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A SHARP o-ROBUST L1 SCHEME ON GRADED
MESHES FOR TWO-DIMENSIONAL TIME TEMPERED
FRACTIONAL FOKKER-PLANCK EQUATION

CAN WANG, WEIHUA DENG* AND XIANGONG TANG

Abstract. In this paper, we are concerned with the numerical solution for the two-dimensional
time fractional Fokker-Planck equation with the tempered fractional derivative of order a. Al-
though some of its variants are considered in many recent numerical analysis works, there are still
some significant differences. Here we first provide the regularity estimates of the solution. Then a
modified L1 scheme inspired by the middle rectangle quadrature formula on graded meshes is em-
ployed to compensate for the singularity of the solution at t — 01, while the five-point difference
scheme is used in space. Stability and convergence are proved in the sense of L°° norm, getting a
sharp error estimate ﬁ(r"‘i“m*o‘*m} ) on graded meshes. Furthermore, the constant multipliers
in the analysis do not blow up as the order of Caputo fractional derivative o approaches the
classical value of 1. Finally, we perform the numerical experiments to verify the effectiveness and
convergence orders of the presented schemes.

Key words. Fractional diffusion equation, weak singularity, middle rectangle quadrature formula,
modified L1 scheme, five-point difference scheme, graded mesh, a-robust.

1. Introduction

Anomalous diffusion with mean squared displacement (MSD) (x2(t)) ~ t%, in-
cluding subdiffusion and superdiffusion, is ubiquitously observed in a wide range
of complex systems [1, 2, 3], and its anomalous diffusion exponent differs from the
value a = 1 of Brownian motion. Subdiffusion with 0 < a < 1 often occurs in
cytoplasm of biological cells [4], amorphous semiconductors [5], or in hydrology [6].
Superdiffusion with o > 1 is observed in some active systems such as molecular
motor transport in cells [7] or in turbulence [8]. The continuous time random walk
(CTRW) is one of the central stochastic models for both regimes of anomalous dif-
fusion, which is based on two identically distributed random variables of the waiting
times 7 between any two jumps and the single jump lengths x. In fact, based on
the fractional Fourier law and conservation law, the fractional diffusion equations
(FDEs) can be also derived.

In this paper, we consider the generalized two-dimensional time fractional Fokker-
Planck equation [9, 10]

0 o !
) Gt = 5 [ K= s mAuey.s) ds
which is derived from a CTRW model with the tempered a-stable waiting times.
2 2
Here the Laplace operator A = % + 3872 is solved in a rectangular domain

Q = (0,L1) x (0,Ls) and the Laplace transform of the memory kernel is giv-
en by K \p) = m with the tempering index p > 0 and stability index
0 < a < 1. In fact, Ref. [10] indicates that the second moment of the CTRW model
corresponding to (1) is (z%(t)) ~ t* as t — 0, while (22(t)) ~ t as t — oo. We first
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transform Eq. (1) into an equivalent Eq. (A.1) (see Appendix A). Without loss
of generality, we consider Eq. (A.1) with a source term f(z,y,t). Then under ini-
tial condition and homogeneous Dirichlet boundary condition, we discuss the time
fractional Fokker-Planck initial-boundary value problem:

O u(x,y,t) — Au(z, y,t) = f(x,y,t), (z,y,t) € Q:=Qx(0,T],
(2) u(z,y,t) =0, (x,y,t) € 9Q x (0,T],
u(x,y,O) = ¢(may)a (x7y) S Q,

where (2 is a bounded domain, Q := Q x [0, 7], and f and ¢ are given functions; the
time fractional derivative 9;""u(z, y, t) is the tempered Caputo fractional derivative
of order «, defined by

t
(3) O M u(z,y,t) = /0 wyy (t — s)%u(m,y, s)ds
with
(4) wi(t) = _ /00 e Mg ds.

s ril-a) J,

Here () := [ t*~'e~"dt is the Gamma function. Clearly, when p =0, 8;""u is
just the classical Caputo fractional derivative of order «.

However, since the nonlocal properties of fractional operators, it is more chal-
lenging or sometimes even impossible to obtain the analytical solutions of FDEs, or
the obtained analytical solutions are less practicable (expressed by the transcenden-
tal functions or infinite series). Efficiently solving FDEs naturally has always been
an urgent topic. So far there have been many works, including the finite difference
method, finite element method, spectral method, and so on [11, 12, 13, 14, 15, 16,
17, 18, 19, 20, 21]. In particular, for the fractional derivatives in Caputo sense, the
L1-type scheme [20, 21] and k-step backward difference formulae [15, 16, 22, 23]
on uniform meshes are two popular and predominant discretization techniques. To
the best of our knowledge, the smoothness of all the known data of (2) does not
imply smoothness of the solution u in the closed domain Q [24, 25, 26]. In the
early research, most papers ignored the possible presence of an initial layer in the
solution at ¢ = 0, and the corresponding convergence analyses make an unrealistic
assumption that u is smooth in the closed domain Q. Until later, the nonuniform
time meshes were successfully employed to compensate for the singularity of the
solution at ¢ — 07 [28, 29, 30, 31], which are flexible and reasonably convenient for
practical implementation. Such graded meshes were originally used in the context of
Volterra integral equations with weakly singular kernels [32, 33]. In particular, the
L1 schemes on graded meshes for discretizing the fractional derivatives in Caputo
sense with the optimal rate of convergence &(r™*{2=ra}) have been detailedly
discussed in [17, 28]. However, it seems not easy to extend to the tempered Caputo
fractional derivative 9;""u(z,y,t) in our Fokker-Planck equation (2) because the
kernel function wy; (t) is an improper integral. In this paper, a modified L1 scheme
is designed to discretize the tempered Caputo fractional derivative 9y"*u(z,y,t),
which seems to be the first time to be considered, and the classical five-point fi-
nite difference scheme is used to approximate Au. After verifying the regularity
of the solution to (2), a precise stability result and sharp a-robust error estimate
O (r™ir{2—era}l L p2) are obtained.

The structure of the paper is as follows. In Section 2, the regularity of the so-
lution u of (2) is investigated and the bounds of those derivatives of u are derived,
which are needed for the subsequent numerical analyses. In Section 3, the kernel
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function in 8;"*u(z,y,t) is first explicitly written as four parts; then the discretiza-
tion scheme of (2) is presented. Based on the regularity assumptions for v in the
previous section, we mainly analyze the truncation error bound for the tempered
Caputo derivative, while the space approximation accuracy is obvious. Stability
and convergence analyses are carried out in Section 4, where a sharp a-robust error
estimate is derived. To verify the theoretical results, the numerical experiments are
performed in Section 5.

Notation: Let || - || denote the L?(Q2) norm defined by |[v||? = (v, v), where (-, -)
is the L*(€2) inner product, and || - ||os denotes the L>(2) norm. Throughout this
paper, “/” represents the time partial derivative and C a generic constant that
can take different values in different places. Also C' may depend on the data of
the boundary value problem (2) but is independent of any mesh used to solve (2)
numerically.

2. Regularity of the solution to (2)
The two-parameter Mittag-Leffler function is defined by [34]

Lemma 2.1 ([34, Section 4.10.2]). The Mittag-Leffler function Ey g(—2) : [0,00) —
R possesses the complete monotonicity property for 0 < a <1, 8 > «, that is

d’ﬂ
(6) (—1)”d—nEa,5(—x) >0, Vz € (0,00),n=0,1,---.

T

Lemma 2.2 ([34, Eq. (4.4.4), p. 61]). For o, > 0, one has

t
(7) /0 sP 1B, s(\sY) ds = tP B, g1 (M9).

