinite cone with vertex A% that agrees

with T;; in a neighborhood of A% . Denote Ti’;ﬂ the finite part of the cone T7;

terminated by F%ﬂ. Then Ti};f‘s CTiNK; C Ti}f‘;. By Lemma 3.5, we have for
]:n+17 , My,

14 26(d; + 6)~1\ P32
Lk 1 R T Y

(29)  llollgagpesy < 1—25(d; +0) !
3p+3/2
1+3
< -r<’llmk> lllzeginzy) Vo € @p(K).
—T}K

By the hp-inverse trace inequality in Warburton and Hesthaven [50], we have then
forj=n+1,---,my,

||UHL2(8TZ+608K1') < ||U||L2(8Ti’;+5)
—1/2
(30) < COphi P |ll oy
3p+3/2
_ 1+3
< CppleT (1:;) ol 2y Yo € Qp(E).
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For each tetrahedron Tj;. j = 1,--- ,n, denote by B, C, D the other three vertices
other than A%, see Fig.4 (right). If B € Vg, the set of intersection points of
I' and the edges of K, I‘]}{‘s intersects the edge A% B at B’. Let the half line
originated from A% that is perpendicular to T'% intersect T%% at A’ and intersect
the plane parallel to I'% on which B is located at A, then |A% A’| = d; -6, |A% A| <
d; + 8. Thus |AL A'|/|A% Al > (d; — 6)/(d; + §) and consequently, |BB'|/| A% B| =
|AA'| /| A Al < 25/(d; + 6). Similarly, |CC'|/|A%C| < 25/(d; + ) if C € Vi and
F}]L(_‘s intersects the edge A% C at C’. Notice that by definition, T}; has at most two
vertices in V.

Now let B”C" D" be the intersection of the plane parallel to BC'D whose distance
to BCD is 6; = % hy, where hy = dist(A%, ABCD). Then the tetrahedron Tm
with vertices A%, B”,C"”, D" is inside T}; N K;. Again by Lemma 3.5, we have for
j=1,---,n,

1. 3p+3/2
14 1A !
(31) HU||L2(Tij) = T<1—51hl_1 ||U||L2(Tij)
1

3p+3/2

143

T ( 1 nK) HU”Lz(Kif‘lTij) Vo € QP(K)
— K

Next let T2 intersect the extended half lines of A% B, A%.C' at B",C", re-

—_~—

spectively, see Fig.4 (right). Denote by AA% BC' the curved triangle on the plane

spanned by A%, B,C bounded by two edges A% B, A%-C, and one curved edge BC
that is the intersection I' and the plane spanned by A%, B, C. Then by Lemma 3.5,

IN

(31), and the inverse trace inequality, we have for j = 1,--- ,n,
(32) ||v||L2(A@/BC) < Nollzzany o

. —1
. T<1+25(d2+6)

3p+3/2
1-— 26(dz + 6)—1) ||v||L2(AA§(B/C/)

3p+3/2
14+ 3nk
< T —— »
< ( Tk ) ||'UHL2(8T1_7)

3p+3/2
< Cph*T (i*_?}f) 1oll 22 (k-

Let Fl-lj7 l=1,---,L;;, Lij <3, be the faces of T}; included in 0K, j =1,--- ,n,
with the convention that Filj has two vertices on the edges of K. Here we recall
that T;; has at most two vertices in Vi if j = 1,---,n. Denote by 152-1]- the curved
triangle on 0K that agrees with Fllj in the neighborhood of A%-. Set Filj = Filj,
l=2,---,L;;. Then by (32) for }7“21] and the inverse trace inequality for Filj,l =
2,---,L;j, and (31), we obtain for j =1,--- ,n,

Lij 3p+3/2
—1/24 (1 430k
@ S lblhoayy <O T (F0E) T lluon,

We recall the following trace inequality in Xiao et al. [52, Lemma 3.1]

1/2 1/2 .
(34) 0llzae) < Cllollate Il ey Il eorame) Yo € HY(K:), i=1,2,

where the constant C'is independent of h. Since on each face F' of K, 0K;NF'is the
union of one curved triangle that either is Fllj forj=1,--- ,n, orisincluded in 77 jM
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for j =n+1,---,m;, and at most two triangles that are faces of T;;,j5 = 1,--- ,my,
we have

_ N Ly s
OK\Tx C ( jzl(ulle;j)) U (U, (OTI N OK)) .
Thus by (30) and (33), we have

