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RICHARDSON EXTRAPOLATION OF THE CRANK-NICOLSON
SCHEME FOR BACKWARD STOCHASTIC DIFFERENTIAL
EQUATIONS

YAFEI XU AND WEIDONG ZHAO*

Abstract. In this work, we consider Richardson extrapolation of the Crank-Nicolson (CN)
scheme for backward stochastic differential equations (BSDEs). First, applying the Adomian
decomposition to the nonlinear generator of BSDEs, we introduce a new system of BSDEs. Then
we theoretically prove that the solution of the CN scheme for BSDEs admits an asymptotic
expansion with its coefficients the solutions of the new system of BSDEs. Based on the expansion,
we propose Richardson extrapolation algorithms for solving BSDEs. Finally, some numerical tests
are carried out to verify our theoretical conclusions and to show the stability, efficiency and high
accuracy of the algorithms.

Key words. Backward stochastic differential equations, Crank-Nicolson scheme, Adomian de-
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1. Introduction

This paper is concerned with the numerical solution of the following BSDE de-
fined on a filtered complete probability space (2, F, F, P) with the natural fil-
tration F = {F; }o<i<7 generated by a standard d;-dimensional Brownian motion
W, = (WL W2,  WT, 0<t<T.

T T
(1) Y: =p(XT) +/ f(s, X5, Y5, Zs)ds — / Zs dWs,
t ¢

where T is a deterministic terminal time instant; ¢ : R? — R? and f : [0,T] x
R? x RY x R4 — RY are the terminal condition and the generator of BSDE (1),
respectively. Note that the stochastic integral with respect to W, is of It0’s type,
and X, is a diffusion process. In this paper, we only consider the case where

t t
@) Xt:X0+/ b(s,Xs)ds—i—/ o (s, Xo)dWs, 0 <t < T,
0 0

where the functions b : [0,7] x R? — R? and o : [0, T] x R? — R¥*% are called
the drift and the diffusion coefficients of the SDE (2). A pair of processes (Yz, Z)
is called an L2-adapted solution of (1) if it is F;-adapted, square integrable, and
satisfies BSDE (1).

In 1990, the existence and uniqueness of the solution of BSDEs were proved by
Pardoux and Peng [28]. Since then, lots of efforts have been devoted to the study of
BSDEs due to their applications in various important fields such as mathematical
finance, stochastic optimal control, risk measure, game theory, and so on (see, e.g.,
[12, 32, 26, 29] and references therein).

As BSDEs seldom admit explicitly closed-form solutions, numerical method-
s have played an important role in applications. In recent years, great efforts
have been made for designing efficient numerical schemes for BSDEs and forward
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backward stochastic differential equations (FBSDEs). There are two main types
of numerical schemes: the first one is based on numerical solution of a parabolic
PDE which is related to a FBSDE [11, 25], while the second type of schemes focus
on discretizing FBSDEs directly [3, 5, 10, 18, 24, 33, 40]. From the temporal dis-
cretization point of view, popular strategies include Euler-type methods [15, 16, 38],
O-schemes [34, 43], Runge-Kutta schemes [8], multistep schemes [7, 14, 41, 44, 45],
and strong stability preserving multistep (SSPM) schemes [13], to name a few. For
fully coupled FBSDEs, there exist only few numerical studies and satisfactory re-
sults [27, 41]. We mention the work in [41], where a class of multistep type schemes
are proposed, which turns out to be effective in obtaining highly accurate solution-
s of FBSDEs, and the work in [35], where the classical deferred correction (DC)
method is adopted to design highly accurate numerical methods for fully coupled
FBSDEs.

In this paper, we will approximate the solution of BSDE (1) based on the
Richardson extrapolation (RiE) method. It is well known that Richardson extrap-
olation method, which was established by Richardson [31], is an efficient procedure
for increasing the accuracy of approximations of many problems in numerical anal-
ysis. For example, the applications of the RiE to ordinary differential equations
(ODEs) based on one-step schemes, e.g., Runge-Kutta methods are described in
[6, 17]. In addition, this method has been well demonstrated in its applications to
finite element and mixed finite element methods for elliptic partial differential equa-
tions [4], Sobolev- and viscoelasticity-type equations [22], partial integro-differential
equations [23], Fredholm and Volterra integral equations of the second kind [20],
Volterra integro-differential equations [39], and to collocation methods in [21], etc.
As for the applications of the RiE to BSDEs, we mention the work in [9], where an
explicit error expansion for the solution of BSDEs is obtained by using the cubature
on Wiener spaces method.

In this work, we will design highly accurate Richardson extrapolation algorithms
with the solutions of the Crank-Nicolson scheme for BSDE (1). To this end, we
first introduce a new system of BSDEs by applying the Adomian decomposition to
the nonlinear generator of BSDEs. Then we theoretically prove that the solution
of the Crank-Nicolson scheme for BSDEs admits an asymptotic expansion with its
coefficients being the solutions of the new system of BSDEs. Finally, based on
the expansion, we propose the Richardson extrapolation algorithms of the Crank-
Nicolson scheme (RiE-CN, for short) for solving BSDEs. The RiE-CN algorithms
are very easy in use. We can obtain accurate solutions with high order rate of
convergence only by combining linearly the numerical solutions of the CN scheme
with different time step sizes. Moreover, our numerical tests verify our theoretical
conclusions, and show that the RiE-CN algorithms are stable, very efficient and
high accurate.

The rest of the paper is organized as follows. In Section 2, we recall the non-
linear Feynman-Kac formula, the generator of a diffusion process, the Adomian
decomposition and the Richardson extrapolation method in brief. We present the
asymptotic error expansion of the solution of the Crank-Nicolson scheme for BSDEs
in Section 3. The construction of the RiE-CN algorithms for BSDEs is presented
in Section 4. And in Section 5, numerical tests are carried out to support the
theoretical results. Finally, some concluding remarks are given in Section 6.



270 Y. XU AND W. ZHAO

2. Preliminaries

In this Section, we will recall the non-linear Feynman-Kac formula, the generator
of a diffusion process, the Adomian decomposition and the Richardson extrapola-
tion method in brief.

2.1. The nonlinear Feynman-Kac formula. Let v € C12([0,T] x R%; R?) be
the solution of the parabolic partial differential equation (PDE)

(3) Lou(t,z) + f(t,z,u(t, ), Vou(t,z)o(t,z)) =0, (t,x) € [0,T) x R?

with the terminal condition (T, z) = ¢(x), where L is a second order differential
operator defined by

02 0
(4) : + ZZO’llUﬂ th‘ 8 6IJ+Zb tLU 8LE

i,j=11=1 i=1 i

Here C*1-%2 refers to the set of functions g(t,z) with continuous partial deriva-
tives up to ki with respect to ¢, and up to ko with respect to . And we denote
by Cl’fl’kz the space that consists of all functions (t,z) — g¢(t,z) with bounded
continuous partial derivatives up to the orders ky and ko with respect to t € [0, 7]
and z € R, respectively.

In 1991, Peng [30] proved that under certain regularity conditions, the solution
u of the PDE (3) can be expressed as

(5) ’Z,L(t,Xt) = }/t, Vm’u(t,Xt)O'(t,Xt) = Zt, te [O,T)
The first formula in (5) is known as the nonlinear Feynman-Kac formula.
2.2. The diffusion process generator.

Definition 1. Let X; be a diffusion process in R? satisfying (2). Then the generator
D? of Xy on g:[0,T] x R? is defined by

(6) D7g(t,x) = lgglE lo(s. f—)]t 9(t, x)7 z e R?

if the limit exists, where EY[] is the conditional expectation E[-|F;, X¢ = ] for (¢,
z) € [0,T] x RZ.

Note that D¥g(t,r) = L°(t,z) when g € C*%([0,T] x R?). By Definition 1,
1t6’s formula and the tower rule of conditional expectations, we have the following
Lemma.