Lemma 2.3 ([35]). Recall that 0 < oo < 1. Let A > 0 be a constant. Then one has
the identity
d

(8) 7

Lemma 2.4 ([36, Theorem 1.5 and Theorem 1.6]). If 0 < a < 2, S € R, 7ar/2 <
@ < min{w, wa}, then there exist positive constants Cy, Co, and C3 such that for

|arg(2)] < p,

Baa (=A%) = X" o (— A7),

(1-8)/a o Cs
<
(9) |Ea,s(2)] < C1 (1+]2)) exp (RG) +
and for p < |arg(z)| <,

Cs
) E < .
(10) |Ea5(2)] < 1+ |2|

Let {\;}32, and {t);}32, be respectively the eigenvalues (ordered nondecreasing-
ly with multiplicity counted) and the L?()-orthogonal eigenfunctions of the nega-
tive Laplace operator —A on the domain 2 with homogeneous Dirichlet boundary
condition. Then {1;}32, forms an orthogonal basis in L?(Q). In fact, by separation
of variables, one can construct an infinite series solution to (2) in the form

u(m, Y, t) = Z ui(t)’lr/)i(x’ y))
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where
wi(t) = (u(ss ), ¢l ) -
Further denote ¢; = (¢(-,-),¥i(-,-)) and f;(t) = (f(-,-,t),¥i(-,-)) . Then we have
07 M ui(t) = —=Ajui(t) + fit),
the Laplace transform of which leads to

oy (s p) —pe

(s 1)" = ] () g = —ii(s) + ils),

equivalently,
sH(s + ) = p®) @i + fils)
(s+p)* —p+ X
[(s + )~ 4 ps™ (s + )~ = 5710 6i + fils)
(54 )™ —p>+ XN

Hence, with the inverse Laplace transform and the two parameter Mittag-Leffler
function (5), there exists

fi(s) =

t
U,(t) = ¢z |:6'utEa,1(—aita) + ﬂ/ BiﬂsEOL’l(—az‘Sa) ds
0
t
—uo‘/ e“ssalEa,a(—aiso‘)ds}
0

t
(11) —I—/ e_“sso‘_lEa,a(—ais“)fi(t —s)ds,
0

where a; = A\; — p®. Since the eigenvalue sequence {\;}$2; is non-decreasing, there
exists an integer ig such that a; > 0 for all i > iy and a; < 0 for all i < ig.

Then under suitable additional assumptions on the data (cf. [35]), the solution
of (2) can be denoted by

(12) U(LL', Y, t) = Z [d)ZGl(t) + Fl(t)] 1/}1@37 y)

i=1

with
t
G,(t) = e_“tEa’l(—aito‘) + u/ e " Ey1(—a;s%)ds
0
t
- ,uo‘/ e s B, o(—a;is™)ds
0
and
t
Fi(t) = / e M s B, o(—ais®) fi(t — s) ds.
0
The identity (12) will be used several times when proving the regularity of the

solution u to (2). Using the theory of sectorial operator [37], for each v € R the
fractional power (—A)7 of the operator —A is defined with the domain

H>(Q) = D((-A)) := {9 € L*(Q) - ZA?” (g, wa)[* < OO} 7
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and the norm of H?Y(Q) is
0o 1/2
bl = (2 0 0F )

=1

Theorem 2.1. Let u be the solution of (2). Then, for arbitrary e > 0, there exist
constants C independent of t such that

(i) If ¢ € H*E(Q), f(-,-,t) € HT(Q) for t € [0,T], then |u(z,y,t)| < C for
(z,y,t) € Q;

(ii) If ¢ € H3T(Q), f(-,-,t) € HT(Q) for t € [0,T], and || fi(-, 1) |l grse ()<
Ct=" (p<1) for allt € (0,T), then |uy(x,y,t)] < Ct*t for (z,y,t) € Q.

Proof. (i) According to (12), by the triangle inequality, one has

u(z,y,t)] < Z|¢z i (O] Vi, y)l

5

¢
pie " Eo 1 (—ait™) + ¢iﬂ/ e " Eqy1(—a;s*)ds
0

t
ot [
0

t
+/ ef“ssaflana(—aisa)fi(t—s)ds |t (x, y)
0
<Y [|gie ™ Ba(—ait™)| [thi(z, y)|
=1 .
+ ¢iﬂ/ e "By 1(—a;sY) ds| |[¥(x,y)|
0
t
o [ et B o(-ais) ds| i)
0
t
(13) + / e_”ssa_lEa’a(—aisa)fi(t—s)ds |¢Z(x,y)|]
0

Since ¢ € H*(Q), f(-,-,t) € H'FH(Q), there exist [¢C - )l frvey < C and
£ (s Dl sy <C. In addition, A; ~ 4 (cf. [38]) and [¢;(z,y)| < C.

Consider the terms in (13). Using the Cauchy-Schwarz inequality and Lemma
2.4, we have

Z |pie " Eq 1 (—ait®)| < OZ |6:] | Ea,1(—ait®)]

i=1 i—1
10—1 oo

<C <Z + Z) |i| | Ea,1(—ait™)]
=1 i=io

o 1/2 /o 1/2
co(£) (B
i=1 "'

=1
< Clléll gave(a) -
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By the Cauchy-Schwarz inequality, Lemma 2.1, Lemma 2.2, and Lemma 2.4, one
has

) t
SCZ\QM /0 e " Ey1(—a;s*)ds
i=1

<0316 ([ 1Bust-as) as)
<o (z + z) 61t (Baa(-ait®)

i=1 i=ig

o 1/2 /o 1/2
(5 (Eer)
i=1 "'

=1
< Clléll gave(a) -

0o t
Z d)iu/ e " Ey1(—a;s%)ds
i=1 0

Again according to the Cauchy-Schwarz inequality, Lemma 2.1, Lemma 2.2, and
Lemma 2.4, it yields

oo

D

t
/ e_‘“sa_lEa,a(—ais“) ds
i=1 0

t
i [ i
0

< CZ | i
i=1

< C’Z |4 ] (/0 |5a71Ea7a(faiso‘)| ds)
(Z Z) |¢l‘t aa+1<_aita))

1=10

~ /2, o 1/2
€ 2
<C (Z )\1+€> (Z%H |pil )
i=1

i=1 i
<C H¢||H1+e(sz) :
By the Cauchy-Schwarz inequality and Lemma 2.4, one has

o0

>

i=1

t
sc/
0

1/2 /s 1/2
<0/ ( W(E (—aisa>>2> (ZA§+5ff(t—s)> ds

=1

¢
/ €M By o(—ais®) fi(t—s) ds
0

s 1 Z Eya(—a;s®) fi(t —s)| ds
i=1

Hence the series (13) is absolutely and uniformly convergent on @, and

(14) |u(z,y,t)] < C for (x,y,t) € Q.
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(ii) Differentiating (12) term by term with respect to ¢ for (x,y,t) € @ yields
infinite series formulas for the derivatives that we desire to bound

oo

'LLt(l’, Y, t) = Z [_(ﬁieiutaitailEa,a(_aita) - ¢iﬂaeiutt071Ea,a(_aita)
i=1
+e Mt By o(—ait®) £i(0)
t
(15) b [ e a1 (- 9)ds | i),
0

where (8) is used in Lemma 2.3 to differentiate E, 1(-). Based on the proof of (i),
it is easy to check that

(16) [ut(z,y,1)] < Ct27F for (2,y,1) € Q.
This completes the proof. (I
Similarly, one can carry out the calculations to bound %ZT;L and a‘z;;“j (fori+j=

p and 4,5,p = 1,2,3,4) on Q. Moreover, one can similarly show (cf. [35]) that
0;""u exists and u is the solution of (2). The maximum principle guarantees the
uniqueness of solution.

Now we summarize all the above activities in the following result.