(35) (PRI
n L“
1/2 1/2
< Ol ol + D0 D Iollzega ) + 5 [ p———m—
j=11=1 j=n-+1

IN

2w Il (x, =k

Finally, since K; C (U} Ti;)U(UjZ, T} [+9) we obtain by the hp-inverse estimate
(see, e.g., Schwab [49, Theorem 4.76]), (29), and (31) that

1/2 1/2 —1/2 1+ 3nk Sp+s/2
Cloleo ol + T (T2 ) o

36) Vol < Cp’hy! Zl\vlm(n]ﬁ Z V]l 2 ¢s)
Jj=n+1

3p+3/2
143
< C 2h 1T< + nK) ||v||L2(K7)
— K

This completes the proof by using (35). O

3.2. The unfitted finite element method. We introduce the finite element
space using the idea of “doubling of unknowns” in Hansbo and Hansbo [31]. For
any integer p > 1, we define the unfitted finite element spaces

XP(M) = {U = V1X0 + V2XQ, - vi|K S QP(K)aZ = 172}7

MP(M) = {q = 41X, + q2XQs - 4 S QP(K)vl = 152}
Clearly, X,(M) = M,(M)3. We remark that one may use P,(K) instead of Q,(K)
in the definition of the unfitted finite element spaces. We use @Q,(K) because this
choice offers the possibility to construct conforming finite elements away from the
interface or the boundary.

Let F™* denote the set of interior faces of the mesh M, F' = UgemIk, and
F*¥ = UgemEk. Since hanging nodes are allowed, F' € F'™ can be part of a face
of an adjacent element. We set F = F"* U FI' and F = F™ U FI' U F*. For any
subset M C M and F C F, we use the notation

(u,v) 57 = Z (u,v)K, (u,v) 7= Z (u,v) p,

KeM FCF

where (u,v) is the inner product of L?(K) and (u,v)r is the inner product of
L3(F).

For any F' € F, we fix a unit normal vector ny of F with the convention that
nr is the unit outer normal to ¥ if F' € F* and nr is the unit outer normal to 0O,
if F € F''. We define the piecewise constant normal vector function n € L°°(F)3
by TL|F =np VF e F.

For any v € HY(M) := {v = v1xq, + v2Xq, : vi|x € H(K),i = 1,2}, we define
the jump of v across F' as

[vlp :=v" —v" VF€F, [v]p:=v" VFcF>,

where v* is the trace of v on F in the +np direction.
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Denote W = 4~V x E. Then (27)-(28) can be rewritten as
W —V xE=0, VxW —k*E —-cVp=J, div(cE)=0 inQ,
Exn=gxn, p=0 onX.

Following Cockburn and Shu [19], Alvarado and Castillo [2], the LDG method is to
find (W, Ep, o1) € Xp(M) x Xp(M) x M,(M) such that for any K € M,

(37)  (uWi, t)k — (En, V x )i — (ng X Ep, t)ox — (nx x By, [t])r, =0,

(38) (Wi, V x v)k + (nx x Wh,vrhox + (nx x Wi, [or])r, — K*(En, v)x
+(n, div (ev)) k. — (P, v - nE)ox — (Pn, [ev-n])r, = (J,v)K,

(39) (B, Vo) — (eBn - nuc, orc — (€Bn - m, [al)r, =0,

for all (t,v,q) € Xp(M) x X,(M) x M,(M). Here we define the numerical fluxes

Eylr = Ef, Bulr = o, Wilr =W, , cEp|lr = (¢E;)~ on FeF,
and due to the boundary conditions n x E=n x g, p =0 on X,
(40) anh|F:n><g, Pnlr =0 on FeF>

Now integrating by parts in (37), summing the equations over K € M, and using
the following elementary DG magic formula that for any a,b € H'(M),

[[ab]]p = ai[[bﬂp + [[aﬂpb+ = a+[[b]]p + [[&]]Fbi VF € F,
one can obtain
(41) (/J,Wh,t)M — (Vh X Eh,t)/\/( + <[[’I’L X Ehﬂ,t_ >f — <’I’L xg,t” >]:E =0,

where V), X Ep|x = (V X Ep|k,)xa, + (V X Ep|k,)xa, on each element K € M.
Similarly, from (38) we deduce

