INTERNATIONAL JOURNAL OF © 2024 Institute for Scientific
NUMERICAL ANALYSIS AND MODELING Computing and Information
Volume 21, Number 3, Pages 407-430 doi: 10.4208/ijnam2024-1016

A DIFFERENCE FINITE ELEMENT METHOD FOR
CONVECTION-DIFFUSION EQUATIONS IN CYLINDRICAL
DOMAINS

CHENHONG SHI, YINNIAN HE, DONGWOO SHEEN*, AND XINLONG FENG

Abstract. In this paper, we consider 3D steady convection-diffusion equations in cylindrical
domains. Instead of applying the finite difference methods (FDM) or the finite element methods
(FEM), we propose a difference finite element method (DFEM) that can maximize good appli-
cability and efficiency of both FDM and FEM. The essence of this method lies in employing the
centered difference discretization in the z-direction and the finite element discretization based on
the P; conforming elements in the (z,y) plane. This allows us to solve partial differential equa-
tions on complex cylindrical domains at lower computational costs compared to applying the 3D
finite element method. We derive stability estimates for the difference finite element solution and
establish the explicit dependence of H; error bounds on the diffusivity, convection field modulus,
and mesh size. Finally, we provide numerical examples to verify the theoretical predictions and
showcase the accuracy of the considered method.
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1. Introduction

In this paper, we consider the difference finite element method (DFEM) to the
following convection-diffusion equation with the homogeneous Dirichlet boundary

condition:
(1a) —alu(x,2)+ B Vu(x,2) = f(x2), (x2)€Q,
(1b) u(x,z) = 0, (x,2)¢€dN

Here, and in what follows, frequently we use the notation x = (z,y). The unknown
is a function u : @ — R, Q is the closure of the open set Q = w x [az,b3], a > 0
is the constant diffusivity, B = (8, 83) = (B1, B2, B3) is the given convection field
satisfying that the components are constants and the RHS function f : Q@ — R
is the given source function. In a quest for greater clarity, we use the following
notation A = Oz + Oyy + 0. and V= (Oz, Oy, a.)".

The finite element method (FEM) and the finite difference method (FDM) are
two traditional important methods to solve partial differential equations (PDESs)
using computers. FEMs are more adequate to handle PDEs with irregular coeffi-
cients and boundary conditions prescribed on complex geometric shapes, and thus
can be used for modeling complex physical problems, but more expensive computa-
tion costs are needed especially for high-dimensional problems. On the other hand,
FDMs have clear advantages in their implementation and low computing cost, but
FDMs that require high regularity of solutions to the governing PDEs have certain
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limitation in direct application. For references, the reader may suggested to consult
[2, 8, 9, 22, 21, 19, B, 6, I, [, 15, I8], and the references therein.

Based on these, it is natural to combine these two methods to maximize appli-
cability and efficiency to solve a certain suitable class of problems that bear both
benefits of FEM and FDMs. Such cases occur, for instance, in dealing most prob-
lems with cylidrical domains whose underlying base geometries are complicate. In
this spirit, the idea of difference finite element methods (DFEM) have been devel-
oped in recent years [I4].

In [I4], the authors proposed the Difference Finite Element Method (DFEM)
for solving the 3D Poisson equation. The method utilizes a combination of the
finite difference discretization in the z-direction and the finite element discretiza-
tion in the (z,y)-domain w using the Pj-conforming elements. In DFEM, the
numerical solution of the 3D Poisson equation is obtained by solving a series of
2D elliptic equations, thereby reducing the computational complexity. Specifically,
the coefficient matrix only needs to be computed in a 2D domain w, making the
overall computation more efficient. In this paper, our work are to discretize the
convection-diffusion equation in a 3D domain using the Difference Finite Element
Method (DFEM) and explicitly provide the matrix representation of the DFE dis-
cretization of the gradient term. This allows us to use the finite element method
in the (z,y) plane where high flexibility and strong adaptability are required, and
use the finite difference method in the z-direction to save computation cost and
reduce implementation difficulty. Superconvergence in H; norm of this approach
was studied in [M0]. Since then, the idea of DFEM has been applied to solve 3D
steady state Stokes and Navier-Stokes problems [I7, 06, [, [2].

We are interested in further development of DFEM for the convection-diffusion
equation particularly in cylindrical domains. FDM is applied in the lateral direction
while FEM is applied in the longitudinal 2D domain.

The remaining part of this paper is structured as follows. In Section 2, we recall
the FE methods and establish the stability and error estimates for the 2D steady
convection-diffusion problems. In Section 3, we present the DFE method based
on the Pj-element for the z-direction discretization of the 3D steady convection-
diffusion problems and perform stability and error estimates. In Section 4, we
define the DFE solution pair uy, based on the P; x Pj-element of the 3D steady
convection-diffusion equation and prove the first order H;-error bound of the DFE
solution pair up, with respect to the solution u of the 3D steady convection-diffusion
equation. In Section 5, several numerical examples are presented to illustrate the
effectiveness of the proposed method. Finally, the conclusions are drawn in Section
6.

1.1. Notations. For measurable set S in R, by (-,-)s we denote the L%(S) inner
product. For k € Z, standard notations for Sobolev spaces H*(S) will be employed.
By ||v|lx,s and |v|g,s we mean the standard Sobolev norms and seminorms for
HF(S). (-, x.x Will mean the duality paring between the topological vector space
X and its dual X’. However, wherever there is no confusion, the subscripts may be
omitted.
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2. Finite element method based on the conforming P;-element for 2D
convection-diffusion problems

Let w C R? be a bounded Lipschitz domain with boundary dw. Given f €
H=Y(w) = (H}(w)), consider the convection-diffusion equation with the homoge-
neous Dirichlet boundary condition as follows.

