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hp-VERSION ANALYSIS FOR ARBITRARILY SHAPED
ELEMENTS ON THE BOUNDARY DISCONTINUOUS
GALERKIN METHOD FOR STOKES SYSTEMS

EFTHYMIOS N. KARATZAS

Abstract. In the present work, we examine and analyze an hp-version interior penalty discontin-
uous Galerkin finite element method for the numerical approximation of a steady fluid system on
computational meshes consisting of polytopic elements on the boundary. This approach is based
on the discontinuous Galerkin method, enriched by arbitrarily shaped elements techniques as has
been introduced in [13]. In this framework, and employing extensions of trace, Markov-type, and
H'/L?-type inverse estimates to arbitrary element shapes, we examine a stationary Stokes fluid
system enabling the proof of the inf/sup condition and the hp- a priori error estimates, while we
investigate the optimal convergence rates numerically. This approach recovers and integrates the
flexibility and superiority of the discontinuous Galerkin methods for fluids whenever geometrical
deformations are taking place by degenerating the edges, facets, of the polytopic elements only
on the boundary, combined with the efficiency of the hp-version techniques based on arbitrarily
shaped elements without requiring any mapping from a given reference frame.

Key words. Arbitrarily shaped elements, discontinuous Galerkin finite element method, hp-
version stability, a-priori error estimates, fluid dynamics.

1. Introduction

Recent years have shown scientists’ interest significantly focused on the context
of Galerkin finite element methods. This effort has given birth to new methods
based on general-shaped elements which arise computational complexity reduction,
like mimetic finite difference methods [9], virtual element methods [8], various dis-
continuous Galerkin approaches such as interior penalty Galerkin methods [14], and
hybridized discontinuous Galerkin [15, 18], which are very attractive and used by
the engineering and mathematics community. We continue by reporting more works
related to discontinuous Galerkin (dG) methods, similar finite element frameworks,
and advances, h- or hp- version, fluid and Stokes systems related literature. We also
introduce the skeleton of the present work. Hence, other approaches have involved
non-polynomial approximation spaces like polygonal and other generalized finite
element methods, [26,54]. We refer to [14] for admissible polygonal/polyhedral ele-
ment shapes for which the general interior penalty discontinuous Galerkin method
(IP-dG), appears both stable and convergent while generalizes under mild assump-
tions the validity of standard approximation results, such as inverse estimates, best
approximation estimates, and extension theorems.

In a p-version Galerkin framework achieving exponential convergence, for smooth
partial differential equation problems defined on generally curved domains using
isoparametrically mapped elements, we recall [46,47], while for non-linear maps on
element patches that are used to represent domain geometry we refer to [45, 53].
Although in both cases, as the polynomial order increases, the aforementioned map-
ping appears very costly and/or difficult to construct and implement in practice.
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For Stokes flow systems, in [4,55], an hp-discontinuous Galerkin approximation
that shows better stability properties than the corresponding conforming ones is ex-
amined with finite element triangulation not required to be conforming employing
discontinuous pressures and velocities, while it is defined on the interfaces between
the elements involving the jumps of the velocity and the average of the pressure.
The work of [28] also, describes a family of dG finite element methods formulated
and analyzed for Stokes and Navier-Stokes problems introducing the good behav-
ior of the inf-sup and optimal energy estimates for the velocity and pressure. In
addition, this method can treat a finite number of non-overlapping domains with
non-matching grids at interfaces. In [16,32,52], Stokes system local discontinuous
Galerkin methods for a class of shape regular meshes with hanging nodes is in-
vestigated, as well as, several mixed discontinuous Galerkin approximations with
their a priori error estimates. In [6], a discontinuous Galerkin (dG) approach to
simulations on complex-shaped domains, using trial and test functions defined on
a structured grid with essential boundary conditions imposed weakly, where the
discretization allows the number of unknowns to be independent of the complexity
of the domain. [44] concerns an unfitted dG method proposing to discretize ellip-
tic interface problems, where h- and hp- error estimates and convergence rates are
proved. The authors of [56], treat an unfitted dG method for the elliptic inter-
face problems, based on a variant of the local dG method, obtaining the optimal
convergence for the exact solution in the energy norm and its flux in the L? nor-
m. In [7] an unfitted discontinuous Galerkin method for transport processes in
complex domains in porous media problems is examined, allowing finite element
meshes that are significantly coarser than those required by standard conforming
finite element approaches. Further, in [25] an advection problem is developed based
on an unfitted discontinuous Galerkin approach where the surface is not explicitly
tracked by the mesh which means the method is flexible with respect to geometry
efficiently capturing the advection driven by the evolution of the surface without
the need for a space-time formulation, back-tracking trajectories or streamline d-
iffusion. Finally, in [24] a linear transport equation on a cut cell mesh using the
upwind discontinuous Galerkin method with piecewise linear polynomials and with
a method of lines approach is presented employing explicit time-stepping schemes,
regardless of the presence of cut cells.

In addition, various classes of fitted and unfitted mesh methods for interface
or transmission problems may be seen as generalized concepts of mesh elements,
as well as, several unfitted finite element methods have been proposed in recent
years, indicatively we mention the unfitted boundary finite element methods [5] and
immersed finite element methods [41]. More extensively, an optimally convergent
method of fictitious type domains avoiding the numerical integration on cut mesh
elements for a Poisson system has been introduced in [40], while in [29] a method for
the finite element solution of the elliptic interface problem, using an approach due to
Nitsche is proposed allowing discontinuities internal to the elements approximating
the solution across the interface. In addition, from a reduced basis for unfitted mesh
methods point of view, evaluating the fixed background mesh used in immersed and
unfitted mesh methods, parametrized Stokes and other flow systems have managed
to be solved using a unified reduced basis presenting the flexibility of such methods
in geometrically parametrized Stokes, Navier-Stokes, Cahn-Hilliard systems as in
[33-37]. For an immersed interface method for discrete surface representations
employing accurate jump conditions evaluated along interface representations using
projections, one could see [38], and for a ghost fluid method coupled with a volume
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of fluid method employing an exact Riemann solver [10]. For a fictitious domain
finite element method, well suited for elliptic problems posed in a domain given
by a level-set function without requiring a mesh fitting the boundary can be found
in [23]. The early work of [50] handles the flow of a viscous incompressible fluid
containing immersed boundaries which move with the fluid and exert forces on the
fluid, and in [57] a finite difference scheme with ghost cell technique is used to study
viscous fluid flow with internal structures. In [49], a conservative cut-cell Immersed
Boundary method with sub-cell resolution is analyzed.

We extend the literature with [31], where a high-order hybridizable dG method
for solving elliptic interface problems in which the solution and gradient are non-
smooth because of jump conditions across the interface and it is endowed with
several distinct characteristics. [19] contains an unfitted hybridizable dG method
mesh method for the Poisson interface problem constructing an ansatz function in
the vicinity of the interface with an appropriate choice of flux for treating the jump
conditions, designed through a piecewise quadratic Hermite polynomial interpola-
tion with post-processing via a standard Lagrange polynomial interpolation. These
approaches usually employ penalization on the boundary interface and/or weak
enforcement of the boundary conditions and data usually supported by a level set
geometry description, [48].

In the present work, we investigate the applicability of the interior-penalty dis-
continuous Galerkin method discretizing steady Stokes flow cases onto meshes with
boundaries considering general, essentially arbitrarily shaped element shapes in the
sense of [13], which allow attaining smaller errors compared with other competitive
finite element methods e.g. comparing with the unfitted dG approaches of [2], fact
verified numerically in Section 6. Furthermore, our analysis allows for curved ele-
ment shapes without the use of any non-linear elemental maps. We use extended
hp- trace and inverse estimates to the arbitrary shape of boundary elements and
we prove the inf-sup stability of the method in proper, to the prescribed method,
norm. A priori error bounds for the resulting method are given under very weak
assumptions. Numerical experiments are also presented, indicating the efficiency
of the proposed framework.

This manuscript is structured as follows: we start with the Stokes flow model
problem and the necessary preliminaries in Section 2. The various components of
the interior penalty stabilized arbitrary boundary elements dG discretization are
discussed in subsection 2.2 and we recall trace inverse estimates that are pivotal
in the proof of the stability of IP-dG methods employed with the constants that
appear and affect several inverse, stability, and error estimates. Approximation
results needed for the analysis of the method are collected in Section 3. Section 4 is
devoted to stability estimates and the derivation of the discrete inf-sup condition,
followed by a—priori error estimates in Section 5. Concluding, the aforementioned
analysis is numerically verified with tests in Section 6 that depict the optimal
theoretical hp-convergence rates and the hp-accuracy of the method.