(42) (Wi, Vi x ) pm + (n x Wy, [or])= — k*(eEp, v) m
—(Vipn, ev)pm + ([en], (ev)™ - n)z = (J, v) ;-
From (39) we obtain
(43) (EEr, Vig)m — ((€Ep)™ - n, [q])7 = 0.
Define the lifting operators L : H'(M) — X,(M), Ly : L*(£) = X,(M) by
(44) (L(v),t)pm = ([n xv],t7 )z, (Li(g),t)m = (nxg,t" )= Vie Xp(M).
Then (41) yields uW), = V), x E, — L(E}p) + L1(g) and thus from (42), for any
v € Xp(M),
(45) (N (Vi X By — L(ER)), Vi x v = L(0))pm — k> (€Ep, v) am — (Vign, €0) m
Henl, (ev)™ - m)z = (J,0)p = (17 'Li(g), Vi X v = L(0)) -

In practical computations, (43) and (45) must be implemented by adding stabliza-
tion or penalty terms.

Introduce the sesquilinear forms a : H'(M) x HY (M) — C, b : HY(M) x
H'(M) — C, and c: H'(M) x H'(M) — C as follows:

a(u,v) = (p 1 (Vyxu—Lw),V,xv—Lw)m

+ (ot n x u], [n x v])=+ (a7 ' [ew - n], [ev - n])F
(ev, Vag)m — ((ev)™ - m, [a]) 7
(T71 Ve, Via) am + (7lel [a]) =

b(v,q)
c(e,q)
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Here for any F € F, a|p = gOp, T|p = hrp™2, and 71|p = hpp~!

is some fixed constant,

, where ag > 0

T (%)GP if K e MY UM,
@F‘ = _Imax @K, @K =
FNE#0,KeM
1 otherwise,
and hp = (hgx + hg')/2 if F = 0K N 0K’ € F™ for some elements K, K’ € M
and hp = hg f F =Tk € F¥ or F = S € F> for some K € M.

The penalty is to penalize [n x u] and [eu-n] in the H'/2 norm. The Lagrangian
multiplier ¢ is penalized in the L? norm so that V¢ in the H=! and [¢] in the
H~'/2 norm. Lemma 4.5 below shows that the penalty of [eu - n] in the H'/2
norm implies the penalty of div (eu) in the L? norm, which we have not included
explicitly in our sesquilinear form a(:,-) to reduce the computational costs.

We remark that the penalty of [n x u] in the H'/2 norm is widely used in
the literature (see, e.g., Houston et al. [36], [37], and Bonito et al. [8]) in which
conforming subspaces of the broken space are used to derive optimal convergence
rates. However, since the trace space of H(curl;Q; U €s) on the interface T is
H~'/2(div r;T), the natural penalty for [n x u] would be the H~'/2 norm, which
leads to optimal convergence even for solutions with lower regularity, see Brenner
et al. [9] for a nonconforming penalty method, Beurdo da Veiga et al. [5] and Cao
et al. [14] for virtual element methods. The penalties for [eu - n], [¢], Vip used
in this paper are a special case of that in [8], in which an interior penalty method
with C° finite elements using the penalty of div (ew) in the H~7, ¢ in the H7,
and [ew - n] in the H=7+'/2 norm, where 0 < v < 1, is studied. Another different
penalty of the divergence free condition for Maxwell equations is considered in
Costabel and Dauge [20]. We also remark that unfitted finite element methods for
Maxwell interface problems with piecewise smooth interfaces, whose solutions have
lower regularities, require further investigations.

It is clear that by integrating by parts and using the DG magic formula, we
obtain

(46) b(v,q) = —(Vp - (ev), Q) + ([ev - n], ¢ )z Y(v,q) € H' (M) x H (M).

The unfitted finite element method for solving (27)-(28) is to find (Ep,¢n) €
X, (M) x M,(M) such that

(47) a(Ep,v) — b(v,pn) — E*(eEp, v)pm = Fi(v) Yo € X,(M),
(48) b(En,q) + c(pn,q) =0 Vg € My(M),

where Fy, (v) = (J,v)pm—(u~tL1(g), Vi xv—L(v)) m+{(ar Inxg, [nxv]) r= Vv €
X,(M). The well-posedness of the problem and the convergence of (Ey, ¢y) to the
solution (E, ) of (27)-(28) will be considered in §4.2.

4. The finite element convergence analysis

In this section, we study the well-posedness and the convergence of the unfitted
finite element method for the time-harmonic Maxwell equations in (47)-(48). We
first prove optimal error estimates for a projection operator for the coercive Maxwell
equations in §4.1, which is used to prove the optimal error estimates for our unfitted
finite element method using the Schatz argument in §4.2.