(2a) —aAux)+B-Vulx) = f(x), xcw,
(2b) u(x) = 0, x€dw,
where o > 0 denotes a constant diffusion coefficient, 3 = (81, f2) is a given constant

convection field. Using Green’s formula, the weak formulation of the 2D convective-
diffusion equations (E&)-(2H) is given as follows: find u € H}(w) such that

3) A0) = (F ) sy e 70 € HEW),
where the bilinear form A(-,-) : H} (w) x H}(w) — R is defined as
(4) A(u,v) :==a(Vu, Vo), +(B-Vu,v), .

Let (7n)n>0 be a regular family of triangulation of w into triangles such that the
maximum diameter of triangles K € 7T are bounded by h. Denote by &, and V},
the sets of all edges and vertices in Tj, respectively. Also by E,Ef), V,(Li)c‘f,sb), and V,(lb)
those in 7, which are in the interior of the domain and on the boundary of the
domain, respectively.

Associated with x; € V,, denote by ¢; the conforming P; basis function defined
on w such that

©j(Xk) =0jk VXK € Vi, ;K€ PI(K) VK €T
Denote by X}, the conforming P; element spanned by ¢;’s associated with interior
vertices X; € V,(:'). That is,
Xp = Span{cpj | x5 € V;(f)}: Span{%j =1, J= IV;(f)I}7

where |S| denotes the cardinality of set S.

The Galerkin approximation to u of (B) is to find uy(x) = ijl dujpi(x) € Xy,
such that
(5) Alun,vn) = (f,vn)w Vo € Xp.

The following Poincaré lemma is useful [I3].
Lemma 2.1. Assume that v € H} (w). Then

(©) ol < PV vllos  where P = /1.
v

The following lemma is trivial, but essential.
Lemma 2.2. The following estimates hold: for all v € H(w), we have
(7a) Aw,v) = a|Vol,,.

(7b) Alu,v) < (a4 PlIBlleo) [V u

Bil.

IO,oJHVvHO,wa

where ||B|| ., = max;—1 2
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Proof. Using Green’s formula, we can have
1
A(v,v) =a(Vo, Vo), +(B-Vovv), =a(Vv,Vu), + 3 B,V |v|2)w
2
=a|V U||07w .
By Lemma P, it is easy to obtain

Au,v) < ol Vullowl
< a||VullowllVollow
= (a+ P|Bl|oo) [V w0,/ 7 ¥llo.s

+ 118l IV ullo.wllv

where ||8]| = max?_, ;. B

Lemma P72 ensures the existence of unique solutions for (B) and (B) by the Lax-
Milgram lemma, and the stability results hold:

( P”ﬁ”m) T

P||B||co
(b) IVunllow < <1+ 18] >||f|| "

(8a) IV ullo,e

IN

Next, we will propose the following stability estimate of the finite element method
(8).

Besides, it can be found that (B) is satisfied when the finite element solution wy,
is replaced by the exact solution u of (E&). Thus, (B) is consistent. As a result, we
have the following error equation:

(9) A(u —up,vp) =0 Yo € Xp,

which plays an important role in estimating errors of (8).
Next, we define the interpolation operator Ij, : H}(w) — X}, such that

J
(10) Inhu(x Zu X;)p;(x
j=1

By the Bramble-Hilbert lemma [3, B, 8, 20, one has for u € H{ (w) N H?(w),
(11) lu = Inullo, + ANV (u = Tnu)l,, < eih ful,,, =12,

where ¢, is a positive constant independent of h.

We recall the following elliptic regularity result: If w is convex or C? and
f € L*(w), then the solution u € H}(w) of (B) belongs to H?(w) and the ellip-
tic regularity holds:

(12) |

Also, we define the Galerkin projection operator Ry, : H} (w) — X, such that

< coll fll0,w-

(13) A (Rhu,vh) = A(’LL,'Uh) Yo, € Xp,.

which satisfies the following approximation properties.
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Theorem 2.1. Assume that w is convex or C% and f € L*(w). Then the Galerkin
projection Rpu satisfies, for 1 =1,2,

_ Jé] 18l
U4 |V (0~ Ryl < el ( Al h) Il

Oé C Clhl (1 + ||/8|| ) ( /GHOOh) || ||lw'

Proof. Set 1, = Rpu — Ipu. Then, by (I3), we have

(14b)  lu— Ruully,,

IN

A(p,vn) = A(u— Tyu,vp) Yo, € Xp,.
Taking v, = 71, and using (&) and (), we obtain

2
al[Vanllow < allV (w—=Inw)llo, IV 10l e + 18l lv = Tnullo o, IV 1nllo .
< cth™ (a+ 1Bl IV mllo Il 1=1,2,

which implies
(15) IV 1l < 1B (1 - ”ﬂ°°h> lull,, . =12

Writing u — Rpu = (u — Ipu) + (Ipu — Rpu) = (u — Ipu) — np, using the triangle
inequality, () and ([), we get (Z3).
Let w € X be the solution of

(16) A(w,v) = (u — Rpu,v) Yv e X.
Due to (I2),
(17) [wlly o, < collu = Raull,, -

Choosing v = v — Rpu in (IH), and using (1) and (IC7), one has
llu — R;Lu||g,w = A(w,u — Rpu) = A(w — Ihw,u — Rpu)
<allV (w—=Tyw)lo, IV (u = Rau)g,
+ 1Bl lw = Tnw[[ [V (v = Rau)lo,
<ala+|Bllo Mhlwlzw [V (u— Riu)l,,
< cocr(a+ 1Bl PR [lu = Rpullg, [V (w = Ry, -
By dividing the above inequalities by [|u — Rxull, ,, , one obtains
lu = Ruully, < coci(a+[1Blloc )RV (u = Ruu)lg, -
Then, using (IZd), we deduce that