Theorem 2.2. Assume that ¢ € H*"<(Q), f(-,t) € HT(Q), f,(-,-,t) and fu(-,- 1)
are in H'T<(Q) for any t € (0,T] with

GOl s ey + 1 Cos Ol veay + 8 1 fee (s Dl e ) < G

for all t € (0,T], Ye > 0, and some constant p < 1, where Cy is a constant
independent of t. Then (2) has an unique solution u, and there exists a constant C
such that

opP

(17) ‘arlzj(xay>t)’ < C fO'I" 7’+] =p and i7j>p: 071u273747
0%u o

(18) %(I7y?t) SO(l—'—t q) fOTqZO,l,Q,

for all (z,y,t) € Q x (0,T).
3. The discrete problem

In this section, we construct the finite difference scheme for the problem (2). To
address the weak singularity at t = 0, we use a graded mesh in time and uniform one
in space. Let N, N,, and N be positive integers. Set the mesh points x; := ih, for
i=0,1,2,--- , Ny and y; := jh, for j =0,1,2,--- , N, with the uniform spacesizes
hy = L1/N, and hy = Lo /N,, respectively. Set t,, := T'(%)" forn =0,1,2,--- | N,
Tp =ty —tp_1 forn=1,2,--- N, where the constant » > 1 is the mesh grading.
It is easy to show that such a time-graded mesh has the following property [28]: for
k=0,1,--- N —1,

E+1\" E\" R
(19) mH:T(N ) —T(N) <COTN~"k™1.

The numerical solution and source term at each mesh point (x;,y;,t,) are denoted

by uj; and f7%, respectively.
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3.1. Spatial and temporal discretization. We use five-point difference scheme
in space

(20)

n n n n n n
Uity = 2wl g g = 2w

Au(xia Yj» tn) ~ Sougf + 63”?] = h2 h2
T Y

x g

Before discretizing the tempered Caputo derivative (3), we first make integration
by parts for the kernel function

« _ o >~ —ps —l—a
wi (t) 7F(1—oz)/t e Ms ds
_ .« T s (Y
) () @

e_#tt_a 1% > —ps . —« ! —ps ;—a
_F(l—a)_I‘(l—a) (/0 e Hs ds—/oe s~ %ds

e—utt—a Ma I t " N
= — THSgT d
I'(1l-a) I‘(lfa)—i_I‘(lfa)/O cs e

where the last equality uses the fact that T'(A) = [;~ s*“'e™*ds. Then

t t e HSg—a Ma I s
«a _ - —uT,_—«
[ [ g - w7 o

1 ¢ 1 ¢
[ — —HS T - «
F(l—a)/oe s s r(1—a)/0“ ds

t 1 t
[ — —HS T - «@
F(l—a)/oe s s r(1—a)/0” ds

s ¢
—— [ (t—s)e ™ *s ¥ ds.
+F(1—a)/0( s)e s s

1 tfemhs o | mteTHS e He
= — — ds.
F(lfa)/o < s M + 5% sa—l 8

The tempered Caputo derivative 9, " u(z,y,t) in (3) at each mesh point (z;,y;,t,)
can be written as

t
n a

O M u(zy, yj,tn) = / wy (tn, — 8)o-u(wi, yj,5) ds
0 0s

n—1 t. _ _ .

1 k+1 e w(tn—s) N
:m—ooz/ [(t —sa N
k=0 "tk "
‘uefl—‘(tnfs)tn Iuel"(tns):l o

(t —8)a - (t — s)afl 7u(xiayj78) ds.

(21) + D5

Our technique is to use the following modified L1 scheme inspired by the mid-
dle rectangle quadrature formula to approximate ;" u(z;,y;,t,), which has some
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resemblance to the discretisations discussed in [17], i.e.,

n—1 k+1 k
Doup = =3 el )
T —a)

s Tk+1
A 1 t
22) A e e o e R
Thus we approximate problem (2) by the discrete scheme
(23)
Ly, v, Nujy =Dy ufy— (62407 ) ufy = fl2 for 1<i(f) < Ny(Ny)—1, 1<n <N,
ug; =0, uy, ; =0, ujp =0, ui'y = 0,for 0 <i(j) < Ny(Ny), 0<n <N,

ug; = ¢ai, y;), for 0 < i(j) < Nu(Ny).
3.2. Truncation error. We now consider the truncation error of the difference
scheme (23). In fact, using (17) yields the truncation error estimate for space
approximation

(24)  Au(zs,y;,tn)= (65 + 65) w(Zs, Y5, tn) + O(hi + hi) for (z;,y;,tn) € Q,

which is a well-known conclusion. Below we mainly analyze the truncation error
bounds for the tempered Caputo derivative. The notation relating to space mesh
points (2;,y;) is omitted here, since the bounds are based on (18), independent of
x and y. Then from (21) and (22), we have

|
-

n

Dj‘\‘[»“u(tn) — 5‘to‘>l‘u(tn) = [Ji,k + Ji,k 4 Ji,k + thk]
k=0
with

e Gl i {() b)) =u(t) e O u@} s,

7 s=tg F(l_a) Tk+1 0s

t @ te+tg

N k::/ e {au(s)e_“(t"‘_’ﬂm)eu(tnS)M} ds,

7 s=t, L(1—a)|0s Tort
Bui= [ "ttt =) {() lter) =u () _ e O u(s)} 0.

n, . F(l—a) Th41 s

Bm [ M 2 {ewmau(s)e—u(tn—‘“;"“) u<tk+>—u<tk>} N

' s=tg F(l_a) 65 Th+1

Theorem 3.1. Under the regularity results of the solution of Eq. (2), there exists
a constant C such that for 1 <n < N,

(25) |D?<,’”u(tn) — ata”u'u(tn” S Cn~ min{Qfa,ra}'

Proof. Using the triangle inequality leads to

n—1
| DN u(tn) = 07 M ultn) 1< Y [0l + 1Tkl + 15 4l + T3 kl] -
k=0

1
n,k?

Next, the corresponding bounds of J
the following three steps.

2 3 74 : : :
Js ko Joks I i arve given respectively in
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Step 1: For J }L x> We prove the desired results in the following three cases, i.e.,
k=0,1<k<n-2 and k=n—1,

n—1 n—2
STl =100l + D 1Tl + Tl
k=0 k=1

Case 1: For k=0, if n = 1, from (18), one has

u (tl) — U (to)
1

1 & —a — _totty
}Jlol—pl_a)/o(tls> e (n=5) ds

1 " (t1-5)
b — g) Qe H(ti—s
vy IRCERR
e H2T

—p L fa tl 1 tl
< ——— d [ — t1—g)
<Tow L, S+ ey f B

e

n 1 c " 1
<(C—--—— | - t1 —s) “s*d
¢ (2—(1)/ 0 S+F(1—04)/s—0(1 57" §

n® i, _C
'e2—a) a TI'(l-a)
<G

0

%u(s) ds

0

%u(s) ds

%U(s)

<C B(a,1 - «)

if n > 1, applying t,, = T'(%)", (18), and the mean value theorem gives

1 h (e, —tottny [u (t) — u(to)
_ ) m(tn—gtt) | U0 T Uito)
ol < i )Lﬁ” Ve m %
t1 a
_ -« 7“(1‘%75) _
1—a / (tn, —s) %e 8Su(s) ds
_,U<tn )7- t1 6
< 1 _ _ 11—« I
< I‘(Q—a) [t = (tn — t1) ]/5:0 3 u(s)| ds

0

%u(s) ds

LTt =) /tl
F(l - a) s=0

Crt b
< 1 tlfoc — (b, —t l-a / a—1 d
S CER IO VAR

C(tn B tl)_a h a—1
—&-7“17&) /g:@s ds

<O =ty — ) 7] 887 + Ot — 1)t

<20 <t” t1>
ty

< Cn™ "

It follows that

(26) [Jho| <Cn7" forn > 1.
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Case 2: For 1 < k <n — 2, using integration by parts yields
ottt

T :‘QFW /:Hl(tn—s)_a (u(tkﬂ)_u(tk)—aiu(s)) ds

s=ty, Tk+1

1 lkt1 B Ctgttegn
+P(1—a)/ (ta—s)® (e e )_e—wn—s)) 9 u(s)ds

=t 88

_ Ctetteqn
_¢€ n(B—) [u(tk+1)—u(tk) /t"'+1
s

I(1—a) Tht1

(tn —s)"“d(s—tg)