In this section, unless otherwise stated, we will denote C' > 0 the generic constant
which may depend on the wave number k and the coefficients ¢;, u;, ¢ = 1,2, but is
independent of p, hx for all K € M, and ng for all K € M U M>.
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4.1. The projection operator for coercive Maxwell equations. In this sub-
section we study a projection operator for the H (curl)-coercive Maxwell equations,
which will be used in our analysis of the problem (47)-(48) in the next subsection.
We first introduce the following DG norms: for any v € HY (M), ¢ € HY(M),

ik, ) = I1Vh x vl + 027720 x o] | % + (o272 e - n]|%,
||UH§<,9(M) = \”@cp(M) + kv 3,

1/2
lgll3s, ary = 177272V nal 3 + 7272 [l %

We define the projection operator IIj, : H(M) x H(Q) = X,(M) x M,(M) as
follows: for any (u, ¢) € H'(M)x H(Q), U (u, ¢) = (upn, dn) € Xp(M)x My(M)
satisfies

(49)  a(up —u,v) + k2 (e(up — u),v)p — b(v, ¢ — @) =0 Vv € X,(M),
(50)  blun —u,q) +c(dn —¢,q) =0 Vg € My(M).

It is easy to see that the operator 11}, is well defined. In fact, we only need to show
the uniqueness, for that purpose, we let (u, ¢) = (0,0). By taking v = uy, in (49),
q = ¢y, in (50), and then adding the first equation with the complex conjugate of the
second equation, we obtain easily uy = 0, ¢, = 0. This shows the uniqueness of the
solution to (49)-(50). We remark that thanks to the stabilization term c(-,-), the
stability of (49)-(50) can be easily proved without considering the inf-sup condition
of b(-,-).

The main purpose of this subsection is to show an hp-error estimate for (u, ¢) —
115 (u, ¢). We first recall the following hp-approximation result in Babuska and Suri
[3, Lemma 4.5], Melenk [41, Lemma B.3].

Lemma 4 1. Let s > 0 and p > 1. For any K € M, there exists an interpolation
operator 7rh : H?(K) = Qp(K) such that for any u € H*(K),
v—j

0<75<s,

flu— 7TK P(u )HHJ(K)

where v = min(p+1, s) and the constant C is independent of hy,p, but may depend
on s.

By the multiplicative trace inequality

1/2 1/2
61 [vllzeom) < Chi Pllvlliag) + Clloll faay ol iy Yo € HY(K),
and the inequality (34), we obtain from Lemma 4.1 that for i = 1,2,
(52) lu— 73 (u JFRIETS)
1/2 1/2
< Clllu—m2 )|ty IV (= w2 () | ey + I = 732 () 22016
hu71/2

S CL”'LLHHS K), S 2 1.
ps—1/2 (K)

Lemma 4.2. There exists a constant ceoer > 0 such that |a(v,v)| > ccoer|v|%(p(M)

for all v € X,(M). The constant ceoer is independent of p, hx for all K € M,
and ng for all K € MT U M=,

Proof. By the inverse trace estimate in Lemma 3.6, there exists a constant ¢y, > 0
independent of p, hx for all K € M, and nx for all K € M" U M?* such that

(53) IL(w)||lm < cplla?r 2 [n x ]|z Yu € HY(M).
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The rest of the proof follows easily from the standard argument (see, e.g., [16,
Theorem 2.1]) with ceoer = (4 +¢2)7 L. O

Lemma 4.3. Let s > 1. There exists an interpolation operator I, : H*(21 U
Qo) — M,(M) such that for any w € H?(Q1 UQy), i = 1,2,

iy
p*I

[ = Tnp(Wll i ay < C " Mlaill e re), 0 <7 <,

v—1/2
lu = Inp(u)lL20K,) < CpsK_il/QHﬂiHHs(K),
where t; € H*(R3) is the extension of ulq, such that ||@; || g«rs) < Cllull g=(,)-

Proof. For u = uixq, + uaXxa,, wi € H*(Q), i = 1,2, let 4; € H*(R3) be the
Stein extension (see, e.g., Adams and Fournier [1, Theorem 5.24]) of u; such that
il e msy < Clluill s,y We define I, ,(u)|x = 775 (@) X0, + 7y (G2)x0, VK €
M, where W{;}(fbi) is defined in Lemma 4.1. The lemma follows easily by using
Lemma 4.1 and (52). O

The following theorem is the main result of this subsection.
Theorem 4.1. Let (u,$) € H*(Q UQy) x H*(Q1 UQg), s > 1, we have

lw—wunlx, ) + 19— dullar, )