It is noted that this work determines an approach where many expensive pe-
nalization terms can be omitted and appear beneficial especially, for fluid systems
where additional penalization is needed. These results are relevant to the hp-version
framework and geometrical challenges and verify that there is no loss of stability
and accuracy, as traditionally appears e.g. in cases with excessive and/or insuffi-
cient penalization that typically results in accuracy loss. Further, we report that the
theoretical tools presented are adapted to a Nitsche-type formulation. The inf-sup
stability result of the method in a Stokes-like norm is proved on hp-approximation
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FIGURE 1. Example geometries £2¢ and their boundaries I".

that will also lead to an error bound, an a priori error estimate and optimal conver-
gence rates. The theoretical developments presented regarding stability and a-priori
error analysis of IP-dG methods considering general arbitrarily shaped elements,
to the best of our knowledge are new for Stokes systems.

TEN

FIGURE 2. Meshes 7* based on arbitrarily-shaped boundary ele-
ments, the covering meshes 7 from Definition 3.7, examples of
refined Figure 1’s geometries 2% tessellations 7.1, ’77}1, T# and the
covering domains, 2¢°".

2. Model problem

2.1. Problem formulation. The steady Stokes equations for an incompressible
viscous fluid confined in an open, bounded domain £2¢ ¢ R? (d = 2,3) with Lips-
chitz boundary I = 92 can be expressed in the form

(1) ~Au+Vp=fandV-u=0 in2* with u=0 onlI.
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Here u = (ug,...,uq) : 2% — R? (d = 2,3) and p : 2 — R denote the velocity
and pressure fields, and f € [LQ(Qﬁ)]d is a forcing term. Since the pressure is
determined by (1) up to an additive constant, we assume |, o pdz = 0 to uniquely
determine p. Hence, in the following, we will consider for pressure the standard
space L3(2%) := {q € L*(2*): [, qdz = 0} of square-integrable functions with
zero average over §2.

Defining for all u,v € V¥ := [H}(02%)]? and p € QF := L3(2*) the bilinear forms

(2) a(u,v) = / Vu:Vvde, b(v,p)= 7/ pV - vdzx,
0t 0t
a weak solution to (1) is a pair (u,p) € [H}(029)]? x L3(02%) = V¥ x QF, such that

(3) A(u,p;v,q) = / f.vdx, forall test functions (v,q) € V* x QF,
o
with
A(u,p; v, q) = a(u,v) + b(u, q) + b(v, p).
The well-posedness of (3) is standard [17].

2.2. Arbitrarily shaped discontinuous Galerkin method on the boundary.
Implementation of arbitrarily shaped boundary elements discontinuous Galerkin
method for the discretization of (3) relies on a covering domain 2°°¥ which con-
tains the true geometry 2%, see Figures 1, 2. Let 7¢°" be the corresponding covering
shape-regular mesh of 2°°* and T* is the mesh corresponding to 2. The active
mesh

TH = {K N 2% for all K € T with K N 2% # 0}

is the minimal submesh of 7°°" which covers £2 employing polytopic, e.g. polygonal
boundary interface elements and is actually fitted to its boundary I": we allow mesh
boundary elements K € 7* which are arbitrarily shaped and with very general
interfaces. In the present work, numerical experiments consider boundary elements
as Lipschitz curved elements and with only curved facet the one that coincides to
the corresponding part of the boundary I', see Figures 1, 2 or the more general case
of Figure 3. However, one could also employ general interfaces with neighboring
elements, [14, 20, 22].

Finite element spaces for u and p will be built upon the domain 24 = Uker: K
which corresponds to 7%. The mesh skeleton |J ket OK —including the curved
boundary facets— is subdivided into the internal part

Fio={F=K*nK :K* K €T and F ¢ I'}

int

which actually denotes the set of interior faces in the active mesh and the boundary
part I = 02*.  We denote by hx = diam(K) the local mesh size for K € T*
boundary elements and hp = min {hg+,hg-} for F= KT NK~.

We choose to enforce boundary conditions at I" to be weakly satisfied through
Nitsche’s method. We highlight that we do not employ coercivity recovery tech-
niques applied over the covering domain §2°°Y, e.g. by means of additional ghost
penalty terms which act on the gradient jumps —usually higher order— in the bound-
ary zone; see, for instance, [11,12,33,42]. Instead, the T* coercivity is ensured
following the approach of [14, 20].

To define the arbitrarily shape discontinuous Galerkin discretization for the S-
tokes problem (3), we employ the element-wise discontinuous polynomial finite
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(ii)

FIGURE 3. (i) Curved boundary elements for d = 2 with one
curved face and vertices vi; and the unit outward normal vec-
tor to F; at © € F; where K, is star-shaped and (ii) the covering
mesh 7, and the mesh 7* corresponding to the truth geometry
with arbitrary shape boundary elements.

elements for pressure and velocity spaces of order p > 1:

Vi=sh, = {wn e (L2(29) swilk € (PP K eTH) (d=2.3)
Qf =Sb, = {wn € L) s wp|x € PPTHK), K € T}

The broken Sobolev space H?(§2%,T*), with respect to the subdivision 7% up to
composite order p, is defined as

HP (028, TH = {w e L2(2Y) : w|g € HY(K) VK € T*}.

It is important to mention that whenever the notation Vv is used for functions
that lay in the discontinuous Galerkin space, i.e. w ¢ H!(£2%), will correspond to
the broken gradient, such that, (Vw)|x = V(w|x) for all K € T*. So, the broken
gradient V,zw of a function w € L?(2%) with w|x € H'(K), for all K € T, is
defined element-wise by (Vriw)|k := V(w|k). When F C T, itis {w} = [w] = w
and {w} = [w] = w. The same applies to the broken divergence operator V - w
defined element-wise. Moreover, recall the definition

{fw} = % (w"‘ —|—w_) , {w} = % (w"‘ + w_) ,

of the average operator {-} across an interior face F' for w, w scalar and vector-
valued functions on T* respectively, where w* (resp. w%) are the traces of w
(resp. w) on F'= Kt N K~ from the interior of K*. More precisely, with w® (x) =
lim; o+ w(x £ tng) for x € F and ng we denote the outward-pointing unit normal
vector to F and with np the outward unit normal to the boundary I'. The jump
operator [-] across F is defined respectively by

We are now ready to formulate a discrete counterpart of (3) through a discon-
tinuous Galerkin method. The symmetric interior penalty discretizations of the
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diffusion term and the pressure—velocity coupling in (2) lead to the bilinear forms

ah(uh,vh) = Vuh : Vvh dx
0t

S / ({Vur} - np[va] + {Vvn} - ne[un]) dy

FeF?

znt

7/ UhVVh'npd77/VhVUh‘npd’y+\/O'Uthd"y
r r r

- Aummw

FerF!

Mlt

bh(Vh,ph):—/uphV'Vhdw-F /[[Vh]] nr {{Ph}}dV-F/Vh nrpy dv,
Q
FeF!

1nt

where o > 0 is the discontinuity-penalization function in Lw(ffnt UT) that affects
the stability of the method as well as the approximation quality and will be investi-
gated below. This symmetric interior penalty parameter in the definition of a/(-,-)
will be sufficiently large in a sense that will be made precise later, see Lemma 4.2
and its proof below.

We note that the latter formulation’s disadvantage is that it is not well defined for
H' (%) regularity, e.g. traces of functions defined in L?(£2%) are not well defined in
]-'fm The latter issue affects the terms {V(w)}}, and Vw-np in the sense that they
are not well defined in H'(£2%). This causes the need of additional regularity while
the Galerkin orthogonality cannot be derived explicitly. In order to achieve optimal
a priori error estimates, under the presence of terms such {Vw} |r, Vw-ng|r which
may involve {V(w — myw)} . and V(w — mpw) - np|r, where mpyw is an operator
mp + H'®(K) — Py(K) an approximation of w for I > 0 will be introduced in
Lemma 4.3 and it is estimated optimally. We note at this point that the H!(F')
semi-norm for an hp- a priori approximation error bound would require W1> norm
error bounds which also require further regularity, see for more details the work
of [14]. To avoid the latter issue we employ proper bilinear form extensions. In
particular we introduce the orthogonal L2-projection in the FEM space S';_uﬁ, e.g.

I, : (L2 (02%4) — (S5, ) concluding in the variational form:

Eh(uh,vh) :/ Vuh : Vvh dx
0t

S LWMWW}MMMQMNM}MMWW
FeFt

1nt

— / upIi2(Vvy) npdy — / vz (Vuy) -npdy
r r

+/Juhvhd7+ Z /U[[uh]] [vn] dv,

FeF}

777f

bh(vhaph):_/ prV - vidr+ Y /[[Vh]] nF{ph}}d’Y+/Vh nrpy dy

FeF!