S azcoc%hl ( H/go|é|oo h) ( ||ﬁ||oo h) || ”l s | = 1’2

This completes the proof of (I[ZH). O

|u— Rpully,, < acoerh ( H'Bllooh) IV (u— Rpu)lly,,

Then, we will explicitly establish the dependence of H; error bounds on the
diffusivity «, the modulus of the flow field ||3]|, and the mesh size h.
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Theorem 2.2. Assume that u € HE(w) N H?(w) is the solution of (EA) and uy, €
X, C Hi(w) is the finite element solution of (B). Then there exists a constant
c1 >0 (see () such that

2w

(13) IV (0= wly < cat (24 2021

Proof. By (8) and (), we have
al|V (up — Ihu)||(2)7w = A(up — Inu,up, — Ipu)
=A(u — Inu,up, — Ipu) + A(up, — u,up, — Ihu) = A(u — Ipu,up — Ihu)
<al|V (u—Inu) lowlV (un — Inu) flow + 1Bl lu = Intllowl|V (un — Inu) flow,

which implies
(19) IV (i = Tl < ot (14 22 .

Finally, combining () and (I), and using the triangle inequality
IV (u=un)llow S IV (u=Tnu)llg, + IV (un — Inu)lly, ,
one completes the proof. O

Theorem P2 indicates that the behavior of error in the H; norm is determined
by the diffusivity o, the modulus of the convection field ||3|,, and the mesh size h.

3. Finite difference discretization in the direction of z for the 3D con
-vection-diffusion problems

In this section, we show the finite difference method in the direction of z for
the Dirichlet boundary problem of the 3D steady convection-diffusion equation ().
Here and hereafter, any function v(x, z) is noted as v(z).

We consider the finite difference discretization of (I@)-(IH) in the z direction. For
a positive integer K, let 7 = (b3—a3)/K, and set 2, = az+k7,k = —1,0,--- , K + 1.

Then, we define the piecewise linear basis functions, for k =0,--- , K,

Yi(z) = {

2= Zk—1 Zk+1 — 2

Xlzn_1,20) (2) +

j - X[Zk,zk+1)(z)] X[a37b3](z)'

Then define a semidiscrete subspace X, C Hg(£2) as follows:

K-1 K
X, = {UT = > vhg= vk | o eHé(w),k(),...,K},

k=1 k=0

with the discrete Lo-inner product and H;-inner product with mass lumping defined
by, assuming u® = uf =0 = v& =0,

(203“) (u"f'v’UT)L?_ = Z T (uk7vk)w )
k=1

(20b)(ur vr) gy = (%\UT,VUT)H:(VuT,VvT)LE—i—(@ZuT,aZvT)LQ(Q),

K
= T(Vuk,Vvk)w+ZT(dzuk,dzvk)w,
k=1
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“k_;‘k - 8“7 |(24_1,2,) denotes the backward difference. Also, define
the following notations dju and d*u® for the forward and central differences to

d,u* and d,,uF for the central difference to 9,,u*, for u, = Z,[f;ll uFiy, € X,

d +d
2
Ar = Opo+ 0y +doy Vo, = (0,,0,,d7),

where d,u* =

dfu*=1! = dou®, diuf = Zuk, d, b = dfdub

so that d,u, = Zszl d by, dfu, = kK:_Ol df uFyy, dfu, = i(:_ll duey, and
ZZuT Zk 1 zzukwk € X’T'
The following discrete Green formula is useful: if X is an inner product space,

then
-1 l

(21) _ Z(ai+1 o ai7bi) _ Z(ai’bi _ bifl)’

=1 =1

provided a’,b’ € X fori=1,---,1 with (a!,b') = (a!,1°) = 0.
The following lemma establishes the inequality relationship about the discrete
Ly norm and Hy norm.

Lemma 3.1. The following inequalities hold:

(22) lorllza < PIV orllz2,  where P =1/ <]
g T T

(23) forlize < (bs — as)0s0r 2,

and

P2 + (b3 - CL3)2
—2 .

Proof. The inequality (22) is obtained from (B) and the definition of v,. For (23),
recalling that v = 0 and v& = 0, we deduce

K
2”1]7'”%3 = 22T||Uk”g,w ZZ ‘U ||0w - 1_1”(2),(,«.1)
k=0

k=1 1i=1

(24) |vrllee < M|lvr|lgr, where M =

K K
+Z Z (I Ew = VI3 )
k=1i=k+1
1 1
K 2 K 2
<y (ZTnv T ) (zfndzwm)
k=1 =1 =1

K 3 K 2
2(bs — as) (Z T||”k||20,w> (Z T|dzvk|20,w>

k=1 k=1
= 2(bs — ag)||vr|| L2 10207 [| L2,

which implies (23). A combination of (22) and (23) yields (24). O

The following Lemma follows by a direct calculation:
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Lemma 3.2. For any v, € X;, the following hold

2 2 2
7 lorllz < llorllog < llo-lzs
and

1, o = |2
bl < [,

2
< lorlgs -

Next, define u, € X, as the finite difference solution given by
K—1

UT(Xv’Z) = Z uk(x)wk(z)v

k=1
where uF = u¥(x) € H} (w) fulfills

. . _ 1 [%+3
(25) —aATuk+5~VTuk:f(-,zk)::;/H Feom)de, k=1,... K —1.