Lemma 2 ([41]). Lett € [0, s] be a fized time. If
g € Cp%([0,T] x RY), and Ef[L%(s, X,)] < +oo,
then for s € [t,T) we have the identity
dE [9(s, X5)]
ds
Proof. By Definition 1, we have

= E7[L%(s, X,)]-

X, _
(7) L0(s, X,) = lim E, ot X )]~ g(s, X
rls r—s

Taking the conditional expectation Ef[-] on both sides of (7), we have

(8) B [10(s, X.)] = EF |lim 2o 90 Xr)] — 95, Xo)

rls r—s




RICHARDSON EXTRAPOLATION OF CRANK-NICOLSON SCHEME FOR BSDES 271

Note that we can exchange the order of the limit and the conditional expectation
in (8) on account of the condition g € C;’z([O, T] x RY). Then we have

Efs [g(r, Xr)] —g(s, Xs)

E[LY(s, X,)] =Ef |lim

rls r—S8

iy B [g(r X0)]] — EF[g(s, X))
(9) rls r— S8

—lim Ef[g(r, X,)] — Ef[g(s, X)]

rls r—Ss
_dEF[g(s, X,)]
ds '

The proof ends. (I

As a direct corollary of Lemma 2, we have

Corollary 3. If g € C{f’%([O,T] x RY), and EF[(L°)®g(s, X,)] < +oo, then for
t €10, s] we have
d*Ef[g(s, X))
ds*
where (L°)*) = %0 ... 0 L,
—_—

k times

= E7[(L%)Wg(s, X)),

2.3. Adomian decomposition. Let G : 2 — % be a nonlinear operator, where
Z and % are two Banach spaces, and u € 2" have the series form u = Z;io u;.
Then Gu can be decomposed into an infinite series of the form

(10) Gu=> Af,
=0
where AJG are the so-called Adomian polynomials of ug, uy, ---, u; and are calcu-
lated by
c_ 1| d >y .
(11) AJ _]'|:d)\-7G(;)\UL) )\707]_071727""

Note that the polynomials A]G are generated for the nonlinearity so that each AJG
depends only on ug, uy,--- ,u; for j > 0. We call (10) the Adomian decomposition
of Gu. The Adomian decomposition was proposed by Adomian [1, 2] initially
with the aims to solve frontier nonlinear problems in physics, biology and chemical
reactions, etc. To show the use of the Adomian decomposition in solving nonlinear
problems, we choose the nonlinear equation as

(12) Gu=Lu+ Fu=0,

where Lu is the linear term, Fu is the nonlinear term, and u = (u, v).
Assume the inverse L' of the linear operator L exist. Taking L~! in both sides
of (12) gives

(13) u=-L'Fu
Assume u(t) = Y2 u(t) = (z;?'; ous (1), 25 vj(t)). Then by applying the

Adomian decomposition to Fu = F(t,u(t)), we have

o0 o0
(14) douj=—L7') A7,
j=0 =0
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where Af are calculated by

Af(t) = [d/\7 ( ZAZUZ )aZAZUZ(t)>] y J = 0,1,2,---.
=0

A=0
Here we list the first few Adomian polynomials Af (t), 7 =0,1,2,3 which are
Ag (t) =Fo.o,
AT (t) =ur(t)Fr0 + v1(t) Fo,1,
A3 (1) =ua(t) 1o + v2(t) Foa + (ui (t)/2) Fa0
+ o ()vr (8 Fip + (03 (8)/2!) Foe,

1 A5 (1) =us(t) Fro + vs(t) Fo.u + i (t)uz () Fao
+ [ur (Wv2(t) + w2 (t)vr (1)] Fra + vi(t)v2(t) Fo 2
+ (uF () /3) Fa0 + (u (£)/2))v1 () Fa.n
+ur () (07 (1) /2) Frz + (07 (1)/3) Fo,s,
where F), ,, = %F(t,uo(t),vo(t)). It is worthy of noting that in (15), AL (t) =

F(t,ug(t),vo(t)), and for j > 1, Af is linear with respect to u; and v;.
Given ug, we solve the u;(j =1,2,---) by

(].6) u] = —L_]‘A“]l.;;l

We call the procedure (14), (15) and (16) the Adomian decomposition method for
solving the nonlinear problem (12).

2.4. Richardson extrapolation. Consider a problem with exact solution y(t),
where t € [0,T], and T is a positive real number. Let g(; At) be a numerical
solution of y(¢) on a uniform grid ny := {t,|t, = nAt,At = ,n=0,1,--- N},
where At is the step size, N is a positive integer. Assume that the exact solution
y(t) is smooth enough on the domain [0, T'] such that §(¢; At) admits the asymptotic
expansion on 7y

~1

(17) y(t; At) —y(t) = Z ej(t)(At)* + Ex (t)(At)*

where the e;(t) are independent of At with e;(ty) =0, and Ex(t) is bounded, and
the sequence {a;}/<, is monotonically increasing.
Now we choose a sequence of positive integers

(18) 1:N0<N1<N2<"',
and define the corresponding uniform grids 7y (¢ =0,1,--- , K — 1) by
T
(19) TN = {tn|tn = nAthAtZ = mvn = Oa 17 e aN ' Nl}
Note that mny 0 = 7, and all the 7y 4,7 =0,1,--- , K — 1 have the common grid

points in 7wy . Then for any ¢, € 7y, (Sometimes we also say n € mn o which
means 7 is a nonnegative integer such that ¢, € 7TN70), and 1<p<m< K-1, by
(17), we have

(20) (tns Ats) = y(tn) =D €5 (tn) (At;)* + O ((At)"+).

Jj=1



RICHARDSON EXTRAPOLATION OF CRANK-NICOLSON SCHEME FOR BSDES 273

By multiplying ¢; € R on both sides of (20) and adding the derived equations up
from i = m — p to m, we obtain

G(tn; AL) — < > ci> y(tn)

QMS
)
<

i -p i=m-—p
(21) = >0 D et (AL )%w( vy )
i=m—p j=1 i=m—
> (> ;;j>ej<tn>mt>“f+0<m i )
Jj=1 i=m-—p i i=m—p

Since N; # N; for i # j, the system of equations (22)

1 . 1 Cm—p 1

N, & e Ny Cm—p+1 0
(22) o . =

N o Ny Cm 0
has a unique solution ¢ = (¢p—p, Cm—pt1, -+ ¢m) . Then from (21), we have

m
(23) D7 cailtas M) — y(ta) = O (A1),

i=m—p

Let T}y = §(tn; At;), and define T2 = > ¢iTy, 1<p<m< K—1. All

i=m—p

s p 0<p<m< K — 1 can be arranged in the form
15
1T 1y
(24) 3o T3, T
Ty 10 Tgan Troao - Tk

The procedure of obtaining T, , = > p Gl 1< p <m < K —1 from T}
is called the Richardson extrapolatlon And we call T mp, 1<p<m<K-—-1
the extrapolation solutions of §(t,;At;). It is worthy of mentioning that all the
values T located in the pth column in (24) are the approximations to the exact
solution y(t,) with error O ((At)®+!). In particular, the entry Tx _; g, is an
approximation to y(t,) with error O ((At)%x).

If a; = k- jin (17), where k is a positive integer, we can recursively realize the
Richardson extrapolation by the following Aitken-Neville algorithm.

T, (tna Atm)

m,0 —
i -T1n
25 n  _rm m,p—1 m—1,p—1
(25) Tr , =Tn o+

k
N
() -1
Note that different N;, i =0,1,--- in (18) lead to different step-number sequences.
Here we list two of them that are frequently used as follows.

e Romberg sequence: N; =2¢,i=0,1,---
1,2,4,8,16,32,64, - - .
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1, i =0,
e Bulirsch sequence: N; = 20H+1)/2 4 s odd,
1.5- 2i/2, 1 is even.
1,2,3,4,6,8,12,--- .

The above two sequences have the same first two elements 1 and 2. And for i > 2,
the N; in the Romberg sequence is larger than the one in the Bulirsch sequence.

3. Asymptotic expansion of the Crank-Nicolson Scheme for BSDEs

We outline this Section as follows. In Subsection 3.1, we give a brief review of
the Crank-Nicolson scheme for BSDEs. And then the asymptotic expansion of this
scheme is carefully derived in Subsection 3.2, which is the foundation to investiga-
tion of the Richardson extrapolation approximations. Without loss of generality,
we only consider the case of one-dimensional BSDEs (i.e., d; = d = ¢ = 1). Howev-
er we remark that all results obtained in the sequel also hold for multidimensional
BSDEs.