777.t
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respectively. For future reference, note that element-wise integration by parts in
the previous forms yields the equivalent formulations

ap(ap,vy) =— [ VVuy - vydx + Z / [Tz (Vuy)] - nr {vi } dy

o FeF! ur r

— Z / {TIL2(Vvy)} - nglu,] dy — / up g2 (Vvy) -np dy
peFh, o’ r

4) +/ oup vy, dy + Z / olup]vs] dv,

r rert urF
and
(5) br(Vh, D) =/ Vi Vppdo — ) / {vr} - nrlpn] dv,

@ rert ur

int
which will be useful for asserting the consistency of the method.
Using the aforementioned weak formulation, an arbitrarily shape boundary ele-
ments discontinuous Galerkin method for (3) now reads as follows: Find (up, pp) €
Vi x Q! such that

(6) Ap(an, privi, an) = Lu(Va,qn), for all (vi,qn) € Vi x QL.
The bilinear and linear forms Ay, and L;, are defined by

Ap(Wn, Pr; Vi, qn) =an (U, Vi) + bp(n, qn) + on(Vi, pr),
(7) and  Lp(vh,qn) :/ f-v,dx.
oy
We report that in the right-hand side Ly, (v, ¢n) we have omitted the zero Nitsche
boundary terms, as well as, a,(up, vy) = ap(up, vy) when ug, vy, € V,f.

3. Preliminaries

Next, we define the discontinuity penalization parameter o : ' U -ant — R,
the standard Sobolev norms and semi—norms on a domain X for s € N will be
denoted by || - ||s,x and | - |s,x, respectively, omitting the index in case s = 0. The
a—priori error bounds for the proposed dG method will be proved with respect to

the following mesh-dependent norms:

VI =915 + o>V I3+ D Il b * Vv - a3

Fer
1 —1,1/2
+ 3 o PVIE+5 Yo e BVl nrE,
res, KT
2 —1,1/2 —1,1/2
Pl =lpliz: + Y-l R %pllz + D= o~ i *Ioll3
Fer FeFl.,
1 —1,1/2
+5 2 I m bl

KeTeov

and ||(v,p)|I> = [[V]I* + llpll*>. To investigate stability, since some terms of the

above terms dominate related to others, we will also make use of the following
norms in 2% for the discrete velocity and pressure approximations, e.g. for the
velocity norm the third and fifth terms appear similar Ap- behavior with the first
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term and for pressure the second, third and fourth term with the first term. For
this reason, we also update and define the norms:

2 2
I8)5 e = IVVleon + 0" 2vIF+ Y Nlo2[VIIF and [IpllGe = lplHeen
Fer!

nt

while ‘||(V,p)|||%/C7QC = |||v|||%,c + |||p|H2Q We underline, that in the following, and
for completeness we treat all the aforementioned terms showing this equivalence.

The following section is devoted to useful trace and inverse estimates, which have
been proved in [14,20] and they will form the basis to prove a—priori error estimates
of the proposed method.

3.1. Inverse estimates (trace and H'-L?). It is easy to derive the estimates
with respect to the norms || and |||l o, ge, namely,

(9) VIl < Cvellvilye, Pl < Caellpllq.-

Assumption 3.1. For each element K € T* with KNI # (), we assume that K is a
Lipschitz domain, and OK can be subdivided into mutually exclusive subsets {F;}%
characterized by the property that respective sub-elements Kp, = Kp,(v9,;) C K
there exist, with d planar faces meeting at one verter vy,; € K, with F; C 0Kp,:
fori=1,..,nk, we consider that (a) Kp, is star-shaped with respect to vy ;, and
(b) di(z) -npg, (x) >0 for d;(z) :=x—w,, * € Kp,, and ng, (x) the respective unit
outward normal vector to F; at x € F;. It is also considered that the boundary 0K
of each element K € T*, KNI # 0 is the union of a finite number of closed C*
surfaces.

Both (a) and (b) assumptions, for the two-dimensional case, are visualized in
Figure 3. We notice that in the above weak mesh assumption, the sub-domains
{F;}¥ are not required to coincide with the faces of the element K, namely,
each F; may be part of a face or may include one or more faces of K, as well
as, there is no requirement for {ng}xec7: knrzo to remain uniformly bounded
across the mesh. In particular Assumption 3.1 states that the curvature of the
collection of consecutive curved faces comprising F; cannot be arbitrarily large
almost everywhere. Moreover, with some small loss of generality, Assumption 3.1
b) can be made stronger by adding the ingredient that it is possible to consider a
fixed point vo ; such that there exists a global constant cs, > 0, such that

(10) di(z) - np, (2) > csnhry,

see e.g. [24, 65]. We underline that (10) does not imply shape-regularity of the
Kp,’s; in particular Kp,’s with small F; compared to the remaining (straight) faces
of K, are acceptable. Such anisotropic boundary sub-elements Kr,’s may be nec-
essary to ensure that each Kp, remains star-shaped when an element boundary’s
curvature is locally large, see e.g., K, in Figure 3 and a collection of both shape-
regular and anisotropic Kp,’s. In general, F; is not required to be connected,
although, by splitting F; to its connected subsets, re-indexing the F;’s to corre-
spond to unique K, we can correspond one K, to each F;. The aforementioned
Assumptions 3.1 are sufficient for the proof of the trace estimates as well as for the
validity of the H'-L? inverse estimate as in [14].

Lemma 3.2. Let element K € T* be a Lipschitz domain satisfying Assumption
3.1. Then, for each F; C 0K from Assumptions 3.1, i = 1,...,ng, and for each
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v € PP(K), we have the inverse estimate:

(p+1)(p+d)

in(d; -ng
ggg( i MF)

(11) vl

2 < ol

Remark 3.3. Inequality (11) is a function of vy, defining Kr,. The right-hand
side can be minimized with a choice of an optimal v ;. We underline that un-
der the stronger assumption (3.1), one could derive the trace inverse estimate for
star-shaped, shape-regular elements with piece-wise smooth boundaries: |[v]|3; <

2
CE ol

Lemma 3.4. Let K € Tt be a Lipschitz domain satisfying Assumption 3.1. Then,
for all e > 0, we have the estimate

d; |3

d+e 2 g?i«z(l 12 2

lollF, € ————Ilvll%,, + ——a——|IVoll%,, .
'~ min (d; - ng,) * emin(d; - np) k

for allv € HY(2%) and i = 1,...,nx. We note that summing over i = 1,...,ng,
under assumption d;(z)-nr,(z) > csphi,, and that hi,, ~ hxi we take the estimate
gives the classical trace estimate ||v||3, < C(hit||[v||% + hic||V||%).

Definition 3.5. An element K € 7 is said to be p-coverable with respect to p € N,
if there exists a set of my overlapping shape regular simplices K;, i = 1,...,mg,
mg € N, such that

diam(K;)

(12) dist(K,0K;) < Cys R and |K;| > cas| K|

for all i = 1,...,mg, where C,s and c,s are positive constants, independent of K
and TF.

Lemma 3.6 ( [14] ). Let K € T* Lipschitz satisfying Assumption 3.1. Then, for
each v € PP(K), we have the inverse inequality

+ 1) (p + d)|F;
(13) ol < Crv (o, 1) EEDBEDE

with Ciny(p, K, F}) to be if K is p-coverable: min{C(K, F;), c;12%¢*+1p2(d=D1 oth-
erwise:

C(K, F;), with cqs > 0 as in Definition 3.5 and C = VAR ”;Elli}l @)
v, EK XN

After defining the covering domain £2°°* and considering the Assumption 3.8, see
e.g. [14,20], we interpolate a pair (u,p) € [H?(£2%)] x H*(£2*) through a suitable
interpolant of [HP+1(Q#)]4 x H?(QF) -extensions of the functions (u, p) on §2¢°°.

Definition 3.7. Given a mesh 7%, we define a covering 7¢ = {K} of T* to
be a set of open shape-regular dCsimplices K, such that for each K € T#, there
exists a K € TV with K C K. For a given 7", we define the covering domain
DCOU = UKGTCOUK.

Assumption 3.8. For a given mesh T*, we postulate the existence of a covering
TV, and of a global constant Og: € N, independent of the mesh parameters, such
that

réla%gcard{K’ €T :K'UK#0,K €T such that K C K} < Ogp.
€
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For such T, we further assume that hx := diam(K) < Cgiamhi, for all pairs
K e Tt KeTev, with K C K, for a global constant Cgiqm > 0, uniformly with
respect to the mesh size hy .