=t

_/stk+1 (tp—8)"d (u(s) —u (tk))]

=tk
1 th+1 e 7tk+tk+1) 8
tn— —a #( n— 35 ) _ _—u(tp—s) | 2 d
+F(1a)/s_tk ( s) (e e aSu(s) s
=Ky x + K7 &
Here
_ tette41
1 ae #<t" )
ok (1—a)
bt t —u(t
/ (tp —s)~"1 {(u(s) —u(ty)) — “(k“)“(k)(s_tk)} ds
s=ty, Tk+1
and
1 bt (= )
K2 _ ty — —a M( n 3 _ —p(tn—s) | Y ds.
kT D1 —a) /_ = 2) ( ‘ gsu(s)ds

Applying the mean value theorem to K}L’ L, gives
-t

I'(l-a)
. [(u(&) —ulty) - w(& - tk)] / kﬂ(tn —s)"*ds

Tk+1

ae

1
Kn,k -

s=ty,

ae Tl —a) (61— ti) [ue(§2) — we(€3)] /s_k: (b — 5)=°~ds
oze_“(t"_w%) s
_ I(1—a) (&1 — tr) (&2 — E3)ure(6a) /S_tk (b — 5)=°~ds

for some &1,&5,83,&4 € (tg, tgr1). Thus for 1 < k <n — 2, one has

trt1
|K}1 k| < CT,?H max  |ug(s)] (tn — s)—a—l ds
5 tkSSStk+1 s=t,

and

K2 o] < Cltn — tie1) ™™ max  |uy(s)]

tr<s<tpy1
/tk+1
s=ty

ty, 4+t
efu(tnf%) _ e hlta=9)| s
<Oty by — thpr) ™
= +1bg n k+1 )
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where the last inequality is guaranteed by the middle rectangle quadrature formula
and (18).

On the one hand, since (1 — Z—:) n"<n"—(k+1)" <n" forV1<k<[n/2]-1
and n > 2, using the triangle inequality yields

[n/2]-1 [n/2]-1 [n/2]-1
Z T3] < Z K,k + Z K2 4l
k=1 k=1 k=1

By t, =T(%)", (18), (19), and the mean value theorem, one has

e ekl 238}
Z |K:l,k| <C Z T;?+1 max |Utt(8)|/ (tn — S)—a—l ds
k=1 s=t,

tr <s<tg
b1 kSSStryt

fn/2]-1
C D Tty e (te — tia) T
k=1

S OINCRCTIN

IN

<
k=1
[n/2]—1
< C Z k(a+1)r—3 [nr _ (k + 1)7‘]7(171
k=1
[n/2]-1
< Cn—r(a-i—l) Z k(a+1)r—3
k=1
Cn~"et)if pla+1) < 2,
(27) << Cn%lnn  ifr(a+1) =2,
Cn™2 if rla+1)>2,

where the last inequality is derived in [28]. Also by t,, = T'(%)", (18), and (19),
one has

[n/2]-1 [n/2]—-1

Z |Ki,k| <C Z T;i’+1t271(tn —thp1) @
k=1 k=1

[n/2]-1 rqoa—1 rq—a
X k n\" k+1
< CT? N (= CR N
sort 3w (y) ][R (G
[n/2]-1
< CT2 Z N—Qrk(a+2)r—3 [TLT _ (k + l)r]*a
k=1
[n/2]—1
<C Z N—2rk(a+2)r—3n—ar
k=1
f/2-1 2r<k>(a+2)7‘3 1

n n

(28) <Cn™2
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On the other hand, for [n/2] < k < n — 2, using the triangle inequality yields

n—2 n—2 n—2
Z T3] < Z K,k + Z K2 -
k=[n/2] k=[n/2] k=[n/2]

By t, =T(%)", (18), and (19), one has

n—2

n—2 trsr
Z Kl < © Z Tip1, max |Utt(5)|/ (tn —s)"* "ds

, tp<s<tpi1 s=ty

k=[n/2] k=[n/2]

n—2

th+1
<C Z T,3+1t272/ (t, —s)"* " tds
k=[n/2] s=tk
n—2 tr41
<02 N2 / (tn —s)~* 1 ds
k=[n/2] 5=t
narja—2 nZ2 g [lrt1
sor ()] 8 ey [ getas
k=[n/2] 5=t
n-2 th+1
< CTQN—roenra—Q Z / (tn _ S)—(x—l ds
k=[n/2] /st
th—1
< C'menmfz/ (t, —s) > tds

s=trn/2]
< CNfroz roa—2 —«
> n (tn - tn—l)

(29) <COn~ (7,

1
where we use the properties of time-graded mesh: ¢, < 2"t,_; and TT%N_lti_I <

o < TTEN"U. 7 for n > 2 (cf. [27]). Also by t, = T(2)", (18), and (19), one
has

n—2 n—2
Z |K721J€| <C Z Tosaty " (tn — tepr) ™"
k=[n/2] k=[n/2]
n—2
S CQT(lfa)tgfl Z T1§+1(tn . tk+1)7a
k=[n/2]
rqa—1 n=2 , E1\" —a
ser ()] 2 oo [ - ()]
k=[n/2]
n-2 rq —o
<C Y N {1_ (k+1> ]
k=[n/2] n
B n—2 na2r k+1 r 7(11
<o ¥ (5[ (50)] s
k=[n/2]
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Case 3: For k = n — 1, applying the mean value theorem, t, = T'(
tn < 27t,_1 for n > 2 (cf. [27]), (18), and (19) gives

)"

=

tp_1+t
e*l‘d(tnf = é n)

tn
1 - o —a
|Jn,n—1‘ < 1—\(1 — Oé) L (tn S)

=tn—1

1 tn Cu
JrF(l—oz)/S (tn = )

=tn—1

u(ty) —u(tp—1) O

— —uf(s)

Tn Js

‘n—l'Hn)

E*H(tn* D) 767.“'(tn75)

—pTn tn
€ T max  |ug(s)]

- F(l - a) tnfl SSStn (tn B S) ds

s=tn_1
t
Cry "

* I(1—a) b Sest, fue(s) s:tnfl( o
<O+ O

<O (27,) T O (277 t)

<C[NT(n-1)17" {(;)MZ) n (;)T(al)}

a—1

< COn~ 29,
It follows that
(31) {Jvlz,nfll <Cn~ % forn > 2.

Combining (26)—(31), we have
n—1 )

(32) Z |"]]71’L,k| <Cn~ mm{Z—a,ra}.
k=0

In fact, Ji’k = uth}hk. Using t, = T'(§)" yields

n—1 n—1
Z |“]]§L7k‘| = ity Z |°H71L,k|
k=0 k=0
n\" -
<C (7) —min{2—a,ra}
> N n

(33) < Cn~ min{2—a,ro¢}.

Step 2: For J]fhk, we prove the desired results by the following two cases, i.e.,
k=0and 1<k<n-1,

n—1

n—1
Z 32 &l = 1320l + Z J7 -
k=0 k=1
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Case 1: For k = 0, according to (18), t, = T'(+)", and the middle rectangle
quadrature formula, we obtain
+1) ] ds

ol < ity L, 579
| [u(t)—u (ko)

2C/~La i1 o Ma /t1
< _—=F a-lgg4 ——
ST(-a) /: Tra-a) ), =

tl tl
§C/ sa*1d5+C7'12/ s* 1ds

=0 s=0
< Cty + Ot

<Cn™ "¢

totty :
et~z —et?

u(t)—u(to)

+ (e_"s

tott
e.uf( p] L )

ds

It follows that
(34) ’Ji,o‘ <Cn~ " forn > 1.

