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MIXED VIRTUAL ELEMENT METHOD FOR LINEAR
PARABOLIC INTEGRO-DIFFERENTIAL EQUATIONS

MEGHANA SUTHAR AND SANGITA YADAV

Abstract. This article develops and analyses a mixed virtual element scheme for the spatial
discretization of linear parabolic integro-differential equations (PIDEs) combined with backward
Euler’s temporal discretization approach. The introduction of mixed Ritz-Volterra projection
significantly helps in managing the integral terms, yielding optimal convergence of order O(h*+1)
for the two unknowns p(«,t) and o(x,t). In addition, a step-by-step analysis is proposed for the
super convergence of the discrete solution of order O(h**2). The fully discrete case has also been
analyzed and discussed to achieve O(7) in time. Several computational experiments are discussed
to validate the proposed schemes computational efficiency and support the theoretical conclusions.

Key words. Mixed virtual element method, parabolic integro-differential equation, error esti-
mates, super-convergence.

1. Introduction

Mathematical models for solving the electrical circuit problems specified by the
Kirchhoff voltage laws [34], for a disease transmitted through the movement of
contagious individuals [29], heat flow in a substance with memory [30], etc., give
rise to the linear integro-differential equations. With consideration for the diverse
array of applications of these equations across various domains, our focus lies in
the exploration of PIDEs of the following form:

(1)
pe(x,t) =V - (a(m)Vp(:L’,t) —/0 b(a:;t,s)Vp(az,s)ds) = f(xz,t) (x,t) € D x (0,T],

p(z,t) =0 (x,t) € 0D x (0,17,
p(x,0) =po(x) x€D.

Here, D C R? is a bounded polygon domain having 9D as the boundary; fur-

thermore, the interval [0, 7] represents a finite time span. This article intends to

introduce and examine the mixed virtual element method (VEM) concerning PIDEs

(1), with the primary goal of studying the effect of time discretization on virtual

element solution. For our analysis, we would require the assumptions listed below

on the coefficients and the function f:

H.1 the coefficient a(x) is bounded, positive i.e. a(x) > po > 0, and smooth
enough,

H.2 the coefficient b(x;t, s) and its derivative b(x;t, s), bs(z;t, s) are real-valued,
bounded, and smooth,

H.3 the function f is real-valued and smooth enough.

In literature, various approaches have been made to obtain the numerical solution
to these equations and related problems, such as the finite element method (FEM)
[23, 14], finite volume method [16], VEM [40], least-square Galerkin method [24],
hp-local discontinuous Galerkin method [32], spectral method [19], HDG method
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[26] etc. Further, by extending these ideas in [31, 12, 20], fully discrete schemes were
proposed in which discretization of time is implemented using implicit finite differ-
ence schemes. The reason for employing finite element scheme and their variants
is the computational efficiency and well-established theory of these methods. We
stress that polygonal meshes have many benefits: greater flexibility in the meshing
of arbitrary geometries, better accuracy in the numerical solution over that obtain-
able using triangular and quadrilateral meshes on a given nodal grid, and many
more, see [36]. To deal with polygonal meshes, VEM was introduced in [1] and is
very much appreciated by the scientific community. A detailed study shows that
this method can be considered as a generalization of the standard FEM over general
polygonal and polyhedral meshes as the convergence analysis of this method can be
placed within the structure of the FEM, which is well developed in the literature.
In general, VEM has been successfully applied for an approximate estimation of
various partial differential equations; for recent developments and applications of
this method, we refer to [38, 39, 6, 2, 38] and references within.

One of our concerns in (1) is determining the flux or velocity in addition to
the pressure; the typical Galerkin method yields a loss of precision because it is
estimated from the approximated solution via post-processing. The mixed methods,
on the other hand, provide a direct estimate of this physical quantity and lead to
locally conservative solutions. Another advantage of using a mixed technique here
is the ability to introduce one more unknown of physical importance, which may be
computed directly without adding any new sources of error. Mixed VEM has been
effectively employed to approximate a number of partial differential equations; see
[9, 8, 10, 21, 11, 22] and references therein for details. Here, we introduce o (x,t),
defined by

(2) o(x,t) = a(z)Vp(x,1t) _/0 b(x;t,s)Vp(x,s)ds,
and rewrite (1) as:

(3) pt(w7t) —V-a(a:,t) = f($7t)'

The meaning of this independent variable ‘o’ is velocity field while discussing flow
in porous media, whereas (3) expresses a mass balance in any subdomain of D,
see[35]. So, the mixed formulation for this setting simultaneously approximates
the pressure and the velocity field while maintaining the underlying local mass
conservation. Since there is an integral term in (2) which involves Vp, we introduce
a new kernel known as the resolvent kernel to deal with this integral term. This
formulation has been explored in [35, 17, 18] for the semi-discrete formulation and
non-smooth initial data, but the fully-discrete case has not been explored yet for
this formulation to the best of our knowledge.

For the mixed variational formulation corresponding to (2), we will use the re-
solvent kernel, applicable to any Volterra integral equation of the second kind [33],
which takes the form:

(4) X(t)=F()+ /0 K(t,s)X(s)ds.

The resolvent kernel for (4) can be expressed as:

X(t)=F() +/O R(t,s)F(s)ds.
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Moreover, the resolvent kernel of (4) satisfies:
R(t,s) = K(t,s) / K(t,z)R(z, s)dz.

Although determining the resolvent kernel for a given kernel may be a challenging
task, but computationally, this approach proves significantly more efficient. This is
particularly evident when comparing it to the formulation outlined in [27], which
involves two terms under the integral sign and hence requires N x N times more
computation of a matrix. Additionally, in the 3-field formulation discussed in [28],
the system of equations is considerably larger than the system arising from this
formulation. Hence, whenever the resolvent kernel is available, utilizing this formu-
lation yields computational cost cutting. Furthermore, if the resolvent kernel turns
out to be a series, we can truncate the series and get the desired result as shown
by Example 3 in Section 5.