The latter assumption provides the shape-regularity of the covering mesh 7 <
—not though for the true 7% in the sense that there exists a positive constant
¢, independent of the mesh parameters, such that VK € TV C T, pkc > chg
holds, with px denoting the diameter of the largest ball contained in K. The
aforementioned will allow the application of the standard hp-version approximation
estimates on simplicial elements, see e.g., from [53] that on each K we can restrict
the error over K C K. However, it requires to extend properly the exact solution u
onto £2°°V. In particular:

Theorem 3.9. Let ¢ be a domain with a Lipschitz boundary. Then there exists a
linear extension operator € : H*(02%) — H*(R?), s € Ny, such that €v|o: = v and

[[€0]| = ray < Cellv]| g0ty
where Cg is a positive constant depending only on s and on 2.

We also recall from [14] the H'-L? inverse inequality for polynomials on a general
curved element K € T*.

Lemma 3.10. Let K € T* satisfy Assumptions 3.1, 3.8 and (10). Then, for each
v € PP(K), the inverse estimates hold, for K p-coverable:

2
(14) V0] < c”—nvuK, and

p?
(15) Vv -npl|lr < 3/2||U\|K

hold, and the constants C, C' are dependent on the shape-regularity constant.

Proof. The first estimate comes immediately from [14] will the second comes from
the algebraic calculations:

p° p?
IVo-npllr < Coq7 Vol < €' hl/gllvHK 'l

h1/2 h3/2

4. Stability estimates

The fact that the discrete problem is well-posed follows by the inf-sup stability
of the bilinear form Aj, in the formulation (6) with respect to the [|-||;,c 5. norm.
We begin by investigating the properties of the separate forms which contribute
to Ap. A useful observation is that the form ay(,-), is continuous and coercive
with respect to the norm |[-[|;,.. For this proof, we will use that the arbitrarily
shaped boundary elements can be properly extended from the real domain 2! to
the covering one, 2°°Y.

Lemma 4.1. There are constants Cy,, Cp, > 0, depending only on the shape-regularity
and the polynomial order and not on the mesh or the location of the boundary, such
that the following estimates hold:

(16)  [|[VVh||%eor < CullVVaIIZ: < CullVViI2eon,  for all vy, € V), and
(17) Ipnleon < Collpnllbs < Collpnll?ees,  for all pu € Q5.
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Proof. Considering also the Assumption 3.1, we assume that there is an integer
N > 0 such that for each element K € T<°” with K NI # ) there exists an element
K' € T¢v with K’ N I" = () and at most N elements {K}}¥ ; such that K; = K,
Ky =K and K; N K;11 € 9;T°,i=1,..N — 1. In particular, this means that
the number of facets we need to cross so that we pass from the aforementioned
element K to K’ C §2* is bounded. Similar assumptions were made by [2], see also
references therein, which ensure that I" is reasonably resolved by 7. For the
first inequality (16) we compose the norm over 2°°Y into sums over internal and
boundary Teov elements? || : ||TC"” = E H : ||'TCO’U-boundary-K’s+Z || ' H’TCO“-internal K’s*
Let Ky be a boundary element of 7°°". Then, there exists a Ky C 2% and at most
N — 1 T<"-boundary elements K; and facets K, | N K; = F; that has to be
overtaken in order to go across from Ky to K. Considering the aforementioned
shape-regularity of the mesh, each facet corresponding to 7°°’-boundary elements
F will only be involved in a finite number of such crossings. Additionally, let v be a
polynomial function of order p defined on both the boundary element K € 7% and
its corresponding extended K € T7¢°Y. Then there is a constant C' > 0, depending
only on the shape-regularity of 7" and the polynomial order p of v, such that
|lvl|# < C|lv||%. Here, each component of Vvj, has been treated as v iteratively
to each neighboring pair {K;_1, K;} and we take the desired estimate. The first
inequality of (17) follows similarly following the same procedure for g;. The second
inequalities of (16)-(17) can be derived straightforwardly. O

With this preliminary result in place, we are now ready to prove discrete coer-
civity of aj and continuity:

Lemma 4.2. For suitably large discontinuity penalization parameter o > 0 in the
definition of the bilinear form ap(-,-), there exists a constant ¢, > 0, such that

(18) @ (Vis Vi) =Ceoer|[Vall T,

for any vy, € V,f, and there exist constants Cy, C, > 0, such that
(19) an(un, vi) < Call[un|l - [lvalll

for every uy, vy, € V,f,

(20) an(u, vi) < Coll[ullf - flvall,

for every (u,vy) € ([H¥1(28) N HL(Q2H]4 + V) x V,

(21) br(w,pr) < Coll[ull - [lpnll,

for every (w,py) € ([HFHL(028) N HE (297 + V) x Q% and
(22) bn(up, p) < Cylluxll - I»ll,

for every (up,, p) € Vi x ([HF(2%) N L2(29)] + Q).
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Proof. The proof is based on standard arguments. In particular, for any A > 0, we
have

an (v, vi) =IVValds + o Pvalld + Y o' P Ivalllz

Feffnt
—2/VhHL2(VVh) npdy—2 Z /{HLz (Vvi)} - npve] dy
r Fe ‘ant
>(\VallBe + o PvallF + Yl A IvalllE
FeF}

int

- )\a||071/2HL2 (Vvy) -np|% — )\_1071||01/2v %

=g D o™V e (Vva) ) -nplf - ATt Y ot P valllE

Fer! FeF! ,
> Vvallfe + (L= A"t (o 2vallT + D o2 vallF)
FeF! ,
(23) —Xo( Y oA ML (Vi) ) np|F + o7 2L (Vva) - np|F).
FeF}

int

Young’s inequality ab < a?/(2€)+e€b?/2 and inverse estimates (13), (15), are applied
to the latter term in (23) to achieving a lower bound. In particular, note for

FeF with F=0KNOK that

nt

lo™"/2 {12 (Vva)} - nrllr

_(lo= T2 (Vvi) - mpllpcox + llo~* MLz (Vvi) -85l pcor)
- 2

| E3]

1M (0729vi) -l

<p? (CINV(va Fi) =

Oy (o' ) o Taalo™ 29w el ) /2

39 max (Cov(p. ) oM (T}

R=

Al
<Cpa max_ {[lo"/*Iga(Vvy)ll.}
K, K

K=

and then summing over all faces in the active mesh,

(24) > o2 L (Vvi) b nplES Coaa | VYAl
FeF?

int

F=0KNoK'
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Likewise, using (15)
—1/2 2
Jo~ Y2 TTy (Vva) - nr 2

= > o7z (Vvi) -nrlinr

KNI#)
< S oY oo, K F P im0y, np
: | HFD
KNIr'#p ielf
—1/2| 1K K\ P IE] 2
<> o [ | max{Cryv(p. K, F")} K] Vvl
KNT#D ElE
(25) <Cp2 Y VAl < Cruaal VYAl
KNI'#0

Then, application of (16) verifies, for a suitable choice of A, that the terms in (24)
and (25) can be dominated by the leading two terms in (23). Indeed, letting Cyax
and C/, ... the constants in (24) and (15) respectively and collecting all estimates,
we conclude

an(Vh, Vi) Z(Oqjl = A0 (Craz + C':nuw))vahH??ﬁ

+ (=2t ) (o2l + Y o 2 Ivall).
FeF?

int

Coercivity (18) is already verified for 1 > Alo™! > C,(Craz + Clygw)s OF 1 <
Ao < Cy(Craz + Chpp) which is valid for A = (1 + Cy(Criae + Chyax))/(20). The
corresponding coercivity constant is ¢, = min{C,; ' —Ao(Crraz+Chus)s 1=A"1o 71}

The proof of the continuity is standard and it is omitted for brevity. O

We recall also from [14,20] the following lemma and corollary that will be used
next.

Lemma 4.3. Let K € T* satisfy Assumptions 3.1 and 3.8, and let K € T be the
corresponding simplex with K C K as in Definition 3.7. Suppose that v € L?(2%)
is such that the extension €v|x € H' (K), for some lx > 0, and that Assumption
3.8 is satisfied. Then, there exists an operator m, : H'< (K) — PP(K), such that

SK—q
(26) [[v — mpvl|ga(r) < C1 pfi,q €] ik (i)
for 0 <q<lk, and
1 1 h;é(id/z
27) v = mpvllr, < Cap(p, K, Fi)|Fi|§W||€vHHZK()C)7 Ik = d/2,
with .
h
Cap(p, K, F;) := Comi ~ a1
ap(p7 ) Z) 2m1n{|FZ_| sup min(di ] n)7p }7
Vo,iereFi

sk = min{p + 1,lx}, and Cy, Cy > 0 constants depending only on the shape-
reqularity of K, q, lgc, on Cgiam (from Assumption 8.8) and on the domain §2¢.