Case 2: For 1 < k < n — 1, using integration by parts yields

(e tht1 tp+t
2 _ H . N(k 2k+178> a
gt [, (o) G

=ty

n P /thrl eu(it”;k“ —s) (aiu(s) ~u(te) — “(tk)) ds

F(l - Oé) =t Tk+1

«a tr41 th 4t

=t

il " () dugs) - ()

=t

b)) — u (t) / P m]
Tk+1 S:tk

=M, g, + M,

Here

«a th+1 todt o
s=t

and

o)
M2, =
P I(1-a) Th1

=t

ot /Sml () [(u(s)—u(tk))—w(s—m} ds.

Applying the mean value theorem to Mi L, gives

a+1

2 M U (tpt1)—u (tx) b
Mx = Sy [(um)—u(tk))—}ﬂm—tk)] / e ( ),
- bt tpttig
= ﬁ(% —t) [ue(y2) — ut(%)]/s B (#75)

=t}

ds

a+1 th+1 Mfs
- ﬁ('}/l - tk)(’YQ - 73)“#(74)/8 e’“‘( ) ) ds

=t
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for some 1,72, v3,74 € (tg, tg+1). Thus for 1 < k <n — 1, by the middle rectangle
quadrature formula and (18), there exists

a tet1 to4t o

1 H —pus | s uw
M), 4| € =—— e et — et 2 —u(s)| ds

F(l - Oé) s=ty (95

(2381 bty 4t
kit
<C max J|u(s)] e —ehtm 2 ds
tr<s<tpt1 s=ty

<Oord et

and

2 2
M7 k| < Critia , Jnax |t (s)]

trt1 (tk+tk+1 )
—————5
/ el 2 ds|.
S

=tk

Then for 1 < k < n — 1, using the triangle inequality yields

n—1 n—1 n—1
§£:|Ji$|f§j£:|Nﬂ£ﬁ|*‘§£:|Nﬂi$-
k=1 k=1 k=1

From t,, = T'()", (18), and (19), one has

n—1

n—1 n—1 k (a+2)r—3 1
(35) D My, <CY Tt <on? Y <n> ~<cn
k=1 k=1 k=1
and
n—1 n—1 that ——
2 2 o e
SOIMEL < CY R, max us) /S:t () g
k=1 k=1 k
n—1
<Oy ity
k=1
n—1
< Cnfr(aJrl) Z k(oz+1)r73
k=1
Cn~ @) if rla+1) < 2,
(36) << COnZlnn ifr(a+1)=2,
Cn™? if r(a+1) > 2.
Combining (34)—(36), we have
n—1 )
(37) Z |J$L,k| <Cn~ mm{2,ra}.
k=0

Step 3: For Ji > we prove the desired results in the following three cases, i.e.,
k=0,1<k<n-2 and k=n—1,

n—1

n—2
S 1Tkl = 1Th ol + D 1Th k4 1Tl
k=0 k=1
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Case 1: For k =0, ifn =1, by t, = T(%)", (18), and the mean value theorem,
one has

t1
1 _yl—a—u(t-s) | 9.
|J 0| — 11 )/5 (tl ) € 8su(s)

0
to+ty
/ (t—s) 1 a —u(tl— )
pe M 7 1

m a 2 ) ) 11—« T1
= Ti—a) /5:0(“*5) gs(s)| ds+ 2—a)l(1-a) /s:o

—« 1 l—« T

/“'1 / a—1 Cn / a—1

S —_— S dS + - S dS
I'(1—a) Jo=o 2-a)l'(1 =) Jo=0

<,

ds

u (tl) — U (to)

ds

0

%u(s) ds

if n > 1, applying t,, = T'(%)", (18), (19), and the mean value theorem gives

ol < gty [ w9 mmeo | D as
nol = Nl-a) ds
t1
Iz 1 —p(tn—toptr) | (t1) — u(to)
+ (tn —s) "% H T ) | —————~|ds
I'(l—a) /s:O T1
‘ulefu(tnftl)t}lfa /t1 a
<= — d
- F(l — a) s=0 8SU(S) s
totty
i e [ 2
G- aTl—a) [t2 (tn —t1)°7%] - asu(s) ds

t] tl
< Ct};a/ s* s+ Cry [t = (t — 1) / s* lds
s=0 s=0
SOt + O [ — (ty — t)? 15!
<20t
< Cn™".
It follows that
(38) |Ji)0‘ <Cn~ " forn > 1.
Case 2: For 1 < k <n — 2, using integration by parts yields
tr41 tetteqa 0
1 11—« —u(tn—s) 7#(tn7f)
== tn— ! — — d
Jnk T —a) /S_tk ( s) (e e asu(s) s

tr+tr
_)u'(t'n,_ k 2k+1)

o, 7 (-

=t

tht1 _ tpttegn o

_ K _ oo [ multe—s) _ —n(ta— L)) O
I'(l—«) /S:tk (tn=5) (e ¢ 35u<8) ds

—u(tn—it”;”““) tet1
he 11—«
+ t, — s d(u(s) —u(t
e L o) - ule)
e )
Tk+1 s=tg "
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Here
tht1 ) B _tettegn )
ik = 71— o) /s_tk (b =) (e_”(tn_é) - )> g5 () ds
and
g _ (o= Dpe n(tn L)
ok ri-a)
trt1 _
/ (b —5) 7 [u (mi) 8 (6 1)~ (uto) — wta))] s
s=ty, k+1
Applying the mean value theorem to H , gives
s (a— l)ueiﬂ(t"ftﬁ;kﬂ)
mk (1 —a)
trt1
wlter) =) (0 iy ) —u (tk))} / (tn — 5)~"ds
Tk+1 s=t
. *H(tn*%#) tht1
= 6~ )~ )] [ =)
T tein
= (G )G = G [ (=) s

for some (1, (2,(3,C4 € (tx,tr+1). Thus for 1 < k < n — 2, by the middle rectangle
quadrature formula and (18), one has

tetr | tpttega
HL | < Cltn — )" max  |uy(s)] / ot =LY 9| g
s=t

tp<s<tpt1

< Oty (b — i)' 7"

and

trt1
2 | < 2 ).
’HnJJ - CT}CH tkﬁrglgiiﬂ |Utt(8)| /s_tk <tn 8) ds

Then for 1 < k < n — 2, using the triangle inequality yields

n—2

n—2 n—2
Z Tkl < Z |HL, x| + Z |HL |-
k=1 k=1 k=1
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By t, =T ()", (18), and (19), one has
n—2
Z |Hn k| < C Z 7'13—5—1152_1(% - tk’)lia
k=1

n—2 3 k rqa—1 naT k rql—a
<CY» (TN7"EH7|T T(<) -T(—
sex @ r(y) ] @ ()]
n—2
< OTS N73rk(a+2)r73 [nr o kr}lf
k=1
n—2 3p k (a+2)r—3 1
<Cn? 2) - —
=& Z (N n n
k=1
(39) <Cn~2.
On the one hand, since (1 — 3—)n <n"—(k+1)" <n"forVl<k<|[n/2] -1
and n > 2, using t, = T'(f)", (18), (19), and the mean value theorem yields
[n/21-1 [n/2]-1 tm
2 2 —«
> EISC St max )] [ (=) ds
k=1 k=1 =0
[n/2]-1

<C > Rty et — thea)
k=1

[n/2]-1 rqa—2 rq —a
k n\" k+1
< —T.r— 1 v _(rT L
ey one|(5) ] {605

]'n/?'\—l

<CT S NREH S [ (kg 1))
k=1

[n/2]—1

< Cn—r(a+1) Z k(a+1)r—3

Cn~ "D if r(a+1) < 2,
Cn?Inn if r(a+1) =2,
Cn™? if r(a+1)>2

IN

(40)