There is hardly any result in mixed VEM applied to PIDEs, so an effort has been
made to address this shortcoming. With the computational benefits and polygonal
meshes in mind, we plan to employ mixed VEM for a certain class of PIDEs to
conduct an in-depth analysis of the convergence behavior of PIDEs.

This paper implements the mixed VEM method on (1). This work presents
several significant contributions, which are outlined as follows:

e To tackle the integral term, an approach involving a novel projection with a
memory term (referred to as mixed Ritz-Volterra (R.V.) projection) is intro-
duced, which helps in achieving the optimal convergence of order O(h**1)
for both the unknowns.

e A fully discretized scheme is put forth, utilizing the backward Euler’s
method for temporal derivative and the left rectangular rule for the dis-
cretization of the integral term.

e The analysis is performed to show the super convergence of the discrete
solution, which has been verified with the different numerical experiments.

e Theoretical results have been validated through the implementation of nu-
merical experiments.

Unlike finite element formulation, virtual element discretization necessitates using
the L? projection operator, complicating the convergence analysis.

Throughout the article, for a bounded polygon domain D and an integer m > 0,
we employ conventional notation (-, ), p and || - ||;m,p to denote the H™ (D) inner
product and norm. Furthermore, we write commonly (-,-) and || - || to indicate the
L? inner product and norm. Also, | |,,,p symbolises the H™ (D) semi-norm. The
space X", for ¢ = 1,2 with the standard modification for ¢ = oo is defined as:

1/q

T
X' ={v(z,t) € H"(D) for a.e. t € (0,7] and </0 ||U(-,t)|‘}ndt> < 00},

with the norm

T 1/q
lollxp = l[o(-, D)7t [vllxz = sup ffo(t)]m.
q
0 0<t<T

We consider the space V = H(div; D) and @ = L?(D), whereas the spaces H (div; D)
and H (rot; D) is defined as:

H(div; D) = {x € (Q)* : div x € Q},
H(rot; D) = {x € (Q)*: rot x € Q}.
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For more details about these spaces, see [3]. The upcoming sections are organized
as follows: Section 2 presents the introduction of virtual element spaces along with
the variational and semi-discrete VEM formulation. The analysis of convergence
for the semi-discrete scheme is conducted in Section 3 by introducing a mixed R.V.
projection depending on the memory term. Also, the super convergence property
is discussed in the same section. Section 4 outlines the fully discrete scheme and
its convergence analysis. Lastly, Section 5 contains details of distinct numerical
experiments aimed at validating the theoretical findings presented in Sections 3,
and 4.

2. VEM Approximation

2.1. Virtual Element Space. We assume Z; to be the collection of decompo-
sition of D into star-shaped sub-polygons E, and &, is the set of edges e of Zj,.
Along with this, we postulate that for each element F, 3 a g > 0 such that F is
star-shaped from every point of the disc D;,, with radius dghg (hg represents the
element E’s diameter), while h, represents the edge e’s length, of the element F
and fulfills h, > dghg. While considering a sequence of decomposition {Z}n, we
assume dg > dg > 0 for some &g independent of E and Zj. The largest diameter of
Z,’s elements is h, as is customary. Here, P, (E) is the set consisting of polynomials
of degree < k in E. Moreover, the mesh assumptions can be significantly relaxed
with some changes in the interpolation estimates, stability term, etc., as discussed
in Remark 3.3 of [4] and further elaborated in [13, 25, 7]. Now, we define the local
space

VH(EB) ={x € H(div; E) N H(rot; E) : X - n|. € P(e) Ve € OE, V-x € Py(E)
and, rot x € Pr_1(FE), for k > 0},
where P_; (E) = {0}. For our analysis, we define the discrete spaces as:
VE={xeV: xp e V¥(E) YEinTI,},
QF ={qe L*(D): qp €Px(E) VEinI,}.

The discrete bilinear forms in spaces th and QZ can be computed via degrees of
freedom (dof). For the space Q’fb, we are considering the scaled monomials on each

element E as dof:
T — Ty Y —Yegp
1 for k=1;
(7( hi )’( hi )) o ’

1 T — Tcp Y —Ycg T — Tcp ? T — Tcp Y —Ycp Y —Yeg 2
' hg ’ hg ’ he ’ hg hg ’ hg

for £k = 2, and in a similar way for a higher value of k, where (z.,,¥.,) and
hg represents the centroid and diameter of the polygon FE, respectively. For the
local space V}¥(E), we present the well-defined collection of operators as dof, see [4]:

° /X -nqrdy for each edge e of the element F, Vqi, € Py(e),

€

b / X gkfldxv ng,1 € VPk(E)v
E

. / X -girdw, Vgt € L2(E) orthogonal of VPyyi(E) in (Py(E))2.
E
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To define discrete variational formulation, we make use of the L2-projection oper-
ators denoted by I19 : Q — Q’fb and IIY : V — th, and defined for any ¢ € Q and
X €V as:

/ (¢ —1g)prdz =0 Vpi € Pi(E), VE €Ty,
E

/ (x — ng)pkdm =0 Vpge (Pk(E))Q, VE € 1p,.
E

119 and II satisfies the following estimates, see[4]:
(5)  lle—allo < Ch7lalr,  [Ix —TRxllo < Ch x|y 0<r<k+1.

Now, define “Fortin” operator IIF: (H'(D))? — V;¥ through the dof of the space
ViE as:

° /(X —TIx) -ngudy =0 for each edge ¢, Vqi, € Pi(E),
. / (x — MY x) - gx1dx =0 for each element E, Vg, € VP.(E),
E

. /(X —TII} x) - gi-dz = 0 for each element F, Ygi- € L?(E) orthogonal
ofEV]P’k.H(E) in (Px(E))2.
I} satisfy the following properties and estimates:
VI x =RV - x,
6) llx =Ty xllo < Ch7Ixlr, IV - (x =TEx) o < CH |V x|y 0<r<k+1.
For more details about II/, we refer to [37].