Set

K-
Z (z1) Ui (=

k=1
By Green’s formula, we obtain the weak formulation of (E3): find u, € X, such
that

(26) B (u‘ravr) = (f‘raUT)L2 Vv, € A,
where the bilinear form B, (-,-) : X; x X — R is defined by
(27) B (ur,v:) = a(Vur, Vo) + (8- Vur,vr) . —a(detr,vr) 2
+53 (dzuTva)L2 vuTaUT € XT7
invoked with the definition of the inner product (-,)r2 on &, defined in (208).
Now, we state and prove the following stability estimate of the finite difference
method based on the conforming P; element (EH):

Theorem 3.1. The following stability estimates hold: for all u,,v,; € X;, we have
(28a) B-(vryvr) = « HUTHiI; )

(28b) Br(uryvr) < (a+ M |[B]| ) hurll s lorlly

IN

where M is given as in (22).
Proof. For all u,,v, € X;, we begin with putting
B, (ur,v,) = [a (Vu,, V’UT)LZ + (8- VUT,UT)Lg
— o (dezur, vr) 2 + B3 (dZur, vr) 2
=L (ur,vr) + Iy(ur,vr) + I3s(ur, vr).

We estimate each term I; as follows. Thanks to Lemma 22, we have
K—1

ZTAu oF

k=1
= (a+ P[Bll=) IV UTHL?_ IV orl 2 -

|II(U7—,U7—)| =

low

< Z (@ + P|[Blloc) IV u




DFEM FOR CONVECTION-DIFFUSION EQUATIONS IN CYLINDRICAL DOMAINS 415

Using the discrete Green’s formula (21) and v° = v = 0, we deduce

K-1
Z (dzuk+1 — dzuk,vk)w'

k=1

<«

L2 (e, v0)] = |(=adzzur, ) o

K
Z T (dzuk, dzvk)w

k=1

=a < alldaur|lp: Ideor 2

and

T3 (e, v7)| = |(Bodiur, vr) 12

K-1 K-1

B Bs _
?3 Z (uk+1 fuk,vk)w + 33 Z (uk — ok l’vk)w

k=1 k=1

K % K—-1 %
<16 (zfndmaw) (zﬂmaw)
k=1

k=1
=|Bslldzur (L2 [[or [l 2
<|Bs|(bs — a3)l|d-ur[| L2 [[dzvr || L2 -

Summing the above estimates for |I1(u,, v, )|, [l2(ur,v;)| and |I3(ur,v;)|, we see
that (28H) holds. Choosing u, = v,, we get

K-1
2
11 (07, 00) = Y TIAW", o) |=a [V vr7s
k=1
and
K-1
L(vr,vr)| = a7 (dof, doo®) | = alldoos
k=1
and obviously we get
Is(vr,v:) = 0.

Summing the equalities for |I; (v, v.)|, |I2(vr,v.)| and |I3(vr,v,)|, we see that
(ERH) holds. This complete the proof. O

Based on Theorem B, we can ensure the unique solvability of (EB). Now, we
proceed to estimate the errors of the finite difference solution u, of (EB).
Define the interpolation operator I, : H}(Q) — X, by

K-1
(29) Lv(x,z) = Z v(x,21)0(2) Yo e Hy(Q).
k=1

Similarly to (I), the following interpolation estimates hold.
Theorem 3.2. If v € H}(Q) N H%(Q), the interpolnt I,v defined by (29) satisfies
(30a) lv = Lol g+ 710: (0 = Lo)lgg < car? (|02l

(30b) [Ve-ro)| < arlvla.

where co and c3 are positive constants independent of mesh size T.
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Then, applying the integral operator % f;"‘*% -dz to (IE) we obtain
k=3
(31) —alAu(z) + B - Vu(z) — ad u(z,) + Bsdiu(z) = f(zx) + EF,
fork=1,..., K — 1, where

EF = — ol (u(ze) —u(z)) + B+ V (u(zk) — u(z))

O,u(zp 1) — Ou(z_ 1
—Oé<dzzu(2k)_ ( k+2) ( i 2)>
-
w(zpa1) —u(zp_1)
+6s <d;u(zk) _ ks ko3 ) .
T
We then set
K-1
(32) Er =Y E"y(2),
k=1
and
K-1
(33) er = Z e*y(2), where ¥ = u(z) — u.
k=1
It is obvious that
(34) B, (I;u,v;) = (fT?vT)L?_ + (ET?UT)L?_ , Vv, € X,
and
(35) Br(er,vr) = (Er,v7) 2, Vv, € X

Now, we are ready to state and prove error estimates of u, with respect to u.

Theorem 3.3. Assume that u € H}(Q) N H2(Q) and u, € X, are the solution of
(IE)-(IH) and the finite difference solution defined by (EB), respectively. Then the
following error estimates hold:

llull2,0

2.0,
)

23| Bl oc M
|V(U_UT)HL$§T<63+J§+ \éillﬁ\loo )

[ull2,0,

”az(u - UT)”LE <7 <C3 + \/§+ 2\éi||ﬁ|ooM>

and

V3 + 2v6| 8| M
T O
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Proof. We take v, = e, in (BH) so that

k=1
K—1
+ dz - az 1 ,dz k
(36) O‘k:f( u (z) “(Zk é) ¢ )w
K-1 k:+%
+ZT B-V u(zk)—f/ udz ,ek
k=0 Zk*% w
K—1
+ B3 Z T (dzu (z1) — Ozu (2k) , ek)
k=1 “

=1+ 1T+ 111+ 1V.