On the other hand, for [n/2] < k < n —2, by t, = T(5)", (18), (19), and the
mean value theorem, one has
(41)
n—2 th41
> HE,I<C Z T2, max \utt(s)|/ (tn —s)"%ds
tr<s<tp41 s—t
k=[n/2] k=[n/2] k
n—2
<C Y Tty e (tn — tepn)
k=[n/2]
= s/ kN 1" [/n\ E+1\""“
< —rpr—1 v _
ser ¥ oo ()] (- ()]

k=[n/2]
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n—2 rq —Q
<CT Z NTlet)r=3, —ar {1 _ (M) :|

n
k=[n/2]
n-2 rq—«
k+1
<C —r (a+1)r—3, —ar _
< Z N™"™n n 1 —
k=[n/2]
n—2 rq—
n\" k+1 1
s S ()]
= Z N n n
k=[n/2]
< COn~2.
Case 3: For k = n — 1, applying the mean value theorem, t, = T(%)",
tn < 27t,_q for n > 2 (cf. [27]), (18), and (19) yields
tn to 44t
1% o | —p(t,—s —u(t, —n=1tin 0
|Ji7n_1‘ < m /S_tnl(tn — 3)1 e u(t ) e #( 2 )‘ %U(S) ds
(e e I
pe 1-a| 0 u(tn) — u(tn-1)
tn— = - ———2\d
+ I'l-a) /stnl( =) 8su(5) ™ 5
Cry, tn Lw
— 1—\(1 _ a) tn_rlngasxgtn ‘ut(5)| S:tn_l(tn - 3) ds
Ce "3 1, tn a
F(l o a) t"ing;%t" |utt (8) —t | (tn - 5) ds
<O O
a—2

<O (277t,) T 4 O (277t,)

<CNT(n—1)1"" {(;)r(al) + (;)T(aﬂ

< COn~ 6=,
It follows that
(42) |J4 ’ < Cn~ B for n > 2.

n,n—1
Combining (38)—(42), we have

n—1

(43) Z |J;Lz,k| <Cn~ min{2,7‘a}.
k=0

To finish the proof, we use the facts, i.e., if r(a + 1) < 2, one has n= " >
Cn~ (@) Inp and if r(a + 1) > 2, then n=(2~*) > n=2 in the previous estimates.
Finally, according to (32), (33), (37), and (43), we have

| D u(t,) — 08 u(t,)| < Cn~min{2=aral for 1 <pn < N.
This completes the proof. O

4. Stability and convergence analysis

In this section, we prove the discrete scheme (23) is unconditionally stable and
converges in L norm, and a sharp a-robust error bound for the solution of (23)
is given later.
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4.1. Stability analysis. From (3) and the definition w () = ﬁff@*ﬂss**“ds,

we rewrite 9;""u(z;, yj, tn) in (21) as follows

tht1 «a

- _H(tn_s)
Il—a)°

n—1
a?’uu(l'myj?tn) = Z/

k=0 "tk
o 0

(44) . </ ehltn=s=7) —1-a dT) —u(x;,yj,s)ds.
b —s 0s

It is easy to see that e #(*»=%) in (44) is non-negative and monotonically increasing
with respect to s € [0,¢,]. Now we prove the following lemma.

Lemma 4.1. The improper integral ftoo_s etltn=s=T)p=1=a qr in (44) is non-negative
and monotonically increasing with respect to s € [0,t,].

Proof. The non-negative property is obvious and we omit it here. Let = t,, — s.
For arbitrary M € (t, oo), one has

0o 00 M
/ ert=m) =1 qr / er(t=m) p—1-a g / er(t=7) p~1-a dr;
t M t

and for arbitrary constant § € (0, f), there exists

00 5 0o 5 M—6 5
/ eu(t—é—T)T—l—a dr — / eu(t—ts—'r),r—l—a dr = / ep,(t—é—r),r—l—a dr.
t—6 M—o t—6

It is easy to verify that
M-5 M M
/ ett=0-T) =l gr — / e"(th)(T — &)~ tmdr > / ett=T) == qr,
A .

-5 i i
Now by the sign-preserving property of limit operations, it yields
M M—$§

lim ett=T) 1= qr < Jim eh(t=0-7) —1—a dr,
M—oo [f M —o0 i-s

which is equivalent to

e} - o .
lim M=) =1 qr ett=T) =1 qr
M—o0 i M

< lim {/OO e(E=0=T) 1o qr /OO er(f=0-7) —1-a d’T:| .
M—oco {_6 M—6

In fact, using the arbitrariness of M leads to
o0

lim ett=T) 1= qr —
M— o0 M

and
S ~
lim ett=0-m)mlmaqr — .
M—o0 M—§
Thus we arrive at
o0 - oo -
/ et-Tp—l-aqr < / ett=0=T) p=l—a qp
t t—6
This completes the proof. (I
Remark 4.1. We note that this lemma can also be proved by making the substitu-
tion r = 7 — (t, — s), which gives the improper integral fooo e M (r4t, —s)" 17 dr,
and this is a non-negative and monotonically increasing function of s € [0,t,].
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Remark 4.2. In fact, based on the previous analysis, it is easy to conclude that

wi(t) is a non-negative decreasing function on (0,00) and blows up at t = 0.

According to (21) and (44), we can rewrite the discretization (22) of the tempered
Caputo fractional derivative as

dnl dnn
DYHyT — B ul — ) u~ Z ol — ur_z_fk
N T Tl —a) Y F(lfoz)’ [(1—a) &= " AL
where
n—kttn—k
Oée*”(tn* 2 +1 n—k+1 L
(45a)  dyp, == / / etltn=s=m) 1= 47 45
Tn—k+1 tn—k —s

/”‘(t tpn— k+fn k+1>
n—

tn—kt1
P 6/1'
S—— / Ltn—s) -

n

(tn*s)

Pt H
4 + - .
(45b) (T T ds

From (45a), using the mean value theorem and Lemma 4.1 yields
(46) 0 <dnk+t1 < dnk-
From (45b), one has

—u(tn—it""éﬂ") tn
e
dn,l = /

Tn ¢

1
L e Y 7
Ltn—s)a e

n—1

—hE [1+(1—a)u (1—61”") a- 1+/Jt %}

Now, the scheme can be written as

dn 1 2 21 ., Wi, Uiq
_oml =y ] =t

il Uiy
Ti—a) 12" 52"

h2

n
+ Yij—1 + £

+ h2 )

1
+Iu_[nnuz]+z n,k — nk+1) k‘|

fori =1,2,--- ,Ny;—1,7=1,2,--- ,Ny,—landn =1,2,--- , N. The stability result
will be presented in a general framework, which imitates the analysis of [28, 39].
Suppose that

(48) LN NV =01 for 1<i<N,—1, 1<j<N,—1 1<n<N\,

with v ; being given for 0 < ¢ < N, 0 <j < Ny and vg; = vy ;= vjf = v;fNy =0
for()gngm,()gj < Nyand 1 <n < N. Foranymeshfunction{v?j:i:
0,1,2,-++ ,Nyyj = 0,1,2,--- | Ny,n =0,1,2,--- | N}, set [[v"]|, = max{|v}}| : i =
0,1,2,--- ,N;,7=0,1,2,--- , N, } for each n. We seck to bound [[v"|o in terms
of the data of (48) for each n. Therefore, a preliminary result will be given first.



A SHARP o-ROBUST L1 SCHEME ON GRADED MESHES 761

Lemma 4.2. For 1 <n < N, the solution of the discrete problem (48) satisfies

(49)

n—1
[0 oo < 3 [dnmﬂvoﬂa>+-§£j<dn$-—(Luk+1>nv"-kna>+-r<1—-oo|g"nml
k=1

Proof. Fixn € {1,2,--- , N}. The equation associated with the mesh point (z;, y;,t,)
is

dp 1 2 2], Uiy Vitig | Vg Vo1, o,
{F(JFJF]%_ sttt e + e + g0

n—1
1

EYZEERY dnn 0 dn _dn n'ik .