3.1. Review of the Crank-Nicolson Scheme. To begin with, we introduce a
regular time partition on the time interval [0, T] as
T
N}a
where N is a positive integer. Then we introduce some notations. By AW, ; the
increment Wy — W,. of the Brownian motion W; for s > r. For simplicity, we
represent Wy, . — W, by AW, for 0 < n < N — 1. Note that the increment
AW,,4+1 admits the Gaussian distribution with mean zero and variance At.

It follows from (1) that

(26) N = {tn i tn, =nAt, n=0,1,--- N, At =

tn41 tnt1
(27) Y;fn = Y;fnJrl + / fs ds — / Zs dWsa
t t

n n

where fs = f(stmY:sa Zs)
For fixed = € R, taking the conditional expectation Ef [-] on (27), we obtain

tnt1
(28) Vi =Ef W)+ [ B[
tn

We use the following CN scheme to approximate the integral in (28):

tn+1 x 1 1 €T n
(29) t EY [fs]ds = §Atft“ + §AtEtn [ftna] + Ry,
where

n bat x 1 1 x
(30) N R CAT R T - AT R

Inserting (29) into (28) leads to the following reference equation
1 1
(31) Y;fn = ]Efn [Y;‘/n+1] + EAtft” + §AtEfn [ftn+1] + RZ

By multiplying AW, 11 on both sides of (27), taking conditional expectation Ef [/]
and then using the isometry property of It0’s integral, we obtain

tnt1 t
(32) 0=E{ [Vs, AWnia] + / EY [fsAW;, o] ds — / EY [Zs]ds.
t t

n n
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We rewrite the two standard integrals on the right-hand side of (32) in the following
forms.

tnit )
(33) /t Ef [fsAWy, s]ds = iAtEfn [fin 2 AWpi1] + R,
tnt1 1 1
(34) 7/ Efﬂ/ [ZS] ds = 7§AﬂEfn [Ztn+1] - iAtZtn + RTZLQ,
t

where

tn+t1 1
0= / Efn [fsAth,S] ds — §At]Ef” [fthAWnJrl]v
t

n

n+1}

tnt1 1
b= [ Bz ds + a2
t

n

1

~AtZy,.
+ 3 tn
From (32), (33) and (34), we obtain

1 1

g A2y, =B [Ye, s AWnia] + SAE [fe,4 AWnpi]
(3) 1
- iAt]Efn [Ztn+1] + RZ?

where R} = R, + R),.

For the temporal semi-discretizations, we use (Y™, Z™) to represent the ap-
proximate value of the solution (Y, Z;) of BSDE (1) at the time level ¢ = ¢,
n = N,N—1,---,0. Based on the two reference equations (31) and (35), we
obtain the following Crank-Nicolson scheme for solving BSDEs.

Scheme 4 (Crank-Nicolson scheme). Given YV and ZN, forn = N —1,---,0,
solve random variables Y™ and Z™ by

Y™ =Ef [Y"] + %Atf(tn, x, Y™, Z™)
SN, [t Xi,,, VL 270,
%AtZ" =Ef Y"1 AW, 11] — %At]Efn [Z™H)
+ %At]Efn [f (bng1s Xeooy, Y P ZPPH AW, 1]

We call {(Y", Z")}N_' with the terminal conditions YN and ZN the CN solution
of BSDE (1).

The above Scheme 4 is a special case of the generalized #-scheme proposed in [43]
and its error estimates were presented in [42]. It was proved in [42] that Scheme
4 possesses convergence rate of 2 for sufficiently small time step At under certain
regularity condistions on f and ¢. In this paper, we pay attention to improve the
accuracy of the CN solutions of BSDEs by the Richardson extrapolation method.
To this end, we shall give the asymptotic error expansions of the CN solutions which
are the theoretical basis for the discussions of Richardson extrapolation method.
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3.2. Asymptotic expansions of Scheme 4. The purpose of this Subsection is
to deduce the asymptotic expansion of the CN Scheme 4. To this end, we first
derive the asymptotic expansions of the truncation errors Rj and R of the CN
scheme in Subsection 3.2.1. Then in Subsection 3.2.2, we define two processes
Y™Kl and Z™X] with given processes ety’m and etz’m, 1 < j < K, and introduce
two truncation errors Ry 5 and RZ™) | which have the expansions (51) and (52),
respectively. When the e?t”[j } and e; Ul are defined by the BSDE system (70), the

RZ’[K] and R?’[K} have the estimates given in Theorem 14. Finally by using the CN
scheme and Theorem 14, we obtain the asymptotic expansion of the CN Scheme in
Theorem 15.

In our analysis below, we shall need the following Assumption.

Assumption 5. The functions ¢ and f in (1) are bounded and smooth enough
with bounded derivatives.

Remark 6. Assumption 5 guarantees the smoothness of solution of BSDE (1). It
is just for the simplicity in the derivation of the asymptotic expansion of the CN
scheme for BSDEs.

3.2.1. Asymptotic expansions of R and R’. For the sake of simplicity, we
define the functions
(37) U(t) =Ef, [v, F(t) =Ef, [f+), V(t) = EF, [Z,
U(t) =Ef, [YiWe,,  F(t) =Ef [fiWi, ).
Note that U, V, F, U and F depend on t, t,, and . ~
Under Assumption 5, the Feynman-Kac formula (5) implies that U, V, F, U
and F are all deterministic functions satisfying

(88)  U'(t)=—F(t), Ultn) =0, F(ta) =0, U (ta) = V(tn), V(t) =T (1) + F(2),
and by taking the jth derivative with respect to ¢ on both sides of the first and the
fourth equations in (37), and taking the limit ¢ — ¢,°, one obtains

_ @R[V

(39) U9 (tn) T

b)
t—tf

_ dE} [YiAWL,, 4]

(40) 09(t) i

ot
On R} and R? in (31) and (35), respectively, we have the following Lemma.

Lemma 7. Under Assumption 5, the local truncation errors Ry and R? defined in
(31) and (35), respectively, have the asymptotic expansions

2K+2
Ry =" m, (At + O ((At)*KT?),
) srers
RE =" G, (At + O ((At)>K+9)
j=3
where v, j = % and G, 5 — %

Proof. By (31), (35) and (37), we obtain

(42) R =U(tn) — Ultnsr) — %AtF(tn) - %AtF(th),
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(43) R :%AtV(tn) — U(tnsr) + %AtV(th) - %Atﬁ(tm).

Then taking Taylor’s expansion on U, V, U, F and F at t = t,, and using (38), we
deduce

Rl =— 2§2 W(At) - %At <2F(tn) + 2§1 FO;St”)(At)j>
- : Py :
(44) + (;(At)2K+3 ]
:2§2W(An + O(AnEF
=~ !
and
R! :%At <2V(tn) + Qfl %(At)j ) - 2§2 %(At)
j=1 j=1

(45) - %At 2:1 %(At) +O(A)HH

_2§29_22U;')“")(At) + O(AL)*F2,
The proof ends. O

3.2.2. Asymptotic expansion of the Crank-Nicolson Scheme 4. Define
Y™Kl and ZmIK] as

K
(46) Zet’ L zm = zn N e A
=1
where e}’ Ul and e; ’m 1 < j € K are undetermined processes. By the Crank-

Nicolson Scheme 4 We have the two identities

K
Yn»[K] :Efn [Yn+1,[K]] + Z (Ey»[j] (tn+1) _ Ey,[j] (tn)) (At)Qj

Jj=1
+ %Atf[K] (tn, 2, Y19, 2 180)
1
47 + QAtEtzn |:f[K] (tn+17th+17Yn+17[K]7 Z”+17[K])] bl
(47) 1 n K] e ryndl (K] 1 @ ront1,[K]
S Atz =E} [V AWnia] = S AL [Z ]

T Z (Ey (tns1) — 7AtE 61 (4,) — 7AtE (tn+1))(At)2j

+ QAtlEfn [t Xy YD, 2B AW
where
48) BV = [V, B2V = EF V), EVU0) = EE (el VAW, )
and

K

49) Mtz y2) = f(ta,y+ ) EVU() 24 ZEZ )(At)Y).