Let us bound the four terms I - IV in turn.
For this, using integration by parts, Young’s inequality and the Cauchy-Schwarz

inequality, we obtain

K-1 1 zk+% A
Il = v - = dz |,V
|| =« ;T u (zx) T/z udz e

1 k—% w
K-l /1 1oy
=a T 7-/ (z—zlﬁé) 0.V u(z)dz
k=1 N
1 =
+ 7/ (z—zk,;> 0.V u(z)dz, V e
) z
2 w
12
K-1 2 k
1T Zot g Hve || w
e / CAZCIRE D
k=1 k-3
0,w
05517'
< 110 VUHOQ + ||V6‘F||L2 .
Next, recalling (B),
K—1
1[4}
11| = 8-V u(zk)—f/ T udz | e
k=1 T Zr—1 w

K-1 -
1 ket
<ol | S 7 (2 [ (- a0V i
k=1 2k
1 [**
+ */ (zfzk_;> 0.V uldz,
). 2

K1
2 w
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2 2
<||m|ooZT or | [ vupa + 17l
z

4e
h=d 0,w 2
18l ooga? 2 |BllP?
Y 10:V ullgq+—— Ay vV T||L2 :

Next, we have

|[IT1| <« T (dzu (2) — O,u (z,%%) ,dzek)

w

ERANE

1 [7*
=« T f/ (z — z1) O..u(z)dz
T
k=1 k-1
1 [} .
+f/ (2 — zk—1) Oz.u(z)dz, d e
T Zk—1 w
2
k. 2
Sa 537 </ o2, ) n Hdze Ho,w
453
k=
0,w
OéE37'
< 10 ||3 erlz -
Finally, we get
K—
[TV | =|83] Z (diu (zi) — Ozu (2 k)w‘

K- Zk+1
Z ( / Zk-l-l - Z) 0. udz, €k>

k=1 2k

K-1 .
+ T / (2 — 2p_1) O.,udz, e*
k=1 Zk—1 w

1112
K & ’ le* o
<18 | AT ( / 8§Zu(z)dz> 4o 0w
; 3 464

ZE—1 0
W
Bs|eaT? Bs|(bs — a
LB o gy A=) g
Taking €1 = 1, g5 = M, €3 = 2, €4 = W7 and using (20) we can
obtain
2 2 2 2 2
o + Bl P a” + 8|B]*(bs — as)
IVerls < 72 (2= o, v i g + S D= o,

a? + 4] 8| oo M?
<7’ (12&2 H’U'H%Q’
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which indicates

3+ 2v/3| 8|l s M
19 erlls <7 <f+ V31Bles )
T 6
If we choose €1 = 3, €3 = ”ﬂ”;;PQ, =1 = M, and use (PB), we can

obtain

o® + |8l P? o? 4 8|B;|%(bs — as)?
Hazerﬂiz <7 (W@V ullg o + ang ||3zzu||g,9>

02 + 88 o0 M?
<r? (12042 ||u||§Q,

which indicates

Hazer HLE <7

<ﬁ+2¢6IIBIwM>
(116"

2
ez =1,¢64= |33\(b3 az)?

Choosing €1 =1, g9 = I8 ”gj

o (V34 2v/6/|8]oc M
lerllmy <7 [ull2.0

6

, and using (28), we get

By using the triangle inequality and Theorem BT, the conclusions are drawn. [

4. Difference finite element method for the 3D convection diffusion
equation

In this section, we define the fully-discrete difference finite element(DFE) method
based on the P; x Pj-conforming element for 3D convection-diffusion equations.

We define the difference finite solution for the 3D convection-diffusion equation
as follows:

K-1
(37) Upr(X,2) = uf (x) P (2) € Xir,
k=1
where X, = { = S R (x) k(2 )‘v,’j € Xp,v) = v = O}. We rewrite up,
defined in (B4) in the form
K-1 J
(38) Upr (X, 2) Zu ‘i (x
k=1 j=1

Thus, the fully-discrete DFE solution we seek is uﬁ € Xp,k=1,--- ,K — 1, such
that

(39)
a(Vauy, Vv,’i)w + (8- Vuﬁ,v,’j)w —a (dzzu’;,vﬁ) + (Bsd uh,vh) = (f(zk),v )
Vor € X, k=1,...,K — 1.

Multiplying (89) by 7 and summing for k = 1,..., K —1, one can have an equivalent
form as follows:
(40) B; (Uh'ra Uh'r) = (f‘ra 'Uh'r)Lg_ Yo € Xpr,

where the bilinear form B.(-,-) is defined by (E3).
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For clarity of presentation, we recall the set of finite element basis functions in
w is

¢1(X)a .. '7¢j(x)a .. '7¢J(X)'

Noticing that uf = uff = 0, (E) can be easily recast in the form of a linear system:
to find the coefficients uf in(B) for j=1,...,Jand k = 1,..., K — 1, fulfilling
(B9). We thus formulate this as in a linear system:

(41) AU =F,
where
U= (U, U Uh= (b, b))

F= (F PSR = () ) e (P00 00),) T

In more precisely, we have
(42) A:OLAL+AB,

where Ay and Aj are two (K — 1) x (K — 1) matrices given by (see also [I4])

Rr+ %R —T%R 0 0 0 0 0
7}21% RL+T%R 7%21% 0 0 0 0
Ay = 0 7%21% RL+T%R 7%21% 0 0 0 ’
0 0 0 0 -+LR RL+7_%R 7%21%
0 0 0 0 0 -LR Ry + %R

Rp = (aim)ixs, @m = (Vom, V), . R= (bim)ixt:bim = (dm,d1),,

and
Rg 2R 0o 0 - 0 0 0
~%R Rg 2R 0 - 0 0 0
A,- 0 -%R Rg 2R -~ 0 0 s
0 0 0 0 - -3R Rz BR
0 0 0 S . ,%R Rg
with

Rﬁ = (clm)JXJ7 Clm = (ﬁ : V¢mv¢l)w7

Now, we proceed to obtain error estimates of the DFE solution up, of (B9)).
For this, we will assume that the data is regular enough: that is, assume that w
is convex or C? and f € L?(w) so that the solution u € H{(w) of (B) belongs to
H?(w).