+ I'l-oa) [ nVij +k§:1( ok 7k+1)vm ]

Using the property [[v"[| = max{|v};[:4=0,1,2,--- , Ny, j =0,1,2,--- , N, } for
each n and recalling (46), it follows that

S 2 2
T(1—a)  h2 gz "0

2 2
s+)wm
(@ 2

1 n—1
i dn n 0 e’} dn - dn nk [e’e} .
+ 19 + I'(l1-a) [ nllv” floo + ;( Jk 1) v I ]

Then

dn[[0" 0

n—1
1
— < " oo /1 N dn n 0 oo dn - dn ok oo [
F(]. _ a) = Hg H + F(]. — Oé) [ , H’U H + kZ=1< k 7k-i-l) ||U || ‘|
which leads to the desired result. O

The lemma above will be used in an inductive argument to give a weighted bound
for ||v"]|s in terms of the given data ||v°| s and ||g||ec for & = 1,2,...,n. From
(47), letting ¢, := dj, 1, for each n € {1,2,---, N}, the stability multipliers m,, g
for 8 =1,2,--- ,n — 1 are defined by

n—6
(50) Mpn = ]-» Mp.e = Z C;ik (dn,k - dn,k+1) Mp—k,0-

k=1
Recalling (46), it’s easy to see that my,_ ¢ > 0 for all n, §. We will use m, 9 > 0 in
the following stability result.
Theorem 4.1. For 1 <n < N, the solution of the discrete problem (48) satisfies
(51) 0™ oo < 10%]loo + dp AT(1 = ) >~ M 6ll9” l|oo-

0=1

Proof. We use induction on n. The case n =1 of (51) is

[0 loo < diid1a[0°]lse + di 1T (1 — a)maallg*|se,
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which is the same as (49) according to (50). Fix n € {2,3,---, N}. Assume that
(51) is valid for k =1,2,--- ;n — 1. Then (49) and the inductive hypothesis yield

||Un||oo < d’r_Lll {F(l - O‘)HQn”oo + dn,nHUOHoo

n—1 n—~k
+ Z (dnke — dn+1) HUOHOO + d;ik7ll—‘(1 —a) Z mnk,0||99||oo‘| }
k=1 =1

= d, i {T(1 = a)]|g" oo + dn,1

n—1 n—k
+I'(1 - o) Z l(dn,k —dnkt1) d;ik,l Z mnk,0|90||ool }

k=1 =1
= d; {dn1]v"]lc

n—1 /n—0
+I'(1-a) [Z (Z C;—lk (dnke—dn k+1) mnkﬁ) HQHHOO"‘ mnn|gn||oo‘| }

=1 \k=1

UOHOO

= [[t%]]oc + dpiT(L = @) >~ munllg” oo

6=1

Thus we have proved that (51) holds for k = n. By the principle of induction, the
theorem has been proved. O

4.2. Convergence analysis. In our error analyses we shall need some estimates
for the stability multipliers m,, g. We first introduce a concept: if an error bound
does not blows up as a — 17, then it is called a-robust [39], otherwise it is called
a-nonrobust. The following results are critical for deriving an estimate for the
temporal error of our numerical scheme, where m,, ,, and m,, ¢ are defined in (50).

Lemma 4.3. Forn=1,2,--- N and 0 < k <n — 1, there exists

(52) > Mnodogr = dn1 = cn.
0=k+1

Proof. If n =1, then k = 0 and my 1di1 = ¢ as desired. Now assume that 7 > 2,
and (52) holds for n = 1,2,--- ;i —1and 0 < k < n — 1. We need to prove that
(52) still holds for n = ¢ and 0 < k <i—1. Forn =i and k = i — 1, one has
m;idi1 = diq = ¢;. So (52) holds. Then considering n =4 and 0 < k < i — 2, by
(50) and the inductive hypothesis, one has

7 1—1
E m;edeo—k = E m; ade.o—k + M idii—k
9—k+1 9=k+1
i-1 i—6
1
= g do.o—k g Cioy (diy — dix+1) Mi—x0| +miidii—
0=k+1 x=1
i—k—1 iex
—1
= Y o in —dinsr) | D miyodooi| +miidiik
x=1 0=k+1
i—k—1
—1
= Y o (i — diys1) Cimy +miidiik
x=1

=d;1,
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and d; 1 = ¢;, which completes the proof of (52) forn =¢and 0 < k <i—1. By
the principle of induction, we are done. ([l

Lemma 4.4. Let vy € (0,1) be a constant. Then forn =1,2,--- | N, there exists

e _ CT(1+v—a) ta\” _
1Y 0o, < SLUFT =W g (In) 7 yri—a)
(53) m1 M0 = TP — a) T ’

where C' is some constant independent of t and as a — 1, C is bounded.

Proof. First, we have
e Hr—a

54 o te MO E, )=
( ) t € 7’Y+1(,u‘ ) 1—\(1+,y_a)

see Appendix B for the proof of Eq. (54). Hence, for 6 > 1, after performing

the derivative operation, we discard a negative term. Then by using the equation

% (7 Eg yi1(p¥s*)] = s77 By o (n®s®) (cf. [34, Eq. (4.3.1), p. 58]), it yields
6*#@9*%)

'l+~vy-q)

t +t to 8
S / wy (tg — s) P [e_”SSWEa,7+1(uasa)] ds
0

(te)" ™"

tk+fk+1
/ wy, (tg — s)e™H*s7™ YEq A (1¥s™)ds
0

6—1 t
_ Ze u(t tk+t7c+1) / k1 |:1auaeu(tgs)
1 — ) = the (to — )

/J,tg K -1 a o
" (to — ) (to — 8)(1_1] #7 Barluts”) s
< Ch % *M(tafm) /tk+l |: 1 o u(te—s)
— > e 2 — e
T -a) TR
/j,tg H ~y—1
I - d
(to —s)> (to — S)O‘_l] i i

0—1 tr
Cl _ _tpttegn k1 1 . s
el M [y
k=0

tr

L p } gstrr1)” = ()
) 1

I (te — S)O‘ - (tg —8§)™ Th+1

Cl 0—1
o T—a) kzzode,e—k [(te+1)" — ()]

where we use Chebyshev’s integral inequality (cf. [39, Lemma 5.2]) in the cal-
culation, and (7 is some constant independent of ¢, as a — 1, (7 is bounded.
Multiplying this inequality by m, ¢ then summing from § = 1 to n, and changing



764 C. WANG, W. DENG, AND X. TANG

the order of summation then invoking Lemma 4.3, it yields

o—h(to— EEEL) 1 o =
_ to)T " “m < - m dgo_r (T T (t)7
F(l +’7 _ Oé) 6:1( 9) Tl79 — 7F(1 _ Oé) ; n,0 ~ 9,9 k [( k+1) ( k) ]
C n—1
1
=1 ter1)Y —(ti)” Mn,0d0,0—k
(1 —a) k:O[( )t ]921
Cl n—1
=— ¢, troe1)” — ()
ey ke~ )
Cq
= Cn tn 9
T = )

which is equivalent to

e cir (1+’y—0¢)e“(t
cn1 t “My, !
92::1( o) "M < AT(1—a)

Then we have

n
CT(1 - tn\”

This completes the proof. ([l

In fact, according to [39], we can choose v = lnlN +a— é, where f = min{2 —
a,ra}. Then the following useful conclusion can be derived by using 1 < §wF <
Nm~ =e¢" and Lemma 4.4. For simplicity, we omit the proof here.

Lemma 4.5. Let the parameter § = min{2 — o, ra}. Assume that r < 2(2 — o)/«
and N > 8. Then forn=1,2,--- /N, one has

(55)

d F1fa20 Mg < NP

)

Cerr(1+1/(lnN) B/r)T <tn)1/(lnN)+aﬁ/T
T
(lnN +a— ?)

where C' is some constant independent of t and as a — 1, C is bounded.