Jj=1
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Now we define local truncation errors RZ (K] and RQ’[K] as
RZ’[K] =Y;, —Ef [Vy,..] — Z (Ey,[J] (tns1) — Ey,[a](tn)) (At)%
J=1

1
= At (2%, Z,)

1
- §AtEfn [f[K] (t"-‘rl’ th+1 ) Ytn+1 ) Ztn+1):| s
(50) 1 1
R?’[K] :§AtZtn — Efn [Y}nHAWn+1] + §AﬂEfn [Ztn+1]

K
= 3 (B U) — B 0,) — B 1,0 ) (A0

j=1
1
- §AtEfn |:.f[K] (tn-‘rla th+1 ) }/tn+1 ) Ztn+1> AI/Vn-l-1:| )

where (Y%, Z;) is the solution of BSDE (1). About RZ’[K} and R?’[K], we have the
following Lemma.

Lemma 8. Under Assumption 5, we have

2K+2
(51) Ryl = 3" Al (At) + O ((A1)*KF3),

=3

2K+2
(52) RPET = 3N AJ(At) + O ((At)*K+9),
7j=3

where Aé and AJ are defined by

Wi AJ,, jisodd, i — Al ,, jis odd,
Y A; ey Jis even, AJ e Jiseven
with
AJ :j_2 dngn[Y;f] Jiﬂ B(l> (t )
y,0 2]' dti t_n;t rr {lis even}2 izt l 1 \UIn
(53)
143
1d'Ef [e) 2]
7BJ 1 t’n ZH{Z is odd} T )
t—t
A _J—2 d’ ]Ez [Y: AW, 4]
724! dt? t—t;h
.7'—1—1
dlEz [ P] ]}
- I BY tn—
(54) Z {1 1seven}2 il ( j—l-1 I 1(t ) dt!
ot

Lt
e 1dlIE9“[y 7 UNUAN
+ey, *? E Iy is odd} ] 7

)

t—t)
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_j-—2 dEf [V

) 1 .
AJ = - I is o B( ) n
veTagt At | lzl tisoddy 5 Bumin ()
(55)
1 dl tn[ U’[ ? ]]
- ZH{Z is even} l' T
=2 t—tt
and
N 2 dEY [Yi AW, 4]
=941 dti PN
j—3 T
1 0! i
(56) - Zﬂ{z is odd} 5y (B] 1 (tn) T ax
=1 t—tf
1dl tn[et’ = ]Ath,t]
- Z ]I{l is even} dtl )
t—th
lpa . _ lpa A
where B§l)(tn) — 4B, 1B M) E‘"dfj(t)] , B;l)(tn) — TEy [BJSZ Win.dll . In particu-
B t—tf t—th
lar, B;(t) = Ef [B;(t)], B,(t) = Ef [B; (1) AW, 4] with
_ ]- dj i [’L] 21 iz, 1]
(57) By(t) = [d]f XYk S e A, Zo4 S et an® )|
=1 =1 y=0
Proof. By (37) and (50), we have
. 1 1
R =U () = Utngr) — 7AtF[K] (tn) — iAtF[K] (tni1)
(58) K . A
=3 (B () — B (1)) (A1),
j=1
n (k] _ 1 1 7 LAy K]
R’ :7AtV(tn) + 7AtV(tn+1) —U(tnt1) — iAtF (tnt1)
(59) =.li] L n¢ o] 2
- Z ( (tns1) = g AL (12) — L A=Y (tnm) (an¥,

where FISI(t) = EF [f[K] (t, Xt,Ytth):| and F¥)(t) = Ef, [f[K] (t, X+, Yy, Zy) Ath,t] .
By using the Adomian decomposition to fI*] defined by (49) in (58) and (59), we deduce

K
(60) f[K](tn7x7Y2n7Zin) = ZBj(tn)(At)Zj +0 ((At)2(K+l)) ,
K
(61) f[K] (tnt1, Xtyir> Yengrr Ztnyr) ZBJ tni1)( i ((At)Q(K+1)) 7
j=0

where the function Bj(t) is defined by (57). Inserting (60) and (61) into (58), and then
by (31) and (37), we obtain

K K
n n 1 o1 v
Ry =Ry — SOt > Bj(ta)(AH)Y — S At > Bj(tas1)(AL)Y
Jj=1

j=1

(62 .
Z (Ey 141 (tns1) _ pvli] (tn)) (ADY + 0 ((At)2K+3) '

Jj=1
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Substituting (61) into (59), and then by (35) and (37), we deduce
1. e ,
RV =R — SALY (By(tnga) (A1)
j=1

(63) X : 1 : 1 : :
— Z (Ey,[a] (tni1) — QAth,[J] (tn) — 5Ath,[J](thrl)) (At)QJ

Jj=1

+0 ((At)2K+3) .

By Taylor’s expansions of B; (t,+1) and B;(t,41) at t = t,,, respectively, we have

2K —2j+1 1 ‘
(64) By(ts) = > 7B (ta)(A0)! + O (A0 ¥+2).
1=0 :
2K —2j+1 1 _
(65) Bi(tas) = > 7B (t)(A0)! + 0 ((An¥+2).
=1 '

By the definitions of E¥'V1 E¥Ul and E*U! in (48), and Taylor’s expansions again, we
obtain

Ey,[j] (tn+1) _ Eyv[j] (tn)

2K —2j+42 1 . .
(66) = Y FE IO +0 (a9
=1 '
2042 1 g il
d .
=y g el antro (@),
=1 ' t—t

E_vy,[j] (tn+1) _ %AtEZ’[j](tn) — %AtEZ,[]'] (tn+1)

(67) B 2K —2j+2 dlEfn [eijy[j]Atht] B At dlEfn [6fy[j]] (At)l
-2 dt! 201 dt
1=1 t—tih t—th

— Atef;[]] + O ((At)2K_2j+3) )

Substituting (64) and (66) into (62), and by (44), we deduce

K
n n 1 j
R —Rr iAtE B;(t,)(At)*
j=1

_ lAti <2K22j+1 E]B(}) (t )(At)l> (At)2j
274 TR

j=1 1=0
(68) K 2K—2j5+42 1 v, (4]
1 d'EY [e) ;
_ § § - tn[lt ] (At)l (At)QJ +0 ((At)2K+3)
: l! dt
J=1 =1 t—th
2K+2
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Inserting (65) and (67) into (63), and by (45), we obtain
2K 241 A
( Z 7B )(At)l) (A0

_ i 2K§+2 dlEf [et Ath t]
dtt

e At Z

(69) =t = toth
11 . ,
_ Adtniw (At)l _ Atef’m (At)zg +0 ((At)2K+3)
21! dt! N n
t—t
2K+2 _
= Z AL(AL + 0O ((At)2K+3) _

j=3

The proof ends. O

izt i1
Now, we introduce F;-adapted stochastic processes (ef’[ 2 ], ef’[ 2 }), jelk:=

{2i+1)i =1,2,--- K}, t € [0, T], which are the solutions of the following system
of BSDEs (70). These processes will be used in our asymptotic expansion of the
solution of the Crank-Nicolson scheme for BSDE (1).

T J—1
ei/v[ p) ]:/ ()\Zsh[ 2 ]+)\U y,[ 2 ] )\z Z,[ p) ]) ds
(70) !

T I
_/ (2[7 _1_)\2[3 )dWS,
t
where A2, A%, AYT7 ) and A7 are defined by

N = 8f(s X, Y5, Zs), Ao = 6f(s X, Yy, Zs),

Jy 0z
VA N € k) 5 5 )j, + B (s) = el 7 - nzel
j—3 Jj—2 [ L
(1) l
(71) +ZH{Z is even}2 l'BJ 1—1 +ZH{Z is odd} l'( )<>
1=2
. . Gy i-3
S5 (- 2)Ys 1 W N INT
)\s 2 :27]' lZH{l is cvcn}2 i BJ L 1(8) — (63 )<>
2
[ SN
72]1{1 is odd} 7y l' )<>
with
YS<J'> :(LO)(j)u(s X.), )7(.7) — (LO)(j)ﬁ(s,AWt,s),
i=t _
O (007, X), Bz (5) = Bmiza (5) AW
72 L -
( ) (63[] L 1])<l> :(LO)(Z) (VZU[J é 1](S,XS)7)\?[] ; 1])’

(ézs/,[T]) (1) (LO)(Z) =t (s AW,s).