We note that the correspondence between Cinv (p, K, F;) from Lemma 3.6, and
Cap(p, K, F;) while h¢. ~ |K| is the typical case. The key attribute of both expres-
sions is that they remain bounded for degenerating |F;|, allowing for the estimates
(13) and (27) to remain finite as |F;| — 0.
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Corollary 4.4. The approzimation errors of the extended interpolation operators
m, and m, for (u,p) € [H"‘H(Qﬁ)]d X Hp(Qu) satisfy

(28) fha =yl <C 30 5l
KeTﬁ
hP
(29) M= mup—mp)l| <C Y p_,(||u||p+1K+ Ipllyx )-
KeTﬁp

Proof. 1t is convenient to introduce the auxiliary norm

2 — 1/2
vl = 3 1Ivoll + loV>vi3 + Y (e~ a0 VI3

KeTeov FeTénr
—14,1/2
+ X IR+ X IVl ok
FEF KeTcov

int

see also [14, p.60]. This norm clearly bounds ||v||, in the sense that ||v — mw,v|| <
ety — ﬂpvmh. Hence, we may prove the estimate for |||, instead of [|-[||. Set-
ting e, = ¢PHlu — mpu, we take by definition

2 —151/2
lexllz = > IIVerllc® + o' el + > llo~"hi/*Ver - gl

KeTeov FeTinr
_ 1/2
+ 3 o2 leadlE+ D Il thy? {Ver ) npld
FerF! FeF?

int int

All the above terms may be estimated, using the local approximation properties
(26)—(27), the aforementioned inverse estimates and the stability of the extension
operator ¢*+1. For instance,

S Werle < S leallnpe £ C 3 ’C||(’3UHHP+1 >
}CGT(‘.O'U }CeTco’U ’CeTcov

after choosing ¢ = 1, I, = p+1 and s¥ = min(p+1,1;) in (26). Similarly, we derive

1/2 1 2hp+1/2
S ek el 20 S it K lI€ull )
FeTtnr KeTeov p
_C Z 1 ||@u||Hp+1(;C),
KeTeon P

eg. ford =2 [, =p+ 1. Let FF C K. As we have seen in the variational

formulation, the norm ||Ve, - ng||r can be efficiently approximated by ||Ve, -

nellp < C’#HV@I,HB(K). We note that inserting the IT;» projection we are
K

losing p'/? accuracy, [27], although this is consistent with the half power we lose
from the penalization of the method and we can prove optimal a—priori error bounds.

Finally, we take

S 2 Ve, npllr <0 Y p-lhl/zhpzuv%HK
FeTtnr KeTeov

<C Y e ||Q‘3U||Hv+1(/C)
keTeon P
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Proceeding in a similar fashion, we have

P
> loleslle= > lohp'Plealllr< € D7 —Erll€ulliose.
FeF! , FeFt, KeTeer
P
_ 1/2
S et {Ver} -npld <C Y ’Cuéunwm
# ]CeTcovp
FeF!

int

and the proof of (29) is complete. The proof of the estimate (29) for the approx-
imation error in the product space is similar, considering the auxiliary pressure

norm
2 —1,1/2 —1,1/2
A D 2 S i Ve i S e SR [
KeTeov FeT#nr FeF!,
and proving the assertion for e, = |[|€p — mpp||,. In particular we can employ a

multiplicative trace inequality:

lall3x < Cllallx|IVallx +h'llalli), a € HY(K),
[30, p2140], [55, p1571], and we conclude to

ST e e 1%
FeTt
_ 1/2 _ 1/2 — —_ 1/2
<C 3" (o hilPenllxcllp ™ hyl* Verll i + hillp ™ byl exll%)
KeTt
9=0,sx=lx=p SKO,12 1.1/2 1 _1.1/2
<0 3 (o T el gl i Vexlie + i llp ™ hiexl )
KeTo"
KeT*
<C % -1y 1/2@ ﬁ 71h1/2 h—l 71h1/2 2
<O 30 (o b €l ey 0 el 4 b o el )

KeTeo
KeT?

Ry _1,1)2 p —

<C 3 (ol il g leallic + 97 llerl ),
KeTeor K
KeT*

and finally with standard algebra

Sl ellR <0 Y | KHGPHHP(K)II%IIK + 97 lexl%)

FeTt KeTeo
KeT*

hY L hP
<C}g; HGPHHP(IC) f||@P||HP()C)+P QP%HQ?I?H%M;C))
i

h2 h2k
<c Y (=& I\Gp\lm(;q + S l€pllEs k)
)CETLOU p

<C Z H(’prHn(K:)a
xeTeon P

which completes the proof. (I

We continue with the stability for the by proof.
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Lemma 4.5. There exists C' > 0, such that for every py € Q% we have

b , B 1/2
Cloulge < sup  2OW02R) 4 (S =g, |2, )

wi,eVi{0} H|Wh|||vC KeTt

2\ 1/2

(30) (X [erelma)|,)
FeF! .

Proof. Considering a fixed pj, € le, due to the surjectivity of the divergence oper-
ator there exists a v, € [H&(Qﬁ)]d, such that

(31) Vovp, =pn (a) and Co: [|vp, [y or < llprlles (b)

for some constant Cps > 0. Then, applying integration by parts on each element

and the fact that v,, and [v,,] vanish on I" and on F' € ffnt respectively —since

Vp, € [H&(Qﬁ)]d is an element of the continuous space— implies
2
Il = [ o (V%) da
Q

:—/ Vo, Vprdz + Y / (Vp,, *np) pp de
0t oK

KeTt

:_/mvpthhda:—k Z /F{{Vph}'nF[[ph]]dV

FeF?

int

+ Z /F[[Vph,]]'nF {on} d7+/ (Vp, -nr) pndy

rnK
FeF}

int

:—/Qﬁvpthhd:B-f— > /F{{Vph}}-nF[[ph]]dv-

FeF?

int

. . . L B -
Next, we introduce interpolation error ey, := w, vy, — vy, for v, — wv,, € V' in
the previous expression and holds that

pn e :/m thphdw—/m TV, Vonda + > /F{{Vph}}'nF[[ph]] dry

FeF?

int

(32) @/nthphdx_bh(ﬂ'prmph)_ > /{{eh}'nF[[ph]]d'Y-
0 F

FeF!

int

For the first term, the Cauchy—Schwarz inequality, (26) and (31)a, yields

[ ermaa] <X I enll) (X I noml)
ot KeTt KeTt

(26) 1/2
<Clvalg (X2 o~ hic 2Vl )
KeT?

(31)a 1/2
(33) < Il (3 I 0iVml)
KeTt
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Employing the continuity property of the extended interpolation operator and (31),

UGSy D)

\

br (v, pn)| =—— Iy, e

P 7o v lly e prltv
b (W, pn)

S( Sup H| ||| )CPTOJ ||Vph||179n
wreviv{o} IWhlllye
bn(Wn, pn _
(3 <( s PPNy o g

woviioy Twallye

To handle the third term, we follow the steps similarly as we did for the first term
using (27) and we conclude to

FeF! ,
1/2 1/2
<O Ieneged 7) (X v mImdl)
Feffnt Feflﬁnf
_1,1)2 o\ 1/2
<Ol (X2 o7 02Dl
FeF!,
1 1,12 2\ 1/2
(85)  <CClmnllgs (Y0 el Iedl)
FeF!,,
Finally, we collect the inequalities (33)-(35), and the proof is completed. O

An instant conclusion is the following.

Corollary 4.6. For every py € Qi, there exists wy, € V,fi, such that

bu (W, —pn) = llpnll 5 — C"<( Z ||p_2hKVthi<)1/2
KeTt

(36) (X e e P Donl 7)) lpnllgs

Ferh

nt

for suitable C, > 0.

Proof. We denote by C;, Co the constants appearing in (33), (35), we rearrange
(32) and we derive

| S [ b nelnlas|.

FeF?

int

2
b (v, —pn) = |onllo: — ‘/ n e, Vpn dz
(9]

hence, the result clearly follows for wy, = m,v,, with C, = max{C1,Cs}. O
Next, we pass to the discrete inf-sup stability which is being proven below.

Theorem 4.7. There is a constant ¢y > 0, such that for all (up,pr) € Vhti X Q%,
we have

Ap(an, pr; va, qn
(37) coill (s p)llyege < sup ( )
(Vi,an) €V x Q) I (vh, Qh)|||vc7Qc
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Proof. Similar to [2], let (up,pn) € Vﬁ X Q&L and note by Corollary 4.6 that there

exists wy, € V,f in (36). As a matter of fact, there is no loss of generality in setting
[Wallly,e = |lpnllq: and then inequality (36) combined with the Young inequality
and factorizing with respect to th||?lﬁ we obtain

br(Wn, —pn) >( ) pnllas — ﬁ( Z p™ hKVthK)l/Q

KeTt

0> |\p*lh¥2mn||i>”2)2

FeF}

int

Cy A
)”ph“m -5 Z HIJ 2hKvPhHK
KeTt

2(

C, B
(38) -z o~ 12 Ion] |

A

FeF! ,
We focus now on showing that for a sensible choice of parameters ¢(; > 0 and (s > 0,
there exists a constant cp; > 0 such that the test pair (vp,qn) = (up, —pr) +
C1(=wp, 0)+Ca(—p~20Vpy, 0), for proper § € R that will be chosen later, yields

(39) Ap(an, pr; Vi, an) = cvalll(an, pr)llve gell(va, an)llve ge
whereby the desired outcome (37) is then provided.