2.2. The Continuous and Semi-discrete Formulation. Assuming u(z) =
a~*(z), (2) becomes:

Vp(z,t) = p(z)o(x,t) + /Ot w(x)b(x;t, s)Vp(x, s)ds,
which can be rewritten as:
Vp(z,t) = p(z)o(x,t) + /Ot R(z;t, s)u(x)o(x, s)ds.
where R(z;t,s) is the resolvent kernel of p(x)b(z;t, s), see [33, 35, 17] and satisfy
the following:
R(z;t,s) = p(x)b(a;t, s) + /t w(x)b(x;t, 2)R(x;2,s)dz  t > s> 0.

One of the possible ways of finding a resolvent kernel R(t, s) for any kernel K (¢, s)
is:

R(t,s) = Z K (t,s),

m=1
where K,,(t, s) is given by:
¢
(7) Ki(t,s) = K(t,s); Knl(t,s)= / K(t,2)Kpm—1(z, 8)dz.

The smoothness and boundedness of the resolvent kernel are derived from the s-
moothness and boundedness of a=!(x)b(z;t,s). For further details, please see [17].
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By denoting K(z;t,s) = R(x;t, s)u(z), we define variational formulation as: Find
(p,o) € L?(0,T; Q) x L?(0,T;V), for a.e. tin (0,7, see [15] such that:

(P, ¢) = (V-0,0) = (f,0) Vo € Q,

(8) t
(no,x) +/0 (K(t,s)o(s),x)ds+ (V-x,p) =0 Vx € V.

with the initial condition p(-,0) = po.
Now, the mixed VEM formulation reads as: Find (pj,o) € L*(0,T;9OF) x
L%(0,T;VF), for a.e. t in (0,7) such that:
(Phyts$n) = (V- o, dn) = (fidn)  Von € Qf,
9) t
ah(o-h; Xh) + / ICh(ta S3 Uh(s)a Xh)ds + (v . Xhaph) =0 VXh € Vh],c7
0

where the initial condition py,(-,0) follows Remark 2 and [40]. The discrete bilinear
forms above are defined Vz,, xp € th as:

an(zn,xn) = Y af (zn,xn)s  Kn(tsizn,xn) = > KE(t, 5120, xn),
EET), E€T),

and bilinear forms o (-, ) : V¥(E)xVF(E) - Rand KF(.,-) : VF(E)xVF(E) — R,
on every element E € 7, are defined as:

ar, (In, qn) = (pI0, IgR)o, + S§ (T = TI)In, (I = TI))gn)  Vln, qn € Vi (E),
K (t, 5300, qn) == (K(t, )T, T qn)oe Vh, qn € Vi (E).

The stability term SE : V}*(E) x V}¥(E) — R should be constructed in such a way
that, 3 s, u* independent of h with 0 < p, < p* and satisfies the following:

pea® (U, 1) < S5 (I In) < pa®(ln,1n) Vi € ViE(E).
One of the possible choices of S(-,) is:

Naof
SE(I = TR, (I = 1)my) = |E| > dof;(L, — I}, )dof; (my, — TIimy,),
i=1

where [i is some positive constant approximation of the coefficients p(x) [5]. More-
over, 3 uy, o > 0, such that:

(10)  an(xnsxn) 2 bl and Jan (zn, xa)| < p2llzalllxall - Vxn € ViE-

For more details about S(J)E and its properties, see [5, 4].

Remark 1. Adding the stability term SE in aF(-,-) helps to prove the coercivity of

a}’f. However, since we only need ICE(~, -) to be bounded, therefore we don’t need to
add this extra term KF(-,-), see [40].

3. Error Analysis for the Semi-discrete Case

Lemma 1. For E € Iy, let the coefficients pu(z) and K(z;t,s) be smooth scaler-
valued functions in D and w be smooth vector-valued function and xn € th(E).
Then,

ar (T, xn) — (uI0w, xn)o.e < Cuh* Hulki1 2lXxnlo.2,

(11) Kn(t, s Mow, xn) — (K(t, $)Iou, Xn)o,5 < Cich™ ! ulii1,5Xn]0,5-
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Proof. Let 1y, xn be vector-valued functions in th(E). Then, by using the proper-
ties of Hg, we arrive at:

ar (In, xn) — (1, X))o,
(12) = (ulp — I (sdn), X — TI0xn )0, + (I — XXln, pixcn — T (Xn) o, B
— (Un — T, O — Mxn) o, + S (I =TI, (I — TI))xh).

Now, put I;, = II%u in (12) and using the properties of ITY, last three terms becomes
zero and we arrive at:

af (T, xn) — (uII0w, X1 )0,z <CLuh* Hulki1 glXnlo.5-

Using the similar arguments, we can also prove (11). O

3.1. Mixed Ritz Volterra Projection. For the formulation described in (8) and
(9), we can now derive the optimal error estimates for both the semi-discrete and
fully-discrete cases, we need to deal with the memory term. Therefore, we introduce
a new projection here with the memory term known as mixed R.V.projection. Given
(p(t),o(t)) € Q xV for t € (0,T], define mixed R.V. projection (p(t),&(t)) €
QY x Vik, as:

(13)

t
an (&, xn)+ / Kn(t, 5 6(5), x0)ds + (V- X0, )
0

t
— (noxn) + / (K(t,5)o (), x)ds + (V- xp) Ven € V.
0

(V-(o—6),¢n) =0 Yoy EQIfL

Since (13) is a linear system. To prove the existence and uniqueness of the mixed
R.V. projection, it is sufficient to prove that the associated homogenous system
(14)-(15) has only a trivial solution.

t
(14)  an(e,xn) +/ Kn(t,s;6(s), xn)ds + (V- xn,P) =0 Vxu € Vi,
0

(15) (V-&.¢1) =0 Yor € Qp.
Put ¢p, = V- & in (15) to arrive at V- & = 0. Substitute x, = & in (14) and by
using (10), we arrive at the following:

t
mlle|? < - /O Kt s 5(s), &)ds

t
l6] < C / 16 (s)llds

Using Gronwall’s lemma, we have ||| = 0 Now, we use the inf-sup condition
mentioned in [4], [8], which is:

3 8 > 0 such that inf sup M

>p>0.
a€Q} vevy lallelivllv

So,
N V:Xhn,D - b
15 < ¢ sup XD (no 4 / ||a<s>|ds) |

oo Thenllv

We arrive at ||p|| = 0. Hence, p =0 and & = 0.