Here @(s, AWy ) = u(s, Xs) AW, s, al’= ](s AW, o) = ul® = (s, X)AW, 4, LO is
defined in (4), and (L)) is defined in Corollary 3, where the u : [0,7] x R — R
is the solution of the PDE

Lou(t,z) + f(t,u(t,z), Viu(t,z)) =0, (t,z) €[0,T) xR
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with the terminal condition u(T,z) = o(z), and ul=" al :[0,7] x R — R, are the
solutions of the PDEs

j—1
Loul3) (1) + XTT T AT
VUl @) + Afvzu[’%’}(t, 2) =0, (t,2) €[0,T) xR

with the terminal conditions u[%l(T, x)=0,1<1<j—-2,j€lg.

i—1 iz
Remark 9. Let e 71 = 217 4 )2 , then for all t € [0,T], (70) can be
written as
- T v i . P
eyt =/ (T T et oz ) as
(73) !

T
_/ 7[2 dWs7.7€]IK
t

Note that the BSDEs (73) are linear with unknown (ef’“g ! L E 7 ]) and the unique
solvability of (73) can be guaranteed by Assumption 5 whzch implies that the BSDEs
(70) have the unique solutions (ey[ 2 ], ef’[%]), jelgk.
N . i—l P —1
Taking the conditional expectation EY[-] on ng, Ysm, (ezsl’[ 2 ])<l>, (es” 2 ])U>
i—1

and (ég’[JT])U> defined in (72), then for t < s < T, by Corollary 3, we have the
identities

; dIEE Y] — A EE Y, AW, 4]
E* Y<]> — t 3 EZ Y(J) — #
t[ s ] dSJ ) t [ s ] dsJ )
4 y [Jifl] (0 d Ex[ Y [ 2 ]} Y, [ ] (1) dlEf[eyY[%]AWt ]
T H ) = _ s s S
(74) E? [(es = T, E7[(es )= ds! ’
) 2, [I=5=1)
T Z»[]ilil] (1) d El[es ]
Eff(e o= T

We claim that all the coefficients AJ and AJ in (51) and (52) are equal to zeros

if the process et I and e; U] , 1 <j < K in (46) are the solutions of the system of
BSDEs (70). We shall show this conclusion in Lemmas 10 and 13 below.

j—1
Lemma 10. Under Assumption 5, let (e} vl ],et’[ 2 ]), j € Ik, be the solutions
of BSDEs (70). Then all the AJ in (51) and AJ in (52) are zeros for j € I.

Proof. For t € [t,,T] and any j € Ik, by (73), we obtain

iz1 iz1 ¢ izt PREE 2[5
P ol +/ (,\g’[ o IV I ]) ds
tn

k [
~Z
/ 5 2
t

n

For fixed = € R, taking the conditional expectation Ef [-] on (75), we obtain

et T =Ef [T

(76) t j izt
+/ E [Az’“z e v el g
t

n
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By taking the derivative with respect to ¢ on both sides of (76), and taking the
limit ¢ — ¢,}, one obtains
(77)
iz1
tzn [ei-,lv[ 2 ]]

- VST
- :]Efn[ A 2T e n T Afét’[2]}

t—t;h

oAzt izt izt
—E]. [—Af’[ R R ]]

t—tf

t—th

Then, by (71) and (74), we deduce

_j—2 dEf [V

: R0
A = - — I B
y 2]' dti t_>t+ Z {lis cvcn}2 I = —1( )
(78)
1 dlEa: [ y,[ 2 ]]
— BJ 1 ZH{I is Odd} T = 0

t—t}

By multiplying AW, ; on both sides of (75), taking conditional expectation Ef [:]
and then using It6’s isometry property, we have

- Ef, [et Ath ]

¢ 1352 BREESS w145 PREESY
(79) :/ st et et et T ) Am, ) ds

n

t oz [@]
—/ EF (6217 ) ds.
t

n

Similarly, by (71) and (74), taking the derivative with respect to ¢ on both sides of
(79), and taking the limit ¢ — ¢}, we deduce

A I 2 FEY [V AW, 4]

T2 dt’ t—th
S i=i=l
0 dEf e ) 2 35
- I[{l is even} 5 7y ] l 1 (tn) - 7 =+ etn
(80) 2- l' I dt
t—tf
1 dl [et’[%]Atht] .
_ZH{Z is odd} 7y tn o =0, jelk.
t—t
The proof ends. (Il

And further, we will show that all the coefficients A% and A, j € I = {2i+2[i =

1,2,---, K} in (51) and (51), respectively, are also equal to zeros if the process ei”m

and ef’m, 1 < j < K in (46) are the solutions of (70). To this end, we make the
following Assumption.
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TABLE 1. The solution of the system of equation (81).

K=1] K=2 | K= K= K=5
5 T T T T T
2 2 1 1 1 1
51 B 0 B 2
o o) | Gy (e ang),
a9 (—sgo—a03) | (Csh e —a3)
155 17 3 1 T
@11 (ﬁ»—ﬁ,aa—a,g)

Assumption 11. Let K be a fized positive integer. For any fized j € Ik, define
Iy ={20+1|(=1,2,--- ,%} Assume that for j € Ik the equations

i€, PR 2-(j+ 1V

Iiskts} ) 1 .
E 0 ( = + o1 =, K =2,4,--- .5 =3,
2-(i—k—-1)! 2-(j — k)
(81) icz, (i ) (J )

Tgisria) 1 .
Zaj,i ~_7_ ': S |7k:1737"'7]_2a
= (i—k-=10 (j—kK)
1
=
753 2
has a unique solution o = (aj3, 5, ;)" .

Remark 12. For generic positive integer K, we are not able to prove the solvability
of the system (81) now, but for each K, 1 < K < 5, the system (81) has unique
solutions o;. We list oj,j € Ig,1 < K <5 in Table 1.

Lemma 13. Under Assumption 5 and Assumption 11, let (e} vl ]76?[%]), JjE
I, be the solutions of BSDEs (70). Then all the AJ, in (51) and AJ in (52), j € Ik,
are equal to zeros.

Proof. Note that the set {j — 1|j € [x} is identical to the set I. Now we give the
proof in two steps.

e Step 1: The proof of Ajy' = 0,7 € Ig. Given any j € Ig, for i € T,
similar to (76), we have

i 1
(82) t

tn

By taking the (j — i + 1)th derivative with respect to ¢ on both sides of (82), and
taking the limit ¢ — ¢, we deduce

i—3

i—2 d'Ef [Yi]

0= ~ - I is even B(] H t
2ol dti |, Zl < Ve ()
(83)
+ipx y[ p] ]
G-9) 1d"ES [e,” 7]
*Bigl n) E L is oaay g7 P

t—th
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_i—2 dE} [V
T 2.4l dti

1 itl—
Zﬂ{llsodd}Q = )B(J D ()

t—t;}
j—i+1— x Y 7',7[+1]
—IB(J 04 ZH 1 TR e
{lis cvcn} 1)| dtj7i+l71

t—t)

By multiplying a;_1; € R on both sides of (83) and adding the derived equations
up for all 4 € Z;_1, we obtain

- i—2 dEf V]
> QLIS T e
i€T; 1

1 i
- > uZﬂ{zlsodd}Q B )

Z a5 — 113]1( )

t—)tn i€T;_

i€L5 1
l+1
1 d] 41— lEz[ 7[ ]}
Z a5 — lZZH{l is even} 1)| dpi—iti—1
i€T;_ t—t}
i—2\ &Ef,[V¢] )
= QG-tis— | —— —aj-1,-1B3 75 (tn)
(84) ZE; 214! dti st 5=
j—a
Iii>kts}
k=2 i€T;
j—3 H }
—k—1 i>k42
30 = St | 3 o (F52)
€L