@1/2hl/—1
< COmax <;‘;3§; ) (llell = 0y u02) + 116l = (2100,) ) -

Proof. Let (ur,¢r1) = (Inp(w), Inp(9)) € Xp(M) x M,(M). By Lemma 4.3 we
obtain easily that

@1/2]711171
(54) lle = wrllx, a0y < € max ;_73;{2 1wl s (2,00),
hV
(55) ¢ — d1llar, ) < CWHQbHHS(QlUQg)v

where h = maxgem hi. From (49)-(50) we know that
(56)  alun — wr,v) + K2 (=(w, — ur), v) — b(o, én — o1)
=a(u—ur,v)+k*(e(u—ur),v) —b(v,¢ — ;) Vv e X,(M),
(57) b(Uh—UI,q)+C<¢h_¢[,q) :b(u_u17q>+c(¢_¢17q) Vq € Mp(M)a
By (53) and the definition of the DG norms, we have
la(u —ur, v) + k*(e(u — ur), v)ul < Cllu - urllx, 0 [0l x, (0m):
(¢ — é1,0)| < 6 — b1llag, ao llallaz, (M) -
Next, by Lemma 3.6 and the fact that ¢ = 0 on X, it is easy to see that
b(w, &~ 61)| <Ol (IV(6 — 61)llaa + 1027~ [6 — on]l).
bl —ur, @) <C(Ir 27 (u — ) aa

+ 772 (eu — eur) ™ - nll)llallag (-
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Now by taking v = u, — us in (56), ¢ = ¢ — ¢; in (57), and using the standard
argument, we have
lwn —wrllx, a0 + |00 — Grllar, 0
< Cllu—wrllx, o + 17720 P (= )l + 772 (= w))
+C(6 = drllag, (m) + IVR(S = 60 laa + I 2772 — 61] |1 %)

@1/2h1/71
K K
< O}gleaﬁ =T (el s (,002) + 10l 2 (@1002))

where we have used Lemma 4.3 and (54)-(55). This completes the proof by using
(54)-(55). O

We remark that the error estimate is optimal in h and slightly suboptimal in p
under the regularity assumption w € H*®(2; U Q). For the H (curl) conforming
finite element methods on conforming meshes for solving Maxwell equations with
smooth coefficients, the optimal error estimate of the order A™n(®:s) /p° can be
obtained by using the projection-based interpolation operators in Demkowicz [25],
Melenk and Rojik [42] under the regularity assumption w € H?®(curl; ) = {u €
H*(Q):Vxue H(Q)}.

4.2. The time-harmonic Maxwell equations. We start by studying the con-
sistency errors of the unfitted finite element method.

Lemma 4.4. Let E € H*(Q1UQs), s > 2, be the solution of the problem (27)-(28)
and (Ep, @p) € Xp(M) x My(M) be the solution of (47)-(48). Then

(58)  a(E — Ep,v) +b(v, 1) — k*(e(E — Ep),v)pm = R(E,v) Yv € X,(M),
(59)  O(E — En,q) —c(pn,q) =0 Vg € My(M),
where for any v € X,(M), the residual R(E,v) satisfies

@1/2hll—l
60) IR < Cpmax (;K) B - @ 72l o]l

Proof. The proof is similar to that in §3.2 to derive the DG method. We multiply
the first equation in (1) by v € X,,(M) and integrate on each element K € M,

(W x E, V) x v)g + (ng x (17'V x E),v)ox
+{nx (p 'V x E),[v])rx — k*(cE,v)x = (J,v)k.
Summing the equations over all elements we obtain
(W 'V x E,Vy x v —L(w))pm — k*(cE,v) = (J,v) + R(E,v),
where R(E,v) is defined as
R(E,v)=(u 'VXE,[nxv])z— (u 'Vx E Lw)pm YveX,(M).

From the definition (44), we know that L(E) = Ly(g). This shows (58) by (47).
Next we multiply the second equation in (1) by ¢ € M,(M) and integrate on
each element K € M,

(eE,Vq)k — (¢E - nk,q)ox — (¢E-n,[q])r, = 0.