Consequently, if we initially test with (uy, —pp) using the coercivity estimate
(18) of ap, we derive

(40) Ap(p, priun, —pr) = an(ap, up) > cal|upf3.

Thus, we consider (—wy,0) in (38) and utilize the continuity estimate (19) of ay,
together with the Young inequality,

Ap(un, pr; —wn, 0) = — ap(ap, wp) + bp(Wn, —pr)
Ca 2 C(aA CO')\ 2
> = Sl + (1= 22 - S22 Il
CU 72h \V4 2 Cﬂ 71h 1/2 2
N Z ||P K thKiT Z ||P F [[ph]]HF
KETn Feffnt
_ 2
> = Cilllunllye + Ca Ipallés — Cs Z [V
KeTt
_ 2
(41) ~Cs Y o eIl
FE‘Flﬁnt
where C = (21)\7 02 =1- %)\ and C35 = % are positive constants for small

enough 0 < A < =&~ +c . Therefore, to gain the desired control and to balance the

negative contribution ||p_4h§(Vph||K in (41), we test with (—p~20Vpy,0) using the
continuity estimate (19) for @y, the Cauchy-Schwarz inequality, the inverse estimate
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(11) and Young inequality. In particular,

Ap(up, pr; —p~*0Vps, 0)
=ap(ap, —p~*0Vpy) + ba(—p 0V ph, pn)

2
— [an(un, —p~*0Vpp)|— Y Hp7261/2vthK
KeTt

+ 3 [ ovn) nelpila

FeF!

int

> — Callunllly-

2
v 2 e vm
KeTt

+O( Y b 260¥ Y -np2) S I 0 [palllz)

FeF} FeF!

int int

and we conclude to

Ah<uh7 Phs _p_49Vph7 )

c, Codi
ve = =l *0Vmall;

3 el

+O(Y [Io20% h P Vpnl%) 2 ( Z ||p—1el/4upth)”2

KeTt FeF!,
@3).0=hic CC,A _ _
L [TRta D DI a7 R D P
1 KKeTeou KeTt
CA C 2
+TQ > HP_%KVPhHi(JFm Hp_lhm h]]HF
KeTt Fe]—'m
C. C’
> = llunllfe= D2 e~ *ha Vinl[ = (CCA
1 KeTt
C 2
) [0 e 3 prlh;ﬂuphu .

FeF!

int

2
(42 ==Cillullye+Cs Y o heVonli+Co Yo o7 ni D],
KeT* FeF! ,

where Cy = 2/\ ,Cs =1— —(CC AM—CXy) and Cg = W are positive constants
for properly chosen

A > 2/(¢,CCY) >0

and

0 < A2 < 2/(¢,C)(cyCCoA /2 —1).
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We note that in the last inequality C > 0, we take o = phl_(l/2 and we derive
the bound

_ 2
le=0Vpn 5.
2 2
=l 0vVpn|fe + Y Hp*i"ohngph” + Y Hp*oh;l/?[[vph]]H
FeTtnr E FerFt, F
2
< 3 e el + Y |fptens 2 vm + X |pton 2 1m
KeTeo FeT#nr r FeF:,,
(43)
<C Y [l h Vil
KeTeov

which has been obtained by the trace inequalities (11), the inverse inequality (14)
and finally setting = h%. In particular, if we regard the norm on a facet F' C
0K € TH,

lov™ 13- Vn | < =852 Opn | < |p=2ng2Ven|| < o 2 IVl

by (11) and (14) respectively. Then, the norm corresponding to the jump on F =
K N K’ satisfies Hp*?’h%/z[[Vph]]HF < Cp~?hi max {||[Vonll x , | [Vonl o } leading
to the estimate

_: 2 _ 2
S el <€ 3 e hucImlly

Ferh KeTt

Proceeding in a similar way for the other terms, we obtain (43).
Finally, we collect inequalities (40)—(42) and we choose (v, qn) = (un, —pn) +
C1(=wn, 0) + C2(—p~*h3-Vps,0). Then, we obtain that

Ap(an, pr; Vi, qn)

2 2 2
Zcaflunllye + G(=Cillanllye + C2 [lpnllos

0y 3 o eVl - Co X ot e,

KeTH FeF!,
2
+ G(=Callunllye +Cs Y [0 20amnli+Co D o 0 Mol )
KeTt FeF:,
2 2 _9 2
>(ca = G1C1 = GC)lunllye + GCollpnllgs + (62C5 — GiCs) D> |p~*hi Vinl[
KeTt
(44)
+HGCs—GCs) Y | hi Il
FeF!

We force (1 < Cgl min{Cjs, Cg} (s or (o > C3min{C5Cs}1¢; and we choose (3 =
2C3min{C5Cs} ~1¢;. We finally impose (; < ¢,/(C1 + 2C3 min{Cs, Cg} ) and we
conclude that

An(un, i Vi an) < Cllanllve + lpalloe) = Cll(an, pa)lle e, for € > 0.

2
F
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We now note that
[[(an, = Gown = Cop™*h% Vin, —Ph)Hﬁ/c’Qc
=||un — Gwi — Cp™ W Vpn| ?/ + |th||\éc
<lunll e + Gulwallye + Gl =A% Vonlll5 + llpallee
<[lunll?. + (¢ + 2CCsmin{Cs, Ce} ' ¢1 + 1)||pal

<((¢(1 +20Csmin{Cs, C} 1)) + 1)l (wn, i) [37e e

min{cafc:l(Cl+ZC3min{Cg§Cs}71)C4,4102}
41(1+C203min{05,C6}71)+1 .

2
Qe

and the proof of (39) follows, where ¢y =

5. Error estimates

Estimating the inconsistency of the bilinear form by the best approximation
estimates, we have the following approximate Galerkin orthogonality. To obtain
error estimates, in this section we will assume that the exact solution (u,p) €

[H3(29)]" x L3(2%).
Lemma 5.1. Let (u,p) € [H2(2) N H&(Qﬁ)]dx [H'(£2%) N LE(£2%)] be the solution
to the Stokes problem (1) and (un,pr) € V,f X Q% the finite element approximation

in (6), with h = maxxegeov hic due to shape regularity of 7°°?; see also Assumption
3.8. Then,

(45)  Ap(u—n,p = pr;va,qn) = O(hP/pP72)  for every (va,an) € Vif x Q.

Next, we prove the a priori error estimate and optimal convergence rates for the
velocity and pressure.

Theorem 5.2. Let (u,p) € [HP1(£2¥) ﬁH&(Qﬁ)}d x [HP(2%) N LE(2%)] be the
solution to the Stokes problem (1) and (un,pr) € Vhti X Q% the finite element ap-

proximation in agreement with (6). Then, there exists a constant C > 0, such
that

34 1
(6) M-l <€ Y 5 (lullp + =5 llpllpx )
KeTt pre pz

Proof. We start by rearranging the (u — uy,p — pp,) error adding and subtracting
appropriate terms, and we conclude to its discrete and projection error components:

(e = an, p = pu)ll < [l[(a = 7pu,p — mpp)| + [l (7vp1 — wn, mpp — pa) |l
The first term optimal estimate is provided by (28) and (29) as it is proven in
Corollary 4.4. The second term first is bounded by

(7o —ap, mpp — pa)l| < Clll(mwpu = an, mpp — pu) e e
according to (9). Due to (45) from Lemma 5.1 and Theorem, 4.7 there exists a pair
(i, qn) € ViF x @, with [|(vi, q) [y e = 1, such that
coitll (mpu —un, mpp — pu)llye oo SAn(mpu —wp, Tpp — pri Vi, qn)
=Ap(mpu — u, TP — P;Va, qn).
Hence, we use the definition of the corresponding form Aj to take
Ap(mpu —u, mpp — p; Vi, qn)
(47) =ap(mpu —u,vy) + bp(va, mpp — p) + b (wpu —u, qp).
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Next, recalling that the pair (v, ¢s) has unit [|-[]y. . norm, we derive
Ap(mpu —w,mpp — p; Vi, qn) <Culllmpu =l - [[lon | + Colljonll - llmpp — pall
+ Cylllmpu —ull - flgnll,

and after employing the continuity of @y and by, in (20)—(22) and Corollary 4.4, also
bounds the remaining terms. At this end, an estimate for (47) follows as