) k41
¢ B e )
dti—k—1

t—th

Then letting a;_1, j — 1 € Ik be the solutions of the equations (81) in Assumption
11, we deduce
_i—2 d'Ef V]
T 2.4 dti

t—th
- ZH LB (1) - 2B, (k)
(85) {kiseven} g /. 7. 1\1 9. (] T 1) % n 9 J_ n
) kt1
. 1 @ e
—Z {k is odd} (]—k—l)' dtj7k71 )

t—t;}

or equivalently

; 3
j—2 dEf, [V < 0
0= - E I is o B tn
2.].! dti tﬁtjg < {1 dd}2 N j—l-1 z 1( )
(86) 1 v, [ 17 > L
ZH o ACE 1
- {lis even} dtl , J €lk.

tot}

By the definition of AJ, we deduce AJ =0 for j € I .
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e Step 2: The proof of AJ =0, € Ix. Given any j € I, for i € Z;_1, from
(75), we have
1 _ w3 [ el = [ v 2 [15]
SR L +/ (T F el Tzl as

tn

t i—1
—/ &= law,.
tn

By multiplying AW, on both sides of the equation (87), taking conditional ex-
pectation Ef [-] and then using the isometry property of Itd’s integral, we have

(87)

i1
—Ef, ey ]Atht]

t i1 i—1 i—1
(88) / B (007 T e T ham, L ds
t

n

t i—1
/ B (617 ] ds.
t

n

Taking the (j — ¢+ 1)th derivative with respect to ¢ on both sides of (88), and then
taking the limit ¢t — ¢}, we deduce

i—2 djEiL [Yi AW, 4]

0= - - I is even (B(] D n
2.4! dti ttt Z { }2 I i—1—1 ( )
dj7i+lEf [6?[175;1]] di— zEz [ = [t ]] (i)
- v + 22— +BL(t)
toth t—t
i—1
: 1 &=HEE (1T AW, )
- Z {l is odd} 77 N dti—itl
+
(89) t—t,,
-2 dE ViAW, g
n ]I . (B] i+
9. dti it Z {i sodd}2 ) ( )
dg i+l— 1]Em [ [ ]} djfiEzc [6:’[%]] i)
PR A S (D)
dii—i+i-1 dti—i :
t—th t—t)f
; 1 dg i+l— lEz [ ,[ ]AWt t]
— Z {l is even} (l _ 1)| di—i+i—1
2 t—t)

By multiplying $8,_1,; € R on both sides of (89) and adding the derived equations
up for all 7 € Z,_,, we obtain

P — 2 d ]E [KAth,t]

O_Zﬁj 1,2 2.4l dti ZB] 11 Jl) n)

i€ 1 t—th i€T; -
= (j—itl—1)
(90) Ze; B] 1,4 Z H{l isodd} 5 /7 1\ 2. ) (Bz;l (tn)

i—1
d] i+l— lEx [ 7[ 2 ]] d_] zEx [ z[5 p) ]]
dri—i+-1 + Z Bj-1i dti—i

t—t} €L;-

t—th
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1 d] 41— lEr [ 7[ ]AWt t]
Z 5] 1,i Z H{l is even} 1)' dti— i+1—1
’L€I7 1

Then by some elementary calculation, (90) becomes

-2 d Ez (Y AW, 4]
=2 B it 24! dti
i€L; 1

+ 06i_1.4—
t—sth Bj bt dt

t—tf

Lii>kt3 = (i—k—1
_Zﬂ{kiseven} Z /B] lz : {—]{—}1) +6] 1,k+1 B(gj )(tn)
o= 1€L;

{z>k+3}
Lk s z
(91) + kzzz {k is even} ZG; /8] 1 ik — 1) + BJ 1,k+1

djfkflEtzn [e:’[g]]

j—3
dii—k—1 _ZH{k is odd} Z Bi-1,

t%t;t k=1 i€l 1

H{z>k+2} di— k— IE;C [ v, [ B 2 ]AWt t]

(i—k—1)! dti—k—1 +Bj-14- 13()( tn)-
Lt

Similar to Step 1, letting 8;_1, j — 1 € Ix be the solutions of the equations (81)
we deduce

. Rinkd T zv[ﬂ]
j—2 dE ViAW, 4] 1 [ dEf [e,” 2 ] (1)
= nlto S el —BWY, (ta
0 2.1 dti t_)t++2 dt %2( )
" t—t)
j—4 1 k1) dg k— IEI [ %]]
— I - | BY™"" ) — ————— it 2
(92) Z {k is even} 2. (] —k_ 1) % (t ) dt] 1
k=2 N
t—t,}
v k1
! 1 IR [0 AW,
—Z {k is odd} G—k—1)! dti—k—1 ’
t—tf
or equivalently
_] -2 d Ex D/tAth ]
0= 2. 4! dti
J: t ot
i3 ime (5 E 5]
_ 0! d'Ef, [e; ]
(93) Z ]I{l isodd} 5 7y 2. N (]B] -1 (t ) dtl
=1 toth
1 [ 7l] ]
1 d'Ez [T AW, .
- Z]I{l is even} dt! , J € HK7
t—t)
from which we deduce AZ = 0 for j € Ix by the definition of AJ. O
Combining Lemmas 8, 10 and 13, we have the following Theorem.
it
Theorem 14. Under Assumption 5 and Assumption 11, let (e} vl etZ’[ 2 ]), je

Ik, be the solutions of BSDEs (70). Then
Ryl = 0 ((At)* %) and RP = O ((A1)*KF?)
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Now we state our asymptotic expansion results for the Crank-Nicolson Scheme
4 in the following Theorem.

Theorem 15. Under Assumption 5 and Assumption 11, and if E[|YYN — Y, |?] =
O (A E[|ZN — Z 2] = O ((A)*K+1), the numerical solutions Y™ and
Z™ of the Crank-Nicolson Scheme 4 have the erpansions

(94) }/;n +Zet At 2j +ny [K] Zt +Zet7 At 25 +77t7[K]

with the estimate
N—-1
(95) B[y SR+ At > Ellns M%) < c(an

i=n

where (e}’ [ ef’[j]) are the solutions of the BSDEs (70), and C' is a positive constant
depending only onT, f, and ¢.

Proof. We define nt;[K] and nf;[K] by

(96) =y —y, and gt = 20— 7,

where Y5l and Z™IK] are defined by (46). Then we have
K K

(07) Y =Yi, + 3o an® 4l 20 = 2, 43" e an® 4.
j=1 j=1

y (47) and (50), we deduce

K x [ K+1
T A ()

1
g A (£ (1, v, 200V ) (1, 2,))
(98) 1 mae [ K] n+1,[K] 1K)
+§AﬂEtu [f (tn+17th+1,Y Lz )

_f[K] (tn+17 Xt7t+17Ytn+17Ztn+l):| - RZ’[K]

and
1 1 x z,
EAt"hn =K, [Ut,l+}(1+1]AWn+1] - §AﬂEtn [ntn[flﬂ]]
(99) n §At]Efn [f[K] (tnﬂ,xtm,y"“’[ ) gLl )AWn+1]

1
— SAE], [f[K] (tns1s Xty rs Yersrs Ztnsr) AWnH] — R,

Based on Theorem 14 and the above two equations, following the proof of the error
estimates of the Crank-Nicolson Scheme in [42], we can prove the estimate (95). O

4. Extrapolation algorithms of the Crank-Nicolson Scheme for BSDEs

In this Section, based on the asymptotic expansions (94) in Theorem 15, we will
apply the Richardson extrapolation to the solutions of the Crank-Nicolson Scheme
4 to obtain much accurate approximations to the solution of BSDE (1). To this
end, we shall construct our Richardson extrapolation algorithms for BSDEs.