Summing the equations over all elements yields b(E,q) = 0 for any g € M,(M).
This shows (59) by using (48).
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It remains to show the estimate (60) for the residual. Denote W = ="'V x E €
H*1(Q,UQ2) and W = I, ,(W) € X, (M) the interpolation function defined in
Lemma 4.3. By the definition of the lifting operator L in (44) we know that

[R(E,v)| = [(W-W_,[nxv))z—(W-W,L©)wml

Let o0 € L(2) be a piecewise constant function o|x = Ox VK € M. By taking
t =0"'L(v) € X,(M) in the definition of the lifting operator L in (44), one obtains
easily by Lemma 3.6 that [|o~'/2L(v)||m < C|l7~Y2[n x v]||% Thus

[R(E,v)| < C(|7*(W = W)z + [lo"2(W = Wi)[lx) 7~ [n x o] ||
This shows (60) by Lemma 4.3 and thus completes the proof. O
Lemma 4.5. We have
V5 - (eBn)llam < COV2(|a!2r =1 2[eEy - n] | = + V2 |lonllar, (1)),
where © = maxgea Ok -

Proof. By (46) and (48) we have

(61) —(Vi - (Epn), Q) m + ([eEn - n],q7) 7 + c(pn, q) = 0.
By taking ¢ = V}, - (¢E}) and using Lemma 3.6 and (36), we obtain
IVh - (eEn)ll3q
< Cla'277 2By n]||# |V - (eEn)llwm + lenllan, o I Va - (€Ew) a0
< COYV2(|a' 277 2By - n]l| 7 + 2" 2(lenl a0 Vi - (6B -
This completes the proof. (I

The following lemma shows the consistency error for div (e E — cE},).
Lemma 4.6. For any ¢ € H}(Q), we have
h
(e(E — Ey), VY)| < CO'Y? ZWHMJHHI(Q)(HE = Enllx, ) + lenllaz, )
Proof. For any ¢ € Hj(Q), let mu ()| = mp, () VK € M, where 7f5, - H'(K) —
Qp(K) is defined in Lemma 4.1. By (59), we have
(e(E—-Eyn),VY) = bE - Ep,1)

O(E — En, b —mn(¥) + c(@n, T ().

Since div(eE) =0in Q, [eE -n]|r =0 VF € F, by (46), Lemma 4.5, and Lemma
4.1 we have

h
((e(E — En), VY)| < C;Hl/}llHl(Q)(HVh'(EEh)llM+||a1/27_1/2[[€Eh-nﬂHf)

+ lenllaz, (a0 170 (D) | az, (M) -

For any K € M, by Lemma 4.1, HT1/2T11/QV7Th’l/JHL2(K) < Cth_3/2H¢||H1(K).
For any F € F, since [{]p = 0 on F, by (52), [T 2[mn]||r2(r) = |72 [mntp —
Ulllr2r) < Chpp™2|19|| i1 (w(F)), Where w(F) is the union of the elements having
F as one of its faces. This implies |79 ar,(m) < Chp=3/2||9|| g1 (o) and thus

h
((e(E — Ey), VY)| < COY?2 W”¢||H1(Q)(HE — Enllx, ) + llenllar, )

This completes the proof. ([l
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Theorem 4.2. Let E € H*(Q, UQy), s > 2. If kh/p'/? is sufficiently small, then
the problem (47)-(48) has a unique solution (Ep,¢p) € X,(M) x My(M) which
satisfies the following error estimate

@1/2hu—1
K K
(62) B~ Enllx, (v + lenllar, o < Cmax T B 2 (01 002)-

Proof. We only need to prove the estimate (62) under the condition of the theorem.
The uniqueness follows directly from the estimate (62) since from J = 0 in Q and
g=0on X, we have E =0 in  and thus (Ex, 1) = (0,0) by (62). The existence
is a consequence of the uniqueness.

Now we show the estimate (62). Denote by (Eh,géh) = II,(E,0), where IIj
is the projection operator for the coercive Maxwell equations defined in (49)-(50).
Then from (49)-(50) and (58)-(59) we have

(63) a(Eh — Eh,v) — b('v, Sbh — gDh) —+ kz(é‘(Eh — Eh),v)M

= R(E,v) +2k*((E — Ep),v)m Yo € X,(M),
(64)  b(En — En,q) + c(pn — 0n,q) =0 Vg€ My(M).
By taking v = Ej, — Ej, in (63), ¢ = ¢, — @5 in (64), we have by Lemma 4.4 that

(65)  1En — Enllx, m) + 180 — @nllag, o0
|R(E,v)| + |2k*(e(E — Ey),v) m]

< C sup
0£vEX (M) ||'U||Xp(./\/l)
o) hyt k2(c(E — Ep),v
< COmax | 2K N |E|m@u0,) +C  sup LalC h) v)adl
KeM \ p 0£vEX, (M) vl x, )
For any v € X, (M), we define ¢ € Hj(Q) as the solution of the problem
(66) (eVY, V) = k(ev, Vq) Vg € Hy(9),
Denote w = kv — V), then
(67) kv=w+Vy, div(ew)=0 in Q.