MIXED VEM FOR LINEAR PARABOLIC INTEGRO-DIFFERENTIAL EQUATIONS 511

Below, we present the estimates for R.V. projection:

Theorem 1. Under the assumptions H.1-H.3, o and p € X¥F', 3 a unique solu-
tion (p, ) € QY x V¥, which satisfies (13). Furthermore, the following estimates
hold true:

t
(16) lo = &llxo, < CREH <|‘7|k+1 +/ |‘7(5)|k+1d5> ;
0

t
(17) Ip — Bllxo < CRF! <|P|k+1 + [o[k+1 +/ |¢7(5)|k+1d5) :
0

Proof. In order to prove (16) and (17), we proceed by considering ¢ = o — &,
Y =MFo—-6,p=p—p,and 7, = [I{p — p € QF . Now, By the definition of the
mixed R.V. projection (13):

(18)

t
an(Wnxn) + / Kn(t, 5 W (s), xu)ds
0

=(V-xnd—p)+ </Ot Kn(t,s;TIF o (s), xn)ds — /Ot(lC(t,s)a(s),xh)ds>

+ (an(@f o, xn) — (1o, X)) -

For solving the third term in the right-hand side of (18), we use Lemma 1, (10)
and Cauchy-Schwarz inequality as:

(19)

an(If o, xn) — (o, xn)
= an(If o — Mo, xn) + an (Mo, x1) — (u(o — MRo), xn) — (uIIfo, xn)
< C(le - Mo| + [} o — Mo | + h*o|es1)xall [By using (5) and (6)]
< Ch* o |k llxnll-

In a similar manner, one can address the solution of the second term on the right-
hand side of equation (18) as:

/ Kn(t, 5 TIE o (5), x)ds — / (K(t, 5)or(s), x)ds
0 0

t
(20) | / () 41 ds.

By using (13), (19), (20), II¥", ||V - 43| = 0 and by considering x5, = 15, in (18),
we arrive at the following:

t t
an(tn, n) < CHEH (|a|k+1+ / |a<s>|k+1ds) Il = [ Kt ), s,
0 0

Use of boundedness of KCp(t, s;-,-) see [17], coercivity of an(tp, 1) and (10), fol-
lowed by Gronwall’s lemma, yields:

t
lypnll < ORb+ (|a|k+1 +f |a<s>|k+1ds) |
0

Now, the use of triangle inequality completes the proof of (16):

t
(21) 19]) < cnk (a|k+1+ / |a<s>|k+1ds>.
0
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To prove (17), we proceed by using the definition of mixed R.V. projection (13) as:
(19, xn) + (V- xn,70) = F(xn) Yxn € Vi,

22
22 (V-9,¢) =0 Vg, € QF,
where
t
F(xn) =an(6,xn) — (16, Xn) +/ Kn(t,s;0(s), xn)ds
(23) 0

- /0 (K(t, 5)0(5), xn)ds.

Let ¢ € H%(D) N HE (D) be the solution of the dual problem:

(24) -V (aV&) =1, &=0 ondD,

and satisfy the following regularity condition:

(25) €l <l

Consider ® = aV¢, then (24) will satisfy:

(@, x) +(V-x,6) =0 V¥xeV,
—(V-®,¢) = (mh,¢) VoeQ.

Now, put ¢ = 75, in (26) to get:

(26)

I7l* = (7, =V - (17 aV€))
— (40, TI (aV€)) — F(II (a¥E)) | By using (22) .
Now, from (23), we can rewrite F(II (aV¢)) as:
(28)
F(IL; (aV§))
= (an (& — 1o, 1L (aVE)) — (u(& — o), I} (aVE)))

(27)

t (an(Mor, T (aVE)) — (uTr, TI (aVE))) — ( | @) wavg»)
+ (/O Kn(t,s; (6 —Te)(s), I (aVE))ds
- [ 9@ - mo)s), Hfmvs)))

n ( [ Kt o (o) 1 (@99 - [ </c<t7s)H%za(s),nf(avs))ds) .

The first and fourth terms on the right-hand side of (28) can be solved in a similar
way as (12). We apply Lemma 1 to deal with the second and last terms whereas we
use Cauchy-Schwarz inequality and (21) for the third term. Therefore, we arrive at
the following:

t

(20) F(IE (aVe)) < CRF (|o|k+1 -/ |a<s>|k+1ds) €l
0

whereas

(30) (19,11 (aVE)) < CID]] €]
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Using (29), (30), (21) and (25) in (27), we arrive at:

t
(31) Imall < CRAH (|ak+1+ / |a<s>k+1ds).
0

We get our desired estimates by using a triangle inequality and (5). (]

3.2. Super Convergence property of 7,. As evident from the equation (31), it
is clear that 7, exhibits convergence of order O(h**1). We can potentially enhance
the convergence order of 75, by utilizing the dual norm approach, resulting in an
order of O(h**2). This can be shown by rewriting (27) as:

(32) I7all* = (19,115 (aVE€) — aVE) + (V- 9, IR — €) — F(II} (aVE)).
Now, by using (5) and (6) , we arrive at:

(33) (19, I1}; (aVE) — aVE) < Ch|I|[[€]l2,

(34) (V- 9,I¢ — &) < CR?||V - D[[[€]|2-
Now, (28), can be rewritten as:

F(II} (aV§))
= <ah(& —IL)o, II}; (aV¢)) — (u(6 — o), I} (aVE)))
(an(I)or II} (aVE)) — (pIT}o, I} (aVE)))

(/ Kn(t,s; (& —Te)(s), I (aVE))ds
- / (K(t.9)@ - 1) (6). T (a76))

0

t N OO' S r a S — ' S 00' S I a S
+< / Kn(t, 5: Tl (s), TIF (aVE))d / (K(t, )0 (s), TTE ( vo)d)
- / (K(t, 5)(9)(s), TIE (aV€) — aVE) - / (K(t, 5)(9)(s), aVE).