Ap(mou — u, mpp — P; Vi, qn)

hP 1
<C 2 {maxﬂnvhn Mlanlly (3||u||pﬂ,K + lDénpnp,K)}
KeTt
<0 Y L (Jullya i+l )
>~ = pp_% p+1,K p% p p,K |

and the estimate (46) follows. It is also necessary to check that the extended
bilinear form ap(+,-) and the related inconsistency error bound does not affect the
aforementioned optimal error bound, see also [14, Section 4.2]. This can easily be
verified by employing again the tools of Corollary 4.4. In particular, we consider
the residual Ry (vp) := ap(u,vp) —ap(u, vp), we substitute the bilinear forms with
their components as in Subsection 2.2, we recall that u belongs in V¥, e.g. [u] is
zero, on the boundary u|r = 0, and the residual becomes

_ Fe; Ur/F ({IIr2(Vu)—Vu} - ng[vy]) dy — /F (VhHLz(Vu)—Vu) '111‘) dr,

int

or

Rawn) < Y / |{TTe=(Vu)—Vu} - np[vi]| dy

FeF? ur

—|—/ |viIIgz(Vu)—Vu) - nr| dv.
r

Next, we add and subtract the term 7,Vu, and after algebraic calculations we
derive that

|Rp(vn)

> /F ({Vu - 7V} - np[vn]| + [{TTgs(Va) — 7 Vu} - npvn]]) dy

FeF? ur

int

+/ Vh( |Vu — 7, Vu| + [IIg2(Vu) — wpvu|) ‘npdy
r

< > |({Vu — 7, Vu} - np[vi]| + [{Hr2(Vu - 7, Vu) } - np[vi][) dy
Fer?t ur

+/ vi(|Vu—m,Vu| + g2 (Vu — m,Vu)| ) - np dy.
r

Finally, for the last inequality terms we use the fact that Ilyzm,v coincides with
m,v, we follow the same procedure as in the beginning of the present proof, the
tools as demonstrated in Collorary 4.4, that the projector Il= has the stability
property |[TIy2v|[z2(x) < [|V]|L2(k), and we verify that the related inconsistency
error bound does not affect the aforementioned optimal error bound. ([l
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Remark 5.3. We note that if one makes stronger assumptions as mesh quasi-
uniformity: h = maxgcrt hx, then the estimate of Theorem 5.2 is transformed
to [(uw—up,p—pr)|I< Op%% (HquH,m + £‘|p‘|p’m>’ which verifies optimal
convergence in h and suboptimal in p by p'/2.

6. Numerical Experiments/Convergence tests

6.1. 1st experiment: Rectangular domain 2%. We consider a two-dimensional
test case of (1) in the unit square 2% = [0,1]* with exact solution

u(z,y) = (u(z,y), —u(y, =), pz,y)=sn2rr)cos(2my),

where u(z,y) = (cos (2mx) — 1) sin (27y).

Note that the mean value of p(x,y) over §2* vanishes by construction, thus
ensuring that the problem (1) is uniquely solvable. As in subsection 2.2, in the spirit
of arbitrarily shaped discontinuous Galerkin method on the boundary approach, we
consider the original domain £2f as seen in Figure 1’s first geometry. A level set
description of the geometry is possible through the function

(48) ¢ (z,y) = |z — 0.5 + |y — 0.5 + ||z — 0.5] — |y — 0.5|| — 1 < 0.

To investigate the error convergence behavior of the discretization (6), we consider
a sequence of successively refined tessellations {721}»0 of 2% with mesh parame-
ters h; = 2772, for i = 0,...,7. As it is shown in the rectangular geometry case
of Figure 2 exploiting the level-set function information on 0£2%, elements contain-
ing straight faces approximating the polytopal boundary are marked. Finally, all
marked elements are treated as classical triangular elements in the interior, with
polytopal elements only on the boundary described by the domain level-set func-
tion, thus capturing the domain exactly. To allow for several polynomial degrees
pi, the symmetric interior penalty parameter in (4) scales as o = p?/h;. A sparse
solver has been used to solve the arising linear systems.

As expected from the theoretical error estimate stated in Theorem 5.2, optimal
p-th order convergence rates with respect to the H'-norm of the velocity error and
the L2-norm of the pressure error are in agreement with the error results as they
are visualized in Table 1 (p;1/po) and Table 2 (p2/p1). Although, as seen in Table
3 (p3/p2) the convergence rates are optimal for the velocity and suboptimal for
pressure. The superiority of the higher order framework is obvious and show that
the method is efficient. Numerical experiments verify these facts, indeed, for larger
p, much smaller errors are attained in progressively coarser meshes, for p;/p;—1
Taylor-Hood velocity/pressure pairs order, and the inf-sup stability is guaranteed.
The aforementioned results are visualized in Figure 4.

Moreover in Table 4, and in the context of [2], a sequence of ps/ps approxi-
mations for the velocity and pressure solution in progressively finer meshes is il-
lustrated, showcasing the convergence of the method and the errors with respect
to several mesh sizes. Further investigation, revealed that contrasting the results
between Table 3 and Table 4 related to the ps/ps case, i.e. comparing the suggest-
ed in the present work framework without any ghost type of stabilization on the
boundary zone area, against to the full ghost penalty stabilization, showed that:
the suggested method, yields better error behavior and better convergence rates
only for the velocity, although suboptimal for the pressure even if the errors are
better, a phenomenon that will be discussed later and it is probably caused by
the quadrature on the polytopal boundary elements we employed. Therefore, we
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TABLE 1. Rectangular geometry: Errors and rates of convergence
with respect to H'-norm for the velocity and L2-norm for the pres-
sure, using p1/po finite elements.

‘ Discretization ‘ Errors and convergence rates: p1/po polynomials case ‘
‘ hmax ‘ [ —unll; o ‘ Conv. rate H lp — pull e ‘ Conv. rate ‘
0.25(=272%) 1.469461 - 0.8756151 -

0.125(=279) 0.871741 0.7533148 || 0.4336638 | 1.0137197
0.0625(= 274 0.526300 0.7280155 || 0.3289021 | 0.3989189
0.03125(=27?) 0.290011 0.8597764 || 0.1901614 | 0.7904334

0.015625(= 279) 0.151577 0.9360504 || 0.1006410 | 0.9180059
0.0078125(=2"7) 0.077476 0.9682347 || 0.0515098 | 0.9662987
0.00390625(= 278) 0.039269 0.9803399 || 0.0261353 | 0.9788479

‘ Mean: ‘ - ‘ 0.8709553 H - ‘ 0.8443707 ‘

TABLE 2. Rectangular geometry: Errors and rates of convergence
with respect to H'-norm for the velocity and L?-norm for the pres-
sure, using po/p; and finite elements.

‘ Discretization ‘ Errors and convergence rates: pos/p; polynomials case ‘
‘ hmax ‘ [u—unll; o ‘ Conv. rate H llp — pall o ‘ Conv. rate ‘
0.25(= 272 0.2372591 - 0.1131108 -

0.125(=273 0.1129321 1.0710074 || 0.0512201 | 1.1429531
0.0625(= 274) 0.0337229 1.7436526 || 0.0165609 | 1.6289302
0.03125(=27?) 0.0088867 1.9240082 || 0.0046825 | 1.8224281
0.015625(= 279) 0.0023107 1.9433135 || 0.0012434 | 1.9129403
0.0078125(=2"") |  0.0005816 1.9900301 || 0.0003073 | 2.0165782

\ Mean: \ - | 1.7344024 || ~ | 1.7047660 |

TABLE 3. Rectangular geometry: Errors and rates of convergence
with respect to H'-norm for the velocity and L2-norm for the pres-
sure, using p3/po finite elements.

‘ Discretization ‘ Errors and convergence rates: ps/ps polynomials case ‘

Pmax ‘ [u—up|l; o ‘ Conv. rate H lp — pull ot ‘ Conv. rate ‘
0.25(= 272 0.0466716 - 0.0184400 -
0.125(=273 0.0076981 2.5999546 0.0069364 | 1.4105717

0.0625(=27%) 0.0012099 2.6696092 || 0.0017273 | 2.0056609
0.03125(=277) 0.0001644 2.8789030 || 0.0009789 | 0.8192784
0.015625(=275) | 2.5518e-05 | 2.6883086 || 0.0003071 | 1.6720465

Mean: - 2.7091938 || - | 1.4768894

may avoid integration errors related to the normal derivative up to the third-order
jump terms used in the ghost penalty stabilization approach, [42,43], which lead
to a significant improvement for the velocity and pressure errors, as well as, crucial



hp-VERSION ARBITRARILY SHAPED BOUNDARY ELEMENTS DG METHOD 553

TABLE 4. Rectangular geometry: Errors and rates of convergence
with respect to H'-norm for the velocity and L2-norm for the pres-
sure, using ps/p» finite elements with higher order ghost boundary
elements area stabilization in the context of [2].