Obviously, [[e"/*V[|z2(a) < klle'/?v]| s and wlr2(q) < Cllkvlla < Cllollx, (-
Combining (65), Lemma 4.6, and Theorem 4.1 for estimating || E — Ep||x, ) +
|@nll a1, (A1), We have by the triangle inequality that

(68) |E — Enllx,m) + lenllag,
1/2hl/71
< —K K .
= C[r{ne% ps,3/2 HEHH (2:U02)

kh
+COY2 (1B = Eullx, o) + lnllar, )

k(e(E - E
LO o swp |k (e( n)ywml
0£vEX, (M) lvllx, M)

Now we use the duality argument to estimate the last term in (68). Let z be the
solution of the problem

(69) Vx (u 'V xz)—kPcz=cw, div(ez) =0 inQ,
(70) [nxzlr=0, [(1'Vx2z)xn]r=0, [e2-nJr=0 onT,
(71) zxn=0 onX.
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Since div (ew) = 0 in Q by (67), we know by the regularity Theorem 2.1 that
(72) 12l 72 00.) = 12l H2(0100,) < Cregllew||z2(0) < CCreg||v]x, (M)
Multiplying (69) by E — Ej, and integrating by parts,
(e(E-Ep),wm = (u'Vix(E—-E),V x2z)m
—([n x (E - B}, 5V x 2)5
—k*(e(E — Ep), 2) m-
Let zr = I ,(z) € X, (M) be defined in Lemma 4.3. By (58)
a(E — Ey, z1) + b(zr, o) — K*((E — Ey), z1) = R(E, ;).
Thus
(73)  (e(E — En), w)m
= (W'Vix (B~ Ey),Vix (2= 21)um
—([nx (E-Ep],n 'V xz—(u"'V) x z1) )%
—k*(e(E—Ep),z—2z)m+ (W 'V x (E — Ey) — L(E — Ey),L(21) m
—{(at ' [nx (E - Ep)],[n x z1])% — (ar ' [e(E — Ey) - n], [ezr - n])#
+R(E,z1) = b(z1,0n) =11 + - +Is.

By Lemma 4.3, we have
h kh

L+ T+ T < OO {1+ =5 Izl @0, 1B = Billx, (-

By (53) and Lemma 4.3,
L +1s+1s) < Clla?r72[n x (z — 21)]|I | E - Enllx, )

a2 2 ez — 20) - mll | E — Bullx, a0
h
< C@lﬂmﬂsz(Qlum)HE — Epllx,(m)-

By Lemma 4.4 and Lemma 4.3,

(__)1/2hl/71
K K —1/2
7] < C}gle% Tl I E|| 2,000 |72 [0 x 21] || 7

O2ht\ h
< Cllgle% <ps—1 W”Z”HQ(SMUQQ)||EHHS(Q1UQQ)-

Finally, since div (¢z) = 0 in Q and [ez - n]r = 0 on I', we obtain by Lemma 4.3
that

IN

_ —1/2 _
ILs| (7202 (21 = 2) |l + 72 (21 — 2) 19 len g, (v

IN

h
Ol el oo
Inserting the estimates for Iy, - - ,Ig into (73), we obtain by (68) and (72) that
IE — Enl x, M) + lenllag, )
O hi !
< CIY(HG% (ps_g/g 1Bl s (2, 002)

kh
+CCreg®'/? o172 1B = Enllx, o) + llenlla, )
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Therefore, if kh/p'/? is sufficiently small, the desired estimate (62) in the theorem
is proved. This completes the proof. O

5. Numerical results

In this section, we show a numerical example to illustrate the performance of the
proposed unfitted finite element method. Let Q = (—1,1)% and ; = {(z1,22,23) €
R3 : 2?21 x2/d? < 1}, where d; = dy = 0.4 and d3 = 0.8, and Q5 = Q\Q;. Set
W =¢€1 =2, uo =2 =1, and k = 1. Functions J and g are chosen such that the
exact solution E to the problem (1)-(3) is given by

1
x? x32 x2 2 )
E(x)=V x Mi(d*%-i-dfg-i-dfg— ) cos(10x1) } , xefy, i=1,2.