For the last term in the right-hand side of (35), we will use the dual norm approach,
whereas all the remaining terms can be solved similarly to (28) by considering the
higher regularity of &, i.e., ||£]|2 as:

(35)

F(II} (aVE)) < ChH? (|a|k+1+ / |a<s>k+1ds) lell2 + / 19(s)l|—1|aVE]-

The term in the (33) can be bounded by using (21) and for (34), we proceed as:

IV-9|>=(V-9,V- (0 — I} o))
(36) <|[V-9||V- (o —Tfa)|
= V-9 < ChF|IV - ol
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For the estimate of ||9]|_1 in (35), let 3¢ € (H'(D))?, then:
(0, 3) =ap (6, T2 2x) — (u6, T s2)

/ Ko (& (s), TIO3¢)ds — /Ot(lC&(s),ng)ds

t
+ (u, 3¢ — T se) — / (K9(s), I 3¢)ds — (V - TIQ 3¢, 73,).
0
Solving all these terms and using Gronwall’s lemma, we get the following:
t
(37) 911 < 0142 (lolus + [ lo(lards) + ]
0

Using (37), (35), (34) and (36) in (32) followed by Grénwall’s lemma:

IM0p — 5| < Chb+2 (|a|k+1+|v ol + / o (s) |k+1ds)

To prove the super convergence of Hkp Ppr, we must estimate Hkpt — py. First we
differentiate (13) and then follow the similar steps as above, we get the following:

t
7]l < CRA+ (mml Voot + [ (o) +19- a<s>|k>ds) .
0

Lemma 2. Under all the assumptions of Theorem 1 and o, p; € ij‘l, where py,
o and pt, o be the time derivative of p, o and p, & respectively, the following
estimates hold true:

t
o = 3ilivy <t (Il + lolas + [ lolhnds )
0

t
o1 — Billxe, < CHEH (|pt|k+1 Hlon + ol + [ |o<s>|k+1ds) .
0

Theorem 2. Let p, o and py, oy be the solution of continuous problem (8) and
semi-discrete formulation (9), respectively. Under all the assumptions of Lemma
2, the following estimates hold true:

T
(38) P —pulliy <C (IIph(-,O)I2 + RO (lpliﬂ +lofi +/0 9(8)d8>> :

T
(39) lo— o5 <C <19h(-,0)|2 + CR2D (IUI%H +/ 9(5)d8>> :
e 0

where g(s) = |pu(s)li 1 + loe(s)lis + 1o ()i

Proof. Writing p — pp, = p+ pr and o — o, = ¥ + ¥, where pp, = (p — pr) and
9y, = (6 — o). Since, we already have the estimates of ||p|| and ||9||, we need to
find ||pr|| and ||94|]. Use (8) and (9) to have the error equation as:

(40) (pe, 1) — (Pht, 1) — (V- (00 — o), ¢n) =0 Vo, € QF,
(1o Xh) — an (@ xn) + / (Kt )0 (), x0) — Kn(t, 5. 0(5), X0 ds

= (V-Xn,pn —p) Yxn € Vy.
Again rewrite (40) and (41) as:

(42) (Prts On) — (V- On, bn) = —(pt, 1),

(41)
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t
(43) an(Vn, Xn) +/ Kn(t, 8394(5), xn)ds + (V- X, pn) = 0.
0

Putting ¢, = pp, in (42) and xj, = 9, in (43), then adding these equations, we get:

t
(pn,ts pr) + an(On, 9n) = —(pt, pn) —/ Kn(t, s;94(s),9)ds.
0

By utilizing (10), along with the Cauchy-Schwarz inequality, Young’s inequality,
and employing the Kickback argument, we reach at the following result:

Ld

t
(49 S ollonl® + Crs e [9nll < Cellpull* + Cerllonl|* + Czc/o 195 (s)]*ds.

Integrating (44) from 0 to ¢, and then using Gronwall’s lemma, we get:

t t
mﬁ+AHM@2mchmmW+Anmmmﬁ

t
lonl? < € (o017 0259 [ gegas).
0
Now, using a triangle inequality and (17):
t
o=l < € (o017 + 224 (1o + o + [ atoas) ).

For the proof of (39), differentiate (43), and then put x; = 9, and, ¢, = pp in
(42) to get:

t
(Onts i) + @ (9t On) + Kn(t, t: O On) — / o1, 539 (5), 9 ) s
0

d
— — (o, i) lomal® + B2 =

t
< Ck|[9n]* + Ck, Hﬂh\l/ [9n(s)llds + Cellpe|* + Cellpn.e*.
0

Using the Kickback argument followed by the integration from 0 to ¢, we arrive at
the following:

/0 lon.s(s)[*ds + [[9]* < €1 (IIﬂh(wO)II2 +/0 (I9n()1* + llpe(5)]I) dS) :

Now, using Gronwall’s lemma:

|wm2chWAAMP+AnmwM%Q.

Using a triangle inequality and (16), we arrive at:

t
|wamZSC(ﬁmwn2+0WW”(W%H+/gwm§).
0
O

Remark 2. The estimate (38) and (39) involve the term pp(-,0) and 94(-,0) re-
spectively. We need to choose pp(-,0) and op(-,0) in such a way that pp(-,0) and
95(-,0) is of O(RFT1).
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3.3. Super Convergence Analysis.

Theorem 3. Let p and py be the solution of continuous problem (8) and semi-
discrete formulation (9), respectively. In accordance with all the presumptions out-
lined in Theorem 2, the following assertion remains valid:

TP — pllxe, < O(R™*2).