Lemma 4.1. Let u € H}(Q)NH?(Q) be the solution of (B). Then, RyIu satisfies
the following estimate:

(43) [ Iru = RyIrul[ gy < crcah (2 + ”ij‘”h) lullg.q

where ¢y = max{l,aco (1 + %h) }
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Proof. It follows from Theorem B that

| — RiLul,

K-1

fZTnv — Ryu(z))llp ., + > 7l (u(ze) — Raulze)g
k=1
2o 18]l .\ "= )
<cih? (24 = =h > IVulz)ll.,

k=1

2
+ cocth( ”ﬂa‘”h) ( + B”"Oh) Z/ ||32Vu||(2)7wdz
Zk—1

< cjh? ( ||5|| ) [|u ||2 Q: €4 = max {1,0400 (1 + HﬁO['ooh> } ,

This proves (E3). O

Lemma 4.2. Let u € H () N H%(Q) and up, € Xy, be the solutions of (B) and
(BY), respecitvely. Then the following estimates hold:

(44)
”V (RhITu - uhT)||L2 < g’r (]_ + 2]\4”ﬁ|00> + @CE’,}L <1 + \/553]3)

T a 5 o
(45)
||82 (RhITu - uhT)||L2 S g’?’ (1 —+ W'ﬁ”oo)

" Q@

+\/§C5h (1 + \/56313) HUHQ,Qa
2a

and
(46)

2 2V2M |8l
BT s < l[ <1 . fg”‘“') #VBeoh (14 ﬂ)] s

where ¢5 = acycy (1 + "6(!"0 h) (2 + Hﬁ(ﬂm h)‘

Proof. Setting n} = Ryu(z)) — uf, we see that

K-1 K-1
Nhr = Rplou — upr = Z (Rhu(zk) — uﬁ) Yi(z) = Z e (2).
k=1 k=1

Recalling E; is defined in (B2), we put

K—1
E;, = Z EFipi(2), where Ef solves

(E,‘;, vg)w = a(d.(I — Ry)u(z), davi).,
+ﬂ3(dz(Ith)u(Zk),viL)wv .7:17 aKfl
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Then, we claim that

(47) BT(nhT7vh7‘) = (ET7,Uh’T)L3_ + (Eha/l)h'l')L?_a vUh'r € XhT'
Indeed, we can write
(48) B; (T]hTa Uh‘r) =B; (RhITu — Uhnr, UhT)

= BT(RhITu - I-,—U, Uh’r) + BT(ITU — Uhrt, Uh‘r)~
The first bilnear form term in (E8) can be put as follows:

B, (Rpl-u— Lu,vpr)

K-1 K-1
= Z TA (Rpu(zr) — u(zk) vh + Z T Eh,vh (Eh’th)Lf_
k=1 k=1

since A (Rpu(zr) — u(z),vf) = 0 due to (I3). Next, recalling (20) and (84), we
see from the second bilnear form term in (E8) that

BT(ITU’ - uhT?’UhT) - (I U, Vhr
= B, (L;u,vpr

(uth UhT)

) —
) (fTvth)Lz = (ET7th)L
Therefore, (€1) follows.

Taking vpr = npr in (E4), we bound each term in the RHS.

First, in order to get a bound of |(E;,nhr)L,|, we observe that the arguments
are identical to those in the proof of Theorem B3, by replacing e* by n,’f. Thus, we

proceed as follows.

I(ET777hT)L2|
K—1
1 [}
= |a T|V u(zk)ff/k+2 udz |,V f
k=1 T Zr-1 w
K-1
+a Z T (dzu (zk) — Ou | 2 7) dznh)
k=1
K-1 1 foees
+ T|B-V u(zk)ff/ udz | ,np
k=0 T -1 w
K-1
+ B3 Y 7 (diu(2k) — Oau(zk) ,mp),
k=1
= I+I11+I1IT+1V.

The same line of arguments as in the proof of Theorem B=3 leads to

(49a) nl < “5” 10:9 ull 0+ 5 IV el
(b) bl < ”m“%||azvm|§g+%||vwig,
(49¢) I < “W 19=ull0 + 5 10-mrlZ2
@ < W?azzuno,wW@nmnig-
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Next, we proceed to bound |[(Ep, Mhr)L,|-

(50)
|(Ens M) Lo |
K-1 K-1
a Y 7 (d(I = Rp)ulzr), danf) , + Bs Z 7 (d5(I — Ru)ulz), mf)
k=1 k=1
K-1 k|2
d, w
<aY s <ss||dz<f ~ Rau() B, + ””)
’ 4e
k=1
= 5113
1ol Y7 <56||d:<f - Ruu(ae) o+ 2 )
k=1
272 2 a 2
< acsh®es|0-V ulg o + — HaznhTHL?
’ 465
2,2 |ﬂ3|
+ |Bs[c2n?e6[|0-V ullf o + = |V s 172
_ 272 |53|
= c3h*(aes + [B3]e6)110:V ull§ o + i ”aznhTHL? IV 772
where ¢5 = acgey (1 + ‘ﬁo‘él"" h) (2 + %h) .
Then,withslzg,@:W,@:% 54:W,6 =3 g =
%, we can derive from (€4), (29), and (60) that
2 2 p2 2 2 2
2 a” + [IB]5.P a” + 8|8 (bs — as)
IV el < 2 (HE= 0.Vl + IR =0 1o,