‘ Discretization ‘ Errors and convergence rates: ps/ps polynomials case ‘

‘ hmax ‘ [u—unll; o ‘ Conv. rate H llp — pnll o ‘ Conv. rate ‘

0.25(=272 0.3386166 0.7184173

0.125(=273) 0.0247465 3.7743523 0.0590158 | 3.60564722
0.0625(= 27%) 0.0039329 2.6535468 0.0096287 | 2.61568216
0.03125(=275) 0.0006434 2.6117326 0.0017089 | 2.4942619

0.015625(=27%) |  0.0002045 1.6536038 0.0003671 | 2.2187371

Mean: | - 2.67330889 || - 2.73358212

o 100 g -m- P1PO polynomials, conv. rate=0.8443 |
100 - [N

B S~ ~®- P2P1 polynomials, conv. rate=1.7047
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FIGURE 4. Rectangular geometry: Visualization of the H!'-norm
velocity errors and L?-norm pressure errors with respect to the
discretization size.

computational cost savings. We again underline that the evaluation of boundary
elements stabilization is avoided, namely, computations of gradually higher order
normal derivative jumps —depended on the finite element order— seem unnecessary
with the suggested approach. We also re-note that the pressure convergence rate in
Table 3 is suboptimal although the error is much smaller e.g. than the case where
full boundary area elements stabilization is applied for ps/p2 and as it is reported
in Table 4. Finally, we report that in practice, the condition number for arbitrarily
shaped boundary elements discontinuous Galerkin methods to solve Stokes prob-
lem is typically very large. The employment of efficient multigrid preconditioners
for such cases, is left as a further challenge, see also the works [1], [20]. We also
clarify that for the polytopal boundary elements, the current implementation per-
forms quadrature by a sufficiently fine sub-triangulation approximating properly
the curved element. Although, this first implementation of ours could be the issue
of noticing slightly lower convergence rate than the predicted and specially on high-
est order polynomial case, and even worse for the pressure component. It is noted
that in this case the sub-triangulation is only used to generate the quadrature rules.
Of course, this is not the only possibility. For instance, domain-exact quadrature
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algorithms for many curved domains exist, for such algorithms see [3,21] and the
references therein, and we plan to investigate this issue in the future.

6.2. 2nd experiment: Circular domain 2°. We consider a two-dimensional
test case of (1) in £2* to be a disc of radius r = 1 with exact solution

u(z,y) = (ug (2,9) , uy (7)), pla,y) = P+2°—r°)? 2y +a®)exp(—k(y*+2%)) /2,
where
Uy = —y(y’*+a®—r?)exp(—k(y*+2°)/2) and u, = z(y*+2°—r?)exp(—k(y*+27%)/2),

k = 37/2. Note that the mean value of p (z,%) over £ vanishes by construction,
thus ensuring that the problem (1) is uniquely solvable as well as it is divergence free.
Again, following subsection 2.2, in the spirit of arbitrarily shaped discontinuous
Galerkin method on the boundary approach, we consider the original domain 2 as
it is in Figure 1’s second image. A level set description of the geometry is possible
through the function

(49) ¢ (z,y) =y* +2° —r? <0.
We can easily confirm the results of Theorem 5.2 with the results as reported
TABLE 5. Circular geometry: Errors and rates of convergence with
respect to H'-norm for the velocity and L?-norm for the pressure,

using p1/po finite elements and with no ghost boundary elements
area stabilization.

‘ Discretization ‘ Errors and convergence rates: p1/po polynomials case

| Pmax | lu—wpll, o5 | Conv. rate || [lp = pnllgs | Conv. rate |
0.62500625 0.2091145 - 0.1462374 -
0.31250312 0.1643200 | 0.3477844 || 0.0742179 | 0.9784737
0.15625156 0.0842741 | 0.9633462 || 0.0469684 | 0.6600764
0.07812578 0.0441366 | 0.9331140 | 0.0265372 | 0.8236700
0.03906289 0.0226625 | 0.9616639 || 0.0141321 | 0.9090371
0.01953144 0.0114507 | 0.9848749 || 0.0072050 | 0.9718974
0.00976572 0.0057310 | 0.9985631 || 0.0035962 | 1.0025094

| Mean: | - 0.968312 || - | 0.873438

in Tables 5, 6, 7 for p = 1,2, 3 respectively and for Taylor-Hood u, p pairs. The
superiority of the higher order cases is clarified, with respect to the errors and to
the convergence rates where we manage better results in a much coarser mesh. This
can also be seen with a glance in the visualization of Figure 5.

Finally, we highlight that the convergence rates for both tests seems to stop
in the denser meshes and especially in the highest order polynomials rectangular
geometry cases even if we notice good error results. This in our opinion happens
due to the aforementioned way of integration on the polytopal boundary elements
and we will leave the correction for the future, and of course crucial role played the
corner points since in this last experiment —with the smoother circular geometry—
we noticed correction of the pressure suboptimal convergence rates.
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TABLE 6. Circular geometry: Errors and rates of convergence with
respect to H'-norm for the velocity and L2-norm for the pressure,
using po/p1 finite elements and with no ghost boundary elements
area stabilization.

‘ Discretization ‘ Errors and convergence rates: ps/p; polynomials case ‘

‘ Pmax ‘ [u—unll; o ‘ Conv. rate H 0 — pul o ‘ Conv. rate ‘
0.62500625 0.0328117 - 0.0145547 -
0.31250312 0.0319032 | 0.0405088 || 0.0123406 | 0.2380803
0.15625156 0.0082061 | 1.9589227 || 0.0039063 | 1.6595269
0.07812578 0.0020995 | 1.9666160 || 0.0010171 | 1.9412207
0.03906289 0.0005342 | 1.9746348 || 0.0002690 | 1.9189042
0.01953144 0.0001331 | 2.0038963 || 6.759¢-05 | 1.9927008

Mean: | - 1.976017 || - 1.878088

TABLE 7. Circular geometry: Errors and rates of convergence with
respect to H'-norm for the velocity and L?-norm for the pressure,
using ps3/po finite elements and with no ghost boundary elements
area stabilization.

Discretization ‘ Errors and convergence rates: p3/ps polynomials case ‘

‘ Pmax ‘ [u—unll; o ‘ Conv. rate H lp — prll ot ‘ Conv. rate ‘
0.62500625 0.0120753 - 0.0070916 -
0.31250312 0.0044922 1.4265409 0.0014351 | 2.3048990
0.15625156 0.0005162 3.1212517 || 0.0001907 | 2.9113670
0.07812578 6.4007e-05 3.0118057 || 2.7194e-05 | 2.8103814
0.03906289 8.3068e-06 2.9458756 || 5.3857e-06 | 2.3361018

Mean: - 2.62636850 || - 2.5906872
™ N RN . T
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FIGURE 5. Circular geometry: Visualization of the H!-norm ve-
locity errors and L2-norm pressure errors with respect to the dis-
cretization size.
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7. Conclusion

In this effort, we proposed and tested a discontinuous Galerkin method for the
incompressible Stokes flow employing arbitrarily shaped elements. hp-version op-
timal order convergence is proved for higher order finite elements of p;/p;_; order
for velocity and pressure fields. This method may prove valuable in applications
where special emphasis is placed on the effective approximation of pressure, attain-
ing much smaller errors in coarser meshes and whenever geometrical morphings
are taking place. In fact, control over the error of the pressure field is among the
most decisive points of difficulty for many methods. Numerical test experiments
demonstrated the very good stability and accuracy properties of the method. The
theoretical convergence rates for the H'-norm of the velocity and the L?-norm of
the pressure have been validated by our tests, even for the p3/ps case. Significantly
smaller errors have been noticed considering the comparison of the method under
consideration, with the unfitted dG finite element method of [2] and the results
as reported in Table 3 and Table 4 for step h = 275. In particular 2.5518¢ — 05,
0.0003071 for the presented approach, and 0.0002045, 0.0003671 for a fully stabilized
with efficient ghost penalty fictitious domain FEM and for the velocity and pressure
respectively have been reported. The latter, after comparison, shows smaller errors
for the pressure and one order of magnitude better errors for the velocity which
validates the superiority of the proposed approach. In the present work, we focused
on the static Stokes problem. Thus, the method seems very promising. Future work
will extend our investigations to more general fluid mechanics problems, including
time-dependent problems on complex domains and/or nonlinearities, as well as,
Navier-Stokes and fluid-structure interaction systems. Finally, future development
would be a proper preconditioner and a reduced order modeling investigation.
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