Proof. As shown in Section 3.2, the convergence of 75, can be extended to O(h**2).
Here we will analyze the super convergence properties of II9p — p;, by considering

p—pr=1p—P+pP—pr="h+pn

Since we know the estimate of 7, (32) so our aim is to find the estimate for p; and
for that, we will proceed by using the fact that ¢, € QF and V - x5, € Px(E) and
use the definition of II9 projection, we write (8) and (9)as:

(45) (I2pe, ¢n) — (Prts dn) — (V- (@ — an),én) =0 Vo, € Qy,

(no, xn)—an(on, Xn) +/0 [(K(t,s)o(s), xn) — Kn(t,s;0n(s), xn)]ds

= (pn =P,V - xn) Vxn € Vy.
Rewriting (45) and (46) as:

(47) On,ts dn) = (V- O, 0n) = —(Yni, én),

(46)

t
(48) an(n, Xn) +/ Kn(9n(s), xn)ds + (V- xn, pn) = 0.

0
Put ¢, = pp, in (47) and x, = 9, in (48), followed by the similar steps as in
Theorem 2, we get:

lnl* <Cllon(-, 0]
t
+ O /0 (Ioe(s)is + V- ae(s)i + [V a(s)[; + o ()] 1)ds.
O

4. Fully-Discrete Scheme

The error produced by a fully discrete scheme has two ingredients in theory:
the error caused by spatial discretization, which is dependent on h, and the error
caused by the time discretization, which is dependent on time phase size 7.

Now, we’ll discretize our problem in time. To discretize in time, we use the Euler
backward process. Divide the time interval into N distinct points that are evenly
spaced, let t,, = n7 and the sequence {P,} and {o,,} be generated as:

Pn%ph('7tn)7 Un%o-h(ﬁtn), TL:O,l,Z,...,N,
7=T/N.

Define 0,®" = w and the left rectangular rule for the partitioning of
the integral term for any function ®(t) as:

/0 ' O(s)ds =~ TZ D(t).
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Therefore, the fully discrete scheme is defined as:
(5tpna ¢h) - (v *On, ¢h) - (f(tn), ¢h)a

(49) n—1
an(on, Xn) + 7Y Kn(tn,tj;05,xn) + (V- xn, Pa) = 0.

Jj=0

Theorem 4. Let p(-,t,) and P, be the solution of continuous problem (8) and
fully-discrete formulation (49) at time t = t, respectively. In accordance with all
the presumptions outlined in Theorem 2 and py € X3, the following assertion
remains valid:

P, — p(tn)] OB +7), ¥Yn=1,2,---,N,
lon — (. ta)| OB +7) ¥n=1,2,--- N.
Proof. Let us write,
Po=p(tn) = P = p(stn) +B(tn) — (s tn) = pi + 0",
G — T (tn) = O = G ta) + G 1) — (-, 1) = O] + D"

Since, we know the estimates for p” and 9", we need to find ||p}|| and ||9}| and
for that, we proceed by rewriting (49) and using (8) as:

(50) (5tp27 ¢h) - (v : 01}:? (bh) = (pt(7tn) - 6tﬁn7 ¢h) y
n—1 )
ah(ﬂza Xh) + 7 Z Kh(tna tj; ’19%7 Xh) + (v * Xh> pZ)
7=0
(51) = (Vt)fh7p(>tn> _ﬁ(atn)) -
4 [ Ko s x)ds = 73 Kt i ,15).0)
0 =

+ (IU/O'(a tn)a Xh) - ah(&('; tn)> Xh)
Add (50) and (51), after putting ¢, = p} and x;, = 9}, and then use the definition
of mixed Ritz Volterra projection to obtain:

n—1
(Depit p1) + an (O3, 07) + 7 Knltn, t;; 9, 97)
j=0

tn n—1 ~
:/ Kh(tn,s;0(s),9y)ds — 7 Z Kn(tn, tj; o, tj)7 9y) + (pt('a tn) — 0", PZ) .
0 =

Using (10) and boundedness of Kp,(ty,t;;, ), we arrive at:

1 (pmz o 14 —p21||2>
2 T T
(52) n—1 )
<7 pp) + (13,97) + Cr >[99 ]197 1],
j=0

+ |95 17

where
S(Hpt('atn) - 5tpn|| + ||5tpn — 5t;5”||)HPZ||~
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(53)
(7. pp) <C < / " lpee(s)llds + / " (e ®)ss + loe(5)as + 108

tn—1
+ [o@had )up I

where the term (I3, 9}) can be solved as:

k+1

n—1

tn
(Igv 792) = / Kh(tna 53 &(5)7 192)d$ -7 Z ’Ch(tnv tj; &(’7 tj)v 192)
0

=0
tn 8

< —_

< C’T/O s

SC’T/On(”&(s)—a'(s)||—|—H0'(S)||—|—H&t(S)_Ut(s)H+||o-t(s)||)d8||192”’

(Kn(tn, s;0(s), 9)ds

and

(I3, 9y) < CT/ o)+ o)+ B4 (o () ke + o)k
(54) 0

+ / 10(2) s2d2))ds |97

Using (53) and (54) in (52), we get the following:

1 ||ph||2 ||ph 1”2 H,ﬁ H2
2

= (( /o (o) +llo@)l +r (o ()l + o (s)l41))ds

n-1 tn pE+L rtn
IO 1051+ ([ Ipallds+ 5= [ (e
=0 tn—1 tn—1

ol + o6l + [ |a<z>|k+1dz>ds) ||p2||> .

Applying Young’s inequality and subsequently employing the Kickback argument
leads us to the following:

AT :
5 (1= e

n—1 tn
<Co TSI+ IR+ [ )P
. tr—
(55) I=0 1

! 72/0 oI + o) + h2ED (o () By + lo(s)E40)ds

h2(k+1)
+ = / ( /|0' |k+1dz> .
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Multiplying (55) by 27 and summing from 1 to m, with 1 <m < N gives:

i 17 +27C0 Y [1971°

n=1
m n—1 ) m
<lp(0)P 420 [ 72D S IR+ 7> okl
n=1 j=0 n=1

T T
2 2 2 2 2 s
tr / (o) 2 + loe(s)|P)ds + 7 / lpees)12d

T T
+h2(k+1)/0 g(S)derTth(kH)/O (|0'(5)|z+1+|0't(5)|12c+1)d5>-

Using Gronwall’s lemma and replacing m by n, we get our desired result:
o]l < O(R** + 7).