2 2 2P2
+ 3C§h2 (W) 0.V UH%,Q

o2 + 4|82 M? o® + 2|8, P?
< (”ﬁw Jull o + 362 (20 g,

8a? 202

which shows (£3).

s S _ 3 _ 3Bl P? _ 3 _ 3|B3|(bs—as)® _ 3
Slmllarl};, assigning €1 = 7, €2 = I, 83 = 5, €4 = o y €5 = 5,
3|83|P
gg = 31Bs| P~ ;(L , we can deduce

2 2 2 2 2 2
s (0 IBIRP ? + 88, *(bs — 03)
oty < 7 (L o, g + - DTN

202 + | B4 |2 P?
s (2B jo.v i,

o® +8BIZM?Y | o 20% + |B* P
<72 ( ||u||279 +3c§h2 <3> ||U||§,Qa

8a? 202

which proves (£3).
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3 _ 3lBllsP? 3|83 (bs—as)*

. _ _ 3 _ 3|8s| P*
Choosing €1 = 3, &2 Gor—, €3 = 3, €4 = S &5 N

3 _
2, &6 = 2a

we can deduce that

2 2 2 2 2 2
s (Rt IBIRP 0® + 818y (55 ~ a)
el < 7° (O j0.v ul o+ - -l

a? +|B|* P2
ran (B ) jo.vulg g

2 2112 2 2 2 p2
o +8||8[[5.M 2 o +|Bs|*P
<r? <°° [ully.q + 3¢3h° 7@’ 13,6,

8a?
which proves (£8). O
Finally, we are ready to state and prove one of our main theorems.

Theorem 4.1. Let u € HY(Q) N H2(Q) and up, € Xy, be the solutions of (B) and
(B9), respecitvely. Then the following holds:

(51) [u—unrlly o < Ch+7)|ull2,0,

where C' > 0 is a constant related to the diffusion coefficient o, convection field E},
and 3D domain 2.

Proof. We write u — uy, into
u—upr = (u—Iu) + (Lru— Rplru) + (Rplru — upy).

A combination of the triangle inequality, Lemma B, Theorem B3, Lemmas £l
and B2 proves the theorem. ([l

5. Numerical experiments

In this section, we perform numerical experiments to illustrate the obtained theo-
retical results. Denote error functions Ej, = u—up,, we will study the convergence
€Eh7

behavior of || Ep-|y g

o IV Enrllg.qs 10:Enrllgq by problems with an

exact solution for different types of convective fields ,@, domain 2 and the domain
mesh.
Example 1. Let Q = wx (0, 1), where w = (0, 1)? is decomposed into wy = {(z,y) €
w | xZ%,yzé},wgz{(x,y)Ew | m<%,y2%},w3={(x,y)€w | = <
ly<it andws={(z,y)ew|z>3y<i}

We consider the discontinuous diffusion coefficient:

a(z,y,2) = a(r,y) = 2 — X, (7, y) + 2Xw; (T, Y),

and the convection field ,B = (B,8;3) = (:,E +y,x—, %) Suppose that the exact
solution of (IA) is given by

ul(xvyv Z) = [(4.% - 1)(4y - 1)Xw1 (.’t, y) + 21’(4y - 1)Xw2 (xa y) + 42y Xws (l'vy)

sin(7z
= D2 ) T,
The source function f can be produced from the exact solution w, the diffusion

constant a and the convection field ,@
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FIGURE 1. Left: The computational domain Q in Example 0
Right: Initial triangulations of size h = 1/4 on w in Example
m.

Uniform meshes are considered in the (x,y)-plane while the z-direction interval
(0,1) is divided into uniform intervals of size-length T. Notice that the uniform
mesh is obtained by dividing each square of size h into two triangles by drawing
a diagonal line from the left-lower corner to the right-upper corner. We show the
initial triangulations for (x,y)-plane in Figure [[{b). We use the conforming P
elements for triangular meshes in the (x,y) direction with uniform meshes in the
z direction. Numerical results are given in Table @ and Figure B from which we
observe that the asymptotic convergence orders of the DFE (E0) are optimal in Hy
norm and Lo norm.

TABLE 1. Numerical results of u; for the DFE method on uniform

meshes.
Mesh size =
|Enrllo.q  Rate ||V Enrlloo Rate [0:Bnlloq Rate Hv Ep, Rate
(h,T) 0,2
(1/4,1/4) 6.4944e —3 — 1.1126e—1 — 1.304de—1 — 1.714de—1 —

(1/8,1/8) 1.5745e —3 2.04 5.6422e—2 0.98 6.5274e—2 1.00 8.6280e —02 1.00
(1/16,1/16) 3.8833e —4 2.02 2.8315e—2 0.99 3.2643¢e—2 1.00 4.3212¢—2 1.00
(1/32,1/32) 9.6558¢ —5 2.01 1.417le—2 1.00 1.6322¢ —02 1.00 2.1615e¢—02 1.00

Example 2. In the next example, we consider an L-shaped domain w with the
exact solution uz(x,z) = ¢(r,0)(z) in cylindrical coordinates with singularity at
the origin in w given as

us(r, 0,2) = rd Sin(gﬁ) exp(—2z).