For any t, € mn, let (V/'y, Z]y) be the numerical approximations of the exact
solution (Y3, , Z;,) of BSDE (1) by (4) with time step sizes At;, 1 =0,1,--- , K —1.
Then we deﬁne the extrapolation solutions of (Y, 21'y) by V7, , = Z?im_p il
and Z7, = er;mfp ciZlg; 1<p<m<K-—1 Here 7w, At; and ¢; are defined
in Subsection 2.4.
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All the extrapolation solutions Yy, , and Z7, ,, 1 < p < m < K — 1 can be

obtained by the Aitken-Neville algorithm in Subsection 2.4 with k& = 2.

yn 1= n 1 1
n _\m m,p— m—1,p—
ym,p _ym,pfl + N 2 )
m —
(N']n—p) 1
n _an m,p—1 m—1,p—1
Zm,p _me—l + :

N2
C

We summarize our Richardson extrapolation algorithms for solving BSDE (1) in
the following Algorithm.

Algorithm 4.1 Richardson extrapolation of the solution of the Crank-Nicolson
Scheme for BSDEs

1: Input: ng € 7n,0, K, {Nm}g;é, Xno, YNK—I;
2: form=0,1,---,K —1do
3. Let N = N % Ny,; Solve {(Y", Z")})Z1 by Scheme 4 on 7y m; Let V0, =

n=ngo
Y’ no ZTLD — Zno .
» “m,0 ’

4: end for

5. form=1,2,--- , K —1do

6: forp=1,2,--- ,mdo

no no y:ln,c.)p—liy:w,o—l,p—l .

T Yiip = Vmp—1 T N7

(Nmfp) -1
ZM =20

8: Zh0, = Zgﬁp_l + —m”’_;,m wo b L

(Nmfp> -1

9: end for
10: end for
11: return YV2° 1 1, 280 1 o1

Remark 16. Algorithm 4.1 has the following features including that

(1) Algorithm 4.1 returns the CN solution when K = 1;

(2) (V0 20,,) is an approzimation to the exact solution (Yi,, Zy,) of BSDE
(1) with error O ((At)?P+2);

(3) the Npp,m = 0,1,--- | K — 1 are the first K elements of any step-number
sequence for Richardson extrapolation, and different {Nm}g;(l) lead to dif-
ferent extrapolation algorithms;

(4) compared with other high order multistep methods [41, 45], the RiE-CN algo-
rithms are self-starting ones. So they can be used to give the initializations
of numerical solutions of other multistep schemes.

For Algorithm 4.1, we have the following conclusion.

Theorem 17. Under Assumption 5 and Assumption 11, and if E[|YY — Y, |?] =
O ((A)YH) B[ ZN — Zyy 7] = O ((At)*KH1), the numerical solutions Vi 4
and Z}?_LK_l of Algorithm 4.1 have the estimates

(101) EIVEL 1 o1 = Yol S CAOYH BIZRL, o, — Zol) < C(A)M
where (Yo, Zy) refers to the exact solution of BSDE (1) att = 0.

Based on the asymptotic expansion (94) in Theorem 15, the estimates (101) can
be obtained by the convergence result of the Aitken-Neville algorithm [19].
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TABLE 2. Errors and convergence rates of the RiE-CN algorithm
using Romberg sequence for (102) with T' = 1.0.

N =38 N =10 N =12 N =14 N =16 C.R.

K=1 |Yo — y370| 1.692E-02 | 1.080E-02 | 7.494E-03 | 5.502E-03 | 4.210E-03 | 2.007
|Zo — Zg ol | 5.590E-03 | 3.597E-03 | 2.505E-03 | 1.843E-03 | 1.413E-03 1.984

K=2 Yo — yfyl 2.749E-05 | 1.119E-05 | 5.380E-06 | 2.899E-06 | 1.697E-06 | 4.017
|Zo — Zf‘l\ 2.058E-05 | 8.467E-06 | 4.091E-06 | 2.211E-06 | 1.297E-06 | 3.988

K—=3 Yo — yS,Q 2.188E-08 | 5.395E-09 | 1.797E-09 | 7.118E-10 | 3.069E-10 | 6.131
|Zo — Zg 5| | 1.154E-08 | 2.945E-09 | 1.001E-09 | 4.000E-10 | 1.833E-10 | 5.973

K—4 Yo — )1;),3 1.953E-12 | 3.355E-13 | 7.350E-14 | 2.043E-14 | 8.660E-15 | 7.932
|Zo — Zg 5l | 9.182E-12 | 1.429E-12 | 2.138E-13 | 4.041E-14 | 5.551E-15 | 10.563

TABLE 3. Errors and convergence rates of the RiE-CN algorithm
using Bulirsch sequence for (102) with 7' = 1.0.

N =38 N =10 N =12 N =14 N =16 C.R.

K=1 Yo — y8’0| 1.692E-02 | 1.080E-02 | 7.494E-03 | 5.502E-03 | 4.210E-03 | 2.007
|Zo — 2810\ 5.590E-03 | 3.597E-03 | 2.505E-03 | 1.843E-03 | 1.413E-03 | 1.984

K=2 Yo — y§,1| 2.749E-05 | 1.119E-05 | 5.380E-06 | 2.899E-06 | 1.697E-06 | 4.017

| Zo — Z? 1| | 2.058E-05 | 8.467E-06 | 4.091E-06 | 2.211E-06 | 1.297E-06 | 3.988
K=3 Yo — ngl 3.904E-08 | 9.595E-09 | 3.195E-09 | 1.266E-09 | 5.677E-10 | 6.093
|Zo — Zg 5| | 2.052E-08 | 5.228E-09 | 1.778E-09 | 7.107E-10 | 3.200E-10 | 5.992
K—4 Yo — y§73| 1.387E-11 | 2.326E-12 | 5.571E-13 | 1.488E-13 | 3.908E-14 | 8.377
| Zo — Zg 5 | 7.022E-11 | 1.109E-11 | 1.636E-12 | 2.890E-13 | 8.410E-14 | 9.890

5. Numerical tests

In this Section, we will provide several numerical tests to verify our theoretical
conclusions and show the effectiveness, efficiency and high-order convergence rate
of the proposed RiE-CN algorithms. For simplicity, the 2K-order extrapolation
algorithm is denoted by RiE-CN(K). The conditional mathematical expectations
Ef [] in Scheme 4 are evaluated by the Sinc quadrature rule. For more details
about the Sinc quadrature rule for Ef [-], readers may refer to [37] and [36].

The tested BSDE from [44] is the equation (1) with

o(x) =exp (T?)In (sinz + 3),

(102) 1
ft,z,y,2) =3 [exp (t?) — 4ty — 3exp (t* — yexp (—t?)) + 2% exp (—t2)] )

The analytic solution is Y; = exp (t2) In (sin X, + 3), Z; = exp (t?) 32255

To show the accuracy and the efficiency of the RiE-CN algorithms, we will report
the errors |Y0 — y%_l’K_l\ and |Z0 — Z?(_LK_1| between the numerical solution
(VE—1.5-1> ZK—_15—1) of the RiIE-CN algorithms at n = 0 and the exact solution
(Y;, Z;) at t = 0, and the associated running times (R.T.). In all the tests, if
not specified, we take Xg = 0.5 and T' = 1.0. The time convergence rates (C.R.)
are obtained by linear square fitting. All the numerical tests are implemented in
Python 3.9.16 on a laptop with Intel Core i5-12500H 12-Core Processor (2.5GHz),

and 16 GB DDR5 RAM (4800MHz).

5.1. Accuracy tests. In this Subsection, we shall verify the convergence rate with
respect to At and the high accuracy of the RiE-CN algorithms.

We adopt Algorithm 4.1 with K = 1,2, 3, 4 to solve the BSDE (102). Specifically,
we calculate the numerical solutions of the BSDE (102) with various time step sizes
by the RiE-CN algorithms with the Romberg sequence and Bulirsch sequence and
list the absolute errors and the convergence rates in Tables 2 and 3. And we use the
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TABLE 4. Errors and convergence rates of the RiE-CN algorithm
using Romberg sequence for (102) with T' = 2.0.

N =16 N =20 N =24 N =28 N = 32 C.R.