For the estimate of ¥}, we proceed by rewriting (51) as:

n—1
(Lh( Z7Xh) + 7 ZKh(tmtgv'ﬁngh) + (V : XhapZ)
j=0

tn n—1

(56) = ]Ch(tnvs§&(5)aXh)d5_TZICh(tnatj§&(tj)>Xh)~

0 =0

Again considering (56) at time step t = t,,—1, we obtain:

n—2
a’h(ﬂz_la Xh) +7 Z K:h(tn—la t]v 19‘}]7,7 Xh) + (V * Xhs PZ_I)
=0
tn—1 n—2
(57) :/ Kr(tn—1,8;6(s), xn)ds —TZICh(tn,l,tj;&(tj),Xh).
0 =

Now, subtracting (57) from(56), and then dividing by 7, we arrive at:
n—1

an (007, xn) + Y Knltn ;9% xn)

=0

n—2
= Knltn—1,t5: 99, xn) + (V- X0, 0u}y)
i=0

(58) 1 tn n—1
== ’Ch(truS;&(s)aXh)dS_Tzlch(tmtj?&(tj)aXh)
0 =
1 th—1 n—2
- / /Ch(tnfhs;&(sﬁ)(h)ds—TZ/Ch(tnfhtj;&(tj%Xh)
0

Jj=0

519
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Put ¢ = 5,5,02 in (50) and x» = ¥} in (58) and then add, we obtain:
n—1 n—2

10ep3 1% + an (0107, %) + > Knltn,t399,9%) = > Kn(tn-1,t;;9%,97)

j=0 3=0
(-, tn) — Op™, Drp})

tn
( Ki(tn,s;6(s), OF) s—TZICht tisa(t )719;;))
tn 1 n—2
tno1,56(5),90)ds — 7> Kp(tn_1,t;;6(t;),07)

§j=0
and
_ B n—1 ] n—2 ]
18ep7 1> + an (D07, 9%) + Y Knltn, t5:97,97) = > Knltn-1,t5597,97)
j=0 3=0
- 1

where
(60)

~ tn p2k+2  [tn s
(I, Opp) < Ce 7’/ [pee(s)]|2ds + - / (9(3) +/ |a'(z)|i+1dz) ds

tn—1 tn—1 0
+ Cer|Bipp |17,

and

tn n—1
(I, 97) = (/ Kr(tn,s;a(s), 9, )ds — T Z ICh (tn, t5; 6'(@),192))
0

=0

Jj=0

th—1 n—2
_ (/ K:h(tnfla S; 5’(8), ﬂﬁ)ds -7 Z K:h(tnfh tj; &(tj), ’192))
0
tn—l
:/ (Kn(tn, s;6(8),9%) — Kp(th-1,s;6(s),97)) ds
0
—TZ Kn(tn,tj;0(t;),95) — Kn(tn-1,t;;0(t;), 9%))

+ / Kh(tn, s;6(s),9%)ds — T (tn, tn—1,6 (tn—1),9})
tn—1

9
Os

%(Kh(t,s;&(s)ﬂﬁ)) ds

th—1
(I3,97) STQ'/ ds
0

tn
/t

n—1

(K:h,t(tn* 5 S35 &(8)7 792))
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where t,,« € (tp—1,tn)-

(61)
1

-
—(Knt(tn=, 5;6(s), 93))

tn—1 8
<
_T/O ds

<c ( [ e+l [ ol +los]Pas

(I3, 9%)

2 (1,559, 07)| ds

tn
ds—|—/
t

n—1

tn—1

tn—1 s
+ T2h2(k+1)/0 <cr(s)|i+1 + \o-t(s)|i+1 +/0 |o-(z)|i+1dz) ds

tn
+rh2(k+D) /

tn—1

(|o<s>|i+1 T lou(s) R + / |a<z>|i+1dz) ds + ||19Z||2> .

Put (60) and (61) in (59), to arrive at:
(62)

01 || + 111 (
n—2 )
< 7Y Kniltns 1399, 97) — Kn(tn, ta—1; 97, 97) + C (110> + 19712

=0
(g<s> <[ ||a<z>|i+1dz) ds

+h21:_+2/tn
72 tnila’sz o (8)|[P)ds + T " o(s)|]? o (8)|1?)ds
+ / U ()12 + ov(s)] >d+/ U ()2 + ov(s)]2)d

[951% = (195"
2T

n—1
tn—1

tn—1

4 2p2(k+1) /

0
tn
/t

n—1

(|a<s>|z+1 o) + / |a<z>|z+1dz) s

(Ipa(e)1? + 2269 (l0 @) + o + [ o nds) ) ds> .

Multiplying (62) by 27, using kickback argument and then summing from n = 1 to
m, we obtain:

m T
193112 <Car Y 1931 + C <T2/O (lpee($)IZ + o ()I* + lloe(s)[1*)ds

n=1
T
IO + 17 [ g(s)as )
0
By using Gronwall’s lemma, we may replace m by n to get our desired estimate:

193] < O(R 1 + 7).

5. Numerical Results

Within this section, we are set to conduct numerical experiments aimed at val-
idating the effectiveness of the introduced mixed virtual element scheme for the
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1 1
0.9 0.9
0.8 0.8
0.7 0.7
0.6 0.6
05 05
0.4 0.4
03 03
0.2 0.2
0.1 0.1
0 0

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

FIGURE 1. An illustration of polygonal meshes: on the left Q,;2,
and on the right, H; /5.

0 01 02 03 04 05 06 07 08 09

FIGURE 2. An illustration of Voronoi mesh V) /6.

L*-error for o), L%-error for py,

—log(error)
—log(error)

1 12 14 16 18 2 22 1 12 14 16 18 2 22
—log(h) —log(h)

F1cURE 3. Order of convergence for Example 1 on the quadrilat-
eral mesh.