The source function f can be acquired by setting the diffusion coefficient « =1 and
the convection field B =(8,83) = (\% \% 7) We consider the computational
domain Q = w x (—1,1), where w = (—1,1)2\ [0, 1] x [~1,0] s an L-shape domain.
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Convergence Rate
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FIGURE 2. Convergence rates in Example .

FicUre 3. The computational domain ) in Example D.

(See Figure B). The z-direction interval (0,1) is divided into uniform intervals of
size-length 7. We proceed to work on graded meshes in the (x,y)—plane. We begin
with a uniform triangulation by rectangles T, and mesh size h = % Mesh points in
w are given as (z;,yx) = h(j,k), 5,k = 0,---,2n. They are three elements of size

h x h from Ty, that share their vertices with (0,0):

Rn,n—l = (xn—lvxn) X (yn—van—l) = Gz(,O)a

Ryn = (wnflaxn) X (ynflayn) = G£0)7

RnJrl,n - (xna$n+1) X (ynflvyn) = GS«O)
Denote the above three rectangles by Gl()o), Ggo), Gg,o) and their centers glgo), ggo),
gf«o), respectively. The superscript (s) denotes the s-th level of mesh grading. Draw-
ing two diagonal lines, we subdivide each of the rectangles GEO), t=1b,c,t into four
triangles TL%), TL%), TL(%), TL(%) that TL(’?(’J) and Tb(f)) can form a square att of size
h/2. The cubes Gfl) are supposed to have common vertex (0,0) and edges are par-
allel to the z- and y-axes. This procedure is a recursive procedure. S is represented

as the grading step number. Other element from T, besides Ry _1 n, Run, Rnnt1 are
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FIGURE 4. Left: The graded mesh on the corner singular elements
with the grading step number s = 5. Right: Initial triangulations
of size h = 1/4 on w in Example 2.

divided two triangles by drawing a diagonal line. We show the graded mesh on the
corner singular elements and the initial mesh on the Q in Figure J.

There report the numerical results for the Py X Py elements in Table @ and Figure
@, from which we observe that the asymptotic convergence orders of the DFE (1)
are optimal in Hy norm and Lo norm.

TABLE 2. Numerical results of uy for the DFE method on graded
meshes with the grading step number s = 5.

Mesh size =
0 IEn-lloo Rate ||V Enrllgq Rate [0:Enrllgq Rate Hv Epr Rate
,T) 0,0
(1/4,1/4) 1.2974e — 2 — 2.0440e — 1 — 1.4294e — 1 — 2.4943e — 1 —

(1/8,1/8) 3.6432¢e—3 1.83 1.3765e—1 0.57 7.1802e—2 0.99 1.5525e—1 0.68
(1/16,1/16) 1.2506e —3 1.54 9.0270e —2 0.61 3.5957¢—2 1.00 9.7168¢ —2 0.68
(1/32,1/32) 5.0609¢ —4 1.31 5.8268¢—2 0.63 1.7986e—2 1.00 6.0980e —2 0.67

Example 3. We set Q2 = w x (0, 10), where w is a ring composed of two concentric
circles centered at (0,0), with the outer circle having a radius of 0.5 and the inner
circle having a radius of 0.05. The 3D domain Q and initial triangulations on w are
shown in Figure @. We consider the convection field B = (8, 53) = (%, %, %)
Let the exact solution of (L&) be given by

uz(z,y,2) = (0.5 — 2% — 2)%(0.1 — 2% — y?)?22(10 — 2)? sin(wyz) exp(zyz2).

Numerical results are shown for the Py X Py elements in Table @ and Figure [1 where
7 = 10h, from which we observe that the convergence orders of the DFE are optimal
in Hy norm and Lo norm.

6. Conclusions

In this paper, we have proposed the Difference Finite Element Method using
the continuous piecewise P; X P; elements to approximate solution of the Dirichlet
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FiGURE 5. Convergence rates in Example D.
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FIGURE 6. Left: The computational domain §2 in Example B.
Bottom: Initial triangulations of size h = 1/4 on w in Example B.
TABLE 3. Numerical results of ug for the DFE method with 7 = 10h.
Mesh size =
|Enlloq Rate ||V Enrlog Rate |0:En,lly,, Rate HV jo Rate
(h,7) : : , 0.0
(1/4,5/2) 1.6298¢—1 —  3.9460e+0 — 1.1780e—1 — 3.9478¢+0 —
(1/8,5/4) 4.1698¢ —2 1.97 1.8614e+0 1.08 7.2313¢—2 0.70 1.8628¢+0 1.08
(1/16,5/8) 1.0857e —2 1.94 9.1723¢e—1 1.02 3.8795¢—2 0.90 9.1805e—1 1.02
(1/32,5/16) 2.7689¢ —3 1.97 4.5978 —1 1.00 1.9752e—2 0.97 4.6020e —1 1.00

boundary value problem for the 3D convection-diffusion equation.

Here, we provide

the existence and uniqueness of the DFE solution up,. The optimal convergence
rate of the DFE solution uj, with respect to the exact solution w for the Hi-
norm is deduced. Finally, we have provided some numerical examples to verify the
accuracy and flexibility of the proposed method. Perhaps, we could also use finite
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FiGURE 7. Convergence rates in Example B.

element discretization in the z-direction and finite difference discretization in the
(z,y)-plane if this proves to be more effectively applicable to other models. The

research is underway to develop computationally cheaper and more stable numerical

methods for 3D convection-dominated problems.
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