K=1 Yo — y3,0| 1.367E-01 | 1.240E-01 | 8.682E-02 | 6.030E-02 | 4.382E-02 | 1.697
|Zo — Z((JJ,O‘ 6.381E-01 | 3.730E-01 | 2.323E-01 | 1.559E-01 | 1.123E-01 | 2.522

K=2 Yo — y?’1| 1.625E-02 | 6.535E-03 | 3.126E-03 | 1.680E-03 | 9.823E-04 | 4.047
|Zo — Z? 1| | 4.602E-03 | 2.131E-03 | 1.099E-03 | 6.182E-04 | 3.722E-04 | 3.630

K=3 Yo — ngl 3.528E-05 | 7.642E-06 | 2.247E-06 | 8.137E-07 | 3.421E-07 | 6.690

| Zo — Zg 5| | 9.030E-05 | 2.585E-05 | 9.103E-06 | 3.725E-06 | 1.707E-06 | 5.727
K—4 Yo — :)ig’3| 2.125E-07 | 3.756E-08 | 8.986E-09 | 2.663E-09 | 9.254E-10 | 7.844
| Zo — Zg 5] | 3.005E-07 | 5.570E-08 | 1.371E-08 | 4.141E-09 | 1.457E-09 | 7.690

TABLE 5. Errors and convergence rates of the RiE-CN algorithm
using Bulirsch sequence for (102) with T' = 2.0.

N =16 N =20 N =24 N =28 N = 32 C.R.
K—1 Yo — y8’0| 1.367E-01 | 1.240E-01 | 8.682E-02 | 6.030E-02 | 4.382E-02 | 1.697
|Zo — Zg ol | 6.381E-01 | 3.730E-01 | 2.323E-01 | 1.559E-01 | 1.123E-01 | 2.522
K—2 Yo — yf’1| 1.625E-02 | 6.535E-03 | 3.126E-03 | 1.680E-03 | 9.823E-04 | 4.047
|Zo — Zi),l\ 4.602E-03 | 2.131E-03 | 1.099E-03 | 6.182E-04 | 3.722E-04 | 3.630
Yo — y3,2| 6.387E-05 | 1.379E-05 | 4.044E-06 | 1.461E-06 | 6.133E-07 | 6.704
|Zo — 29 ,| | 1.589E-04 | 4.565E-05 | 1.611E-05 | 6.599E-06 | 3.026E-06 | 5.715
Yo — y§73| 1.494E-06 | 2.652E-07 | 6.360E-08 | 1.887E-08 | 6.563E-09 | 7.832
|Zo — Zg 5| | 2.092E-06 | 3.903E-07 | 9.652E-08 | 2.922E-08 | 1.030E-08 | 7.667

same time step sizes to solve the BSDE (102) to T' = 2.0 and list the experiment
results in Tables 4 and 5.
Tables 2-5 show that

(1) RiE-CN(K) are stable and enjoy the 2K-order time convergence rates for
1 < K < 4 for both Romberg and Bulirsch sequences. Such results are
consistent with our theoretical results.

(2) for the same time step size At = L, the RIE-CN(K), K = 1,2, with
Romberg and Bulirsch step-number sequences are the same algorithm, the
RiE-CN(K), K = 3,4, with Romberg sequence are more accurate than the
ones with Bulirsch sequence. Such results are consistent with the discus-
sions of the Richardson extrapolation algorithm described in Subsection
2.4.

5.2. Efficiency Tests. In this Subsection, we are concerned about the efficiency
of the RiE-CN algorithms.

We first compare the RiE-CN(2) with the Crank-Nicolson Scheme. And then we
compare the RiE-CN(K), where the Bulirsch step-number sequence is used, with
the multistep schemes proposed in [41], and use DM(K) to denote the K-step Kth-
order one. All the numerical results are listed in Tables 6-8. In all the tables, Y
and Z9- is the numerical solution at n = 0 by the DM(K) scheme.

To compare the RiE-CN(2) with the Crank-Nicolson Scheme, we calculate the
numerical solutions of the BSDE (102) with various time step sizes by the Crank-
Nicolson Scheme and the RiE-CN(2), respectively, and list the absolute errors and
the runing times in Table 6. The errors and running times in Table 6 show that
to achieve the same or smaller errors, the RiE-CN(2) which enjoys theoretical time
convergence rate 4 costs less time than the Crank-Nicolson Scheme, which means
that the RIE-CN(2) is more efficient than the Crank-Nicolson Scheme.

To compare the efficiency of the RiIE-CN(K) algorithms with the DM(K) scheme,
we numerically solve the BSDE (102) with various time step sizes by the DM(K)
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TABLE 6. Errors and running times of the Crank-Nicolson Scheme
and the RiE-CN(2).

N=112 | N=120 | N=128 | N=136 | N =144
CN(K =1y | 1Yo~ V8ol | 8.363E-05 | 7.523E-05 | 6.612E-05 | 5.857E-05 | 5.224E-05
|Zo — 20| | 4.194E-05 | 3.653E-05 | 3.211E-05 | 2.844E-05 | 2.537E-05

R.T.(s) 1.477 1.710 1.944 2.200 2.473

N=38 N =10 N =12 N =14 N =16
RiE-CN(2) | 1Yo — V9,1 | 2.271E-05 | 9.227E-06 | 4.432E-06 | 2.387E-06 | 1.397E-06
|Zo — 27 1| | 1.963E-05 | 8.078E-06 | 3.901E-06 | 2.107E-06 | 1.235E-06

R.T.(s) 0.0198 0.0326 0.0336 0.0498 0.0698

TABLE 7. Errors and running times the DM(4)

scheme and the

RiE-CN(2).
N =50 N =55 N =060 N =65 N =70
DM(4) |Yo — Y| | 4.007E-06 | 2.816E-06 | 2.036E-06 | 1.508E-06 | 1.141E-06
|Zo — 29| | 2.581E-07 | 1.791E-07 | 1.282E-07 | 9.414E-08 | 7.067E-08
R.T.(s) 0.782 0.895 1.024 1.193 1.378
N =26 N =28 N =30 N =232 N=234
RiE-ON(2) | 1Yo = Y0 .| | 1.988E-07 | 1.485E-07 | 1.126E-07 | 8.700E-08 | 6.826E-08
|Zo — 20| | 1.772B-07 | 1.318E-07 | 9.998E-08 | 7.723E-08 | 6.060E-08
R.T.(s) 0.329 0.383 0.451 0.504 0.598

TaBLE 8. Errors and running times the DM(6)

scheme and the

RiE-CN(3).
N =65 N =70 N =175 N =80 N =85
DM(6) Yo — YGO\ 3.331E-09 | 2.252E-09 | 1.546E-09 | 1.082E-09 | 7.728E-10
|Zo — Zg| 9.845E-11 | 5.987E-11 | 4.026E-11 | 2.827E-11 | 2.025E-11
R.T.(s) 1.804 2.104 2.385 2.724 3.158
N =16 N =18 N =20 N =22 N =24
RiE-CN(3) Yo — y§,2| 6.044E-10 | 2.980E-10 | 1.583E-10 | 8.930E-11 | 5.299E-11
|Zo — 23'2\ 4.014E-11 | 1.660E-11 | 8.010E-12 | 4.277E-12 | 2.454E-12
R.T.(s) 0.327 0.449 0.542 0.687 0.845

scheme and the RIE-CN(K), and list the absolute errors and the running times in
Tables 7 and 8. The errors and the running times in Tables 7 and 8 show that to
achieve the same or smaller errors the RIE-CN(K) cost less time than the DM(2K)
schemes for the same rates of convergence 4 and 6. So the RiE-CN algorithms with
the Bulirsch sequence are more efficient than DM(K) schemes.

All the above numerical tests show that

(1) the RiE-CN(K) algorithms enjoy 2K-order convergence in time discretiza-
tion for solving BSDEs for 1 < K < 4 which is consistent with our theoret-
ical conclusions;

(2) the RiE-CN(K) algorithms are stable and very efficient.

6. Conclusions

In this work, by the theory of backward stochastic differential equations and the
Adomian decomposition, we theoretically proved that the solution of the Crank-
Nicolson scheme for solving BSDEs admits an asymptotic expansion with its co-
efficients the solutions of the new system of BSDEs we introduced. Then based
on the expansion, we proposed Richardson extrapolation algorithms for solving B-
SDEs which are very easy in use. Some numerical tests were carried out. The
numerical results of the tests verified our theoretical conclusions, and showed that
the algorithms are stable, very efficient and high accurate.
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