PIDE (1). Our investigation encompasses distinct mesh types: a quadrilateral
mesh, a hexagonal mesh, voronoi mesh as illustrated in Figure 1 and Figure 2.
Here, we consider the domain D the unit square in R?. Before presenting the nu-
merical results, it is important for us to have a better understanding of both the
spaces, dofs, and how bilinear forms can be computed on these spaces. All the dis-
crete forms are already explained in Section-2.2. In (49) the bilinear forms (P, ¢r)
and (f(tn), ¢r) involves multiplication with polynomials so, can be done by using
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L¥-error for @), L2-error for p,

—log(error)

11 12 13 14 15 16 17 18 19 2 11 12 13 14 15 16 17 18 19 2
—log(h) —log(h)

FIGURE 4. Order of convergence for Example 1 on the hexagonal mesh.

L2-error for IYp — py L-error for Ilp — py

—log(error)
—log(error)

1 1.2 14 16 18 2 22 1 12 14 16 18 2
—log(h) —log(h)

FIGURE 5. Order of convergence for II9p—pj, on the quadrilateral
mesh. The left-hand panel pertains to Example 1, while the right-
hand panel pertains to Example 2.

any quadrature rule of appropriate order, whereas for the discrete forms af(-, ),
KE(-,) and (V- 0, ¢n)E, dofs of V;¥(E) will be needed (as defined in section-2.1).
For more details about the implementation, we refer to [5].

We use the backward Euler approach for time discretization coupled with mixed
VEM discretization to tackle the fully discrete problem, for the polygonal mesh
sequences.

Example 1 Consider the linear PIDE (1), with coefficients a(x) = z, b(z;t,s) =
ze(t=9) exact solution p(z, t) = tsin(2rz) sin(2my) whereas K(z;t, s) = . No-
tably, the load term f, boundary data, and initial data ug are all determined using
the exact solution as a reference point.

Example 2 Consider the linear PIDE (1), with cofficients a(x) = =z, b(x;t,s) =

(312228)7 exact solution p(z,t) = te*t(x — 2?)sin(2wy) whereas K(z;t,s) =
(xé%;((st)))) e(t=5) Notably, the load term f, boundary data, and initial data ug

are all determined using the exact solution as a reference point.

Example 3 Consider the linear PIDE (1), with coefficients a(z) = 1, b(z;t, s) = ts,
exact solution p(x,t) = t(z—a?)(y—y?). Here K(x;t, s) is approximated by the first
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L¥-error for @), L2-error for p,

—log(error)
—log(error)

6 1 6 1
1 1
5 2 1 51 2 1
4 q 4t q
3 3
1 12 14 16 18 2 22 1 12 14 16 18 2 22

—log(h) —log(h)

FIGURE 6. Order of convergence for Example 2 on the quadrilat-
eral mesh.

L-error for o, L-error for py

] 1 ] 1
2 2
£ £
< )
g 1 g 1
T T
6 q 6 q
1 1
5 2 q 5F 2 q
4 q at q
3 3
1 12 14 16 18 2 22 1 12 14 16 18 2 22

—log(h) —log(h)

FIGURE 7. Order of convergence for Example 3 on the quadrilat-
eral mesh in case of k=1, 2 and 3.

L?-error L*-error

—&— L*-error for py,
—+— L*-error for o,
—— L*-error for Ip — py.

—&— LP-error for p;,
—+— L*-error for o,
—— L2-error for I)p — p;,

—log(error)
o

Py L L L L L
1 15 2 25 3 35 1 15 2 25 3 35

—log(h) —log(h)

FIGURE 8. Order of convergence for Example 1 and Example 2 on
the Voronoi mesh in case of k=1.

five terms of the series generated using (7). Notably, the load term f, boundary
data, and initial data ug are all determined using the exact solution as a reference
point.
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L*-error

—log(error)

FIGURE 9. Order of convergence for Example 1 and Example 2 on
the Voronoi mesh in case of k=0.

Below, we present a numerical example showing that even if we don’t know the
explicit form of a resolvent kernel our formulation still works by truncating the
series of resolvent kernel after a few steps. In the example presented below, the
resolvent kernel comes out to be in a series so here, we have considered the first
five terms of the resolvent kernel and find out that numerical results are still in
accordance with the theoretical results.

Fig. 3 and 4 depict the order of convergence for both p, and o, for Example 1 in
case of k = 1,2 and 3 on quadrilateral and hexagonal mesh respectively. Both the
figures show that these orders of convergence are accomplished in perfect accordance
with theory while Fig. 5 shows the super convergence results for both Example 1
and Example 2 in the case of k= 1, 2, and 3 on the quadrilateral mesh whereas
in Fig 6 shows the order of convergence for Example 2 on the quadrilateral mesh.
Fig 7 shows the convergence corresponding to Example 3. Figure 8 displays the
convergence of Example 1 and Example 2 on the Voronoi mesh. From all the figures
and Table, we can see that our theory is well according to our numerical results.

Remark 3. From Remark 6.3 of [8], we can see that the lowest order Raviart
Thomas element can be constructed for k = 0 with the usual convention P_; (E) = 0.

Remark 4. Whenever we are unable to find the explicit form of the resolvent
kernel, we can use the first few terms of the series to achieve the optimal order of
convergence, as shown in example 3.

6. Conclusions

Considering the advantages of VEM and mixed methods, we applied a mixed
VEM approach to address both the semi-discrete and fully-discrete schemes to
solve the PIDE (1). In this article, we have introduced a novel projection known as
mixed R.V. projection, which helps in handling the integral term. The semi-discrete
scheme and error estimates presented in this work align with those obtained in the
previous study [18]. This research marks a significant contribution to the litera-
ture [35, 17, 18] only with semidiscrete formulation while here, we represent the
first comprehensive examination of the fully discrete scheme within this formula-
tion. Furthermore, a step-by-step analysis is proposed for the super convergence
of the discrete solution of order O(h**2). Several computational experiments are
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discussed to validate the proposed schemes computational efficiency and support
the theoretical conclusions.
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