We start with a uniform Cartesian mesh 7 of Q with the mesh size hy = 2/n
with n = 8,16,32,---. The induced mesh M satisfying Assumption (H1) and the
upper bound of the interface deviation 7 is constructed by using a merging algorith-
m developed by Linbo Zhang in the software platform Parallel Hierarchical Grid
(PHG) [47], which iteratively refines the interface elements and their neighboring
elements in 7 such that nx < n VK € MY. The finite element bases for the
elements K € M\M! are the Lagrangian interpolation polynomials through the
Gauss-Lobatto integration points. The bases for the interface elements K € M" are
L? orthogonal functions on the maximal polyhedron inside K; = K N Q;, i = 1,2,
which extend a similar two-dimensional construction in [17]. High-order numerical
integration in K, i = 1,2, and I' for K € M" is performed by using numerical
quadrature functions in Cui et al. [24]. The resultant linear systems of equations
are solved by the preconditioned GMRES method with the overlapping additive
Schwarz method as the preconditioner implemented in PHG. We set §p = 1/4 in
the definition of the large element in Definition 3.2.

To choose the upper bound of the interface deviation 7, we note that by Theorem
4.2, the error is of the order max e am (@}(/Qh’;{) for smooth solutions. We know that
for the elements K away from the interface, © x = 1 and hx = hg, and by Lemma
3.3, ng < Chg for any K € M'. This motivates us to choose 7 by the equation

3p
1+3
hZO) = ﬂ@1/2/’7p <:> hp = /BT ( l—i; 77) 1’]1)7

where 8 > 0 is some fixed constant. Recall that T(t) =t+ vt? —1fort > 1. In
our computations we choose 8 = 0.1.

Fig.5 shows the induced mesh across I' in §2; in which only macro-elements
merged by more than 2 elements in 7 are shown, the cross-sections of the induced
mesh at z3 = 0 and z; = 0 when hg = 1/8. Table 1 shows the upper bound of the
interface deviation 7, the number of elements of the induced mesh N, the number
of the interface elements N', the number of degrees of freedom #DoFs(X,,) and
#DoFs(M,,) for X,(M) and M,(M), the relative error € = (|E — Epl|x,m) +
llenllaz, )/ I Ell x, (am), and the convergence order of the p-th order methods when
p=1,2,3. We observe the optimal convergence of the relative error £ which is in
conform with Theorem 4.2. We also observe that to achieve the same relative error,
high order method is much more efficient by requiring less number of degrees of
freedom. This shows clearly the advantage of using high order methods. We remark
that #DoFs(X,) and #DoFs(M,,) can be further reduced if one uses conforming
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finite elements away from the interface, which will be implemented in our code in
future.

FIGURE 5. The induced mesh across I" in £ when hg = 1/8,p =1
(left), the cross-sections of the induced mesh at z3 = 0 (middle)
and z1 = 0 (right) when hg = 1/8, p = 3.

TABLE 1. The optimal convergence of the unfitted finite element
method when p =1, 2, 3.

h n N NU'  #DoFs(X,) #DoFs(M,) 3 order
p=1
1/4 1.21e-01 5,412 1,162 157,776 52,592 5.8le-01  —
1/8 9.17e-02 14,631 2,773 417,696 139,232 2.27e-01  1.36
1/16 6.73e-02 46,978 4,981 1,247,016 415,672 1.14e-01  0.99

1/32 4.80e-02 291,789 12,524 12,722,712 4,240,904 5.66e-02  1.01
1/64 3.31e-02 2,151,108 34,363 52,451,304 17,483,768  2.84e-02 0.99
p=2
1/4  7.50e-02 20,238 4,331 19,90,089 6,63,363 1.47e-01 -
1/8  5.40e-02 49,715 10,625 4,887,540 1,629,180 3.83e-02 1.94
1/16 3.77¢-02 111,973 19,842 10,677,015 3,559,005 9.65e-03  1.99
1/32 2.54e-02 440,378 47,022 39,479,400 13,159,800 2.51e-03 1.94
1/64 1.65e-02 2,508,941 116,157 212,632,938 70,877,646  6.48¢-04 1.95
p=3
1/4  6.28e-02 30,073 6,357 6,994,560 2,331,520 3.84e-02 -
1/8  4.44e-02 68,167 15,132 15,993,408 5,331,136 5.02e-03  2.94
1/16 3.04e-02 172,040 32,484 39,268,608 13,089,536  7.25e-04 2.79
1/32 2.01e-02 546,078 71,425 118,560,576 39,520,192  9.12e-05 2.99
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