Remark 4.3. The constant multiplier in (55) is a-robust, which can be seen from
an inspection of the proof of Lemma 4.4 and the discussion in [39)].

Now we prove a sharp a-robust convergence result of the difference scheme
(23). The error function is defined by e}; := u}; — u(wi, y;,t,) for all mesh points
(xiv Y, tn)

Theorem 4.2. The solution uj; of the scheme (23) satisfies
(56) max |€?j| <C (h2 +TON™ min{27a,roc}> ,
(ziyj,tn)EQ
for some constant C not blowing up as a — 1~
Proof. The error function satisfies % N, €5 = dij by (48) for i =0,1,--- , N, — 1,

j=0,1,---,N,—1,andn=1,2,--- N, where LNa:7N'L/ is defined in (23) and g;}
is the truncation error of the scheme. Note that ef; = ey, ; = €5 = €'y, = 0 for
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OSiSNx,OﬁjSNyand0<n§N,ande?j:Oforalliandj. For fixed
(zi,Yj tn) € Q, by Eq. (24) and Theorem 3.1, one has

|q?j| <C (h2 +n” min{27a,ra}> )

Then from Lemma 4.1 and Lemma 4.5, we obtain

n
max e | < Cd7iT(1 - m 9
(thyg‘,tn)EQ ‘ 'LJ’ — n,l ( ) 6; ’ﬂ,0||q ||oo

=1

<C <h2 + TN~ min{27o¢,7‘a}> )

The constant C' in this bound does not blow up as a — 17, because the constants
C in the bounds of Theorem 3.1 and Lemma 4.5 are a-robust, which can be seen
from an inspection of the proofs of these theorems and lemmas. O

Remark 4.4. In fact, there is another important parameter p in the tempered
Caputo fractional derivative in this paper. However, the parameter p doesn’t affect
the truncation error, the stability and convergence results of the obtained scheme,
even if p is very large, as long as it is bounded. This can also be seen from an
inspection of the proofs of these theorems and lemmas above.

5. Numerical results

In this section, we present some numerical experiments to validate the predicted
temporal convergence rate of the numerical scheme. In the computational process,
since all the previous outputs are needed in the current time level, we use two-
dimensional array. That is, we use a matrix of order {(N, +1)(IV, +1)} x (N +1)
in the program. There are (N, + 1)(N, + 1) elements for the spatial variables
including all the boundary points per time level and the number N 41 corresponds
to the total time levels. Due to the unknown exact solution, the temporal errors
can be tested by

n/2
/2 _n

E, = max max |u il

0<n<N 0<i<N, |
0<j<Ny
where u;; are the numerical solutions of u(z;,y;) at the fixed time ¢,,. The order of
the convergence of the numerical results are calculated by the two-mesh principle
In(E, /Es,)
In2 '
Example 5.1: In this example, we consider the boundary value problem (2) on
a finite rectangular domain (x,y) € (0,7) x (0,7) for ¢t € (0,1] with the forcing
function f(z,y,t) = 0. Also the initial condition is u(x,y,0) = sin(x)sin(y) with
the zero boundary conditions. Here we take o = 0.4,0.6,0.8, N = 26,27 28 29 210,
We use small spatial mesh sizes h, = 7/2!° and h, = 7/2'° to guarantee that the
spatial discretization error is relatively negligible. Table 1, Table 2, and Table 3
present the L°° errors and convergence rates for p = 1, p = 0.01, and p = 10,
respectively, which verify the predictions of Theorem 4.2 and Remark 4.4. In
Example 5.1, we take the initial data u(x,y,0) = sin(z)sin(y) to be sufficiently
smooth, then the numerical results agree precisely with the theoretical rate of con-
vergence of Theorem 4.2 for various values of a and p. But typical solutions of (2)

Rate =
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TABLE 1. Maximum errors and convergence orders of scheme (23)
for Example 5.1 with = 1.

loo nOrm T r=1 Rate r= QTTQ Rate
1/64 0.0339 9.21e-04
1/128 0.0270 0.33 3.24e-04 1.51
a=04 1/256 0.0213 0.34 1.12e-04 1.53
1/512 0.0166 0.36 3.82e-05 1.55
1/1024 0.0129 0.37 1.30e-05 1.56
1/64 0.0153 0.0016
1/128 0.0102 0.58 6.61e-04 1.31
a=0.6 1/256 0.0068 0.59 2.61e-04 1.34
1/512 0.0045 0.60 1.02e-04 1.36
1/1024 0.0030 0.60 3.94e-05 1.37
1/64 0.0056 0.0024
1/128 0.0032 0.80 0.0011 1.08
a=0.8 1/256 0.0019 0.81 5.26e-04 1.11
1/512 0.0011 0.81 2.41e-04 1.13
1/1024 6.07e-04 0.81 1.09e-04 1.14

TABLE 2. Maximum errors and convergence orders of scheme (23)
for Example 5.1 with p = 0.01.

loo norm T r=1 Rate r= Q_T"‘ Rate
1/64 0.0305 8.97e-04
1/128 0.0250 0.30 3.18e-04 1.50
a=04 1/256 0.0201 0.31 1.10e-04 1.53
1/512 0.0159 0.33 3.78e-05 1.54
1/1024 0.0125 0.35 1.29e-05 1.55
1/64 0.0150 0.0016
1/128 0.0102 0.57 6.52e-04 1.30
a=0.6 1/256 0.0068 0.58 2.59e-04 1.33
1/512 0.0045 0.59 1.01e-04 1.35
1/1024 0.0030 0.59 3.92e-05 1.37
1/64 0.0057 0.0024
1/128 0.0033 0.81 0.0011 1.09
a=0.8 1/256 0.0019 0.81 5.30e-04 1.11
1/512 0.0011 0.81 2.42e-04 1.13
1/1024 6.09e-04 0.81 1.10e-04 1.14

are nonsmooth, as we can see in Section 2. Thus we now test the finite difference
scheme (23) on Example 5.2 to see how it performs for the initial data with slight
smoothness, i.e., ug € H* ().

Example 5.2: In this example, we consider (2) on a finite rectangular domain
(x,y) € (0,m)x(0,7) for ¢t € (0,1] and p = 1 with the forcing function f(z,y,t) = 0.
The initial condition is u(xz,y,0) = sin(z) sin(y)? with the zero boundary condi-
tions. Here we take o = 0.4,0.6,0.8, N = 26,2728 29 210 We use small spatial
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TABLE 3. Maximum errors and convergence orders of scheme (23)
for Example 5.1 with p = 10.

767

loo nOrm T r=1 Rate r= QTTQ Rate
1/64 0.0432 0.0167
1/128 0.0322 0.43 0.0057 1.55
a=04 1/256 0.0241 0.42 0.0020 1.55
1/512 0.0182 0.41 6.63e-04 1.56
1/1024 0.0138 0.40 2.23e-04 1.57
1/64 0.0154 0.0114
1/128 0.0104 0.57 0.0044 1.37
a=0.6 1/256 0.0069 0.59 0.0017 1.37
1/512 0.0046 0.60 6.54e-04 1.38
1/1024 0.0030 0.60 2.50e-04 1.39
1/64 0.0046 0.0073
1/128 0.0028 0.70 0.0031 1.24
a=0.8 1/256 0.0017 0.70 0.0013 1.23
1/512 0.0010 0.75 5.64e-04 1.23
1/1024 5.98e-04 0.78 2.42e-04 1.22

TABLE 4. Maximum errors and convergence orders of scheme (23)

for Example 5.2.

loo nOrm T r=1 Rate r= Q?Ta Rate
1/64 0.0311 0.0010
1/128 0.0228 0.38 6.65e-04 0.66
a=04 1/256 0.0181 0.40 4.33e-04 0.62
1/512 0.0137 0.40 2.83e-04 0.61
1/1024 0.0104 0.40 1.86e-04 0.61
1/64 0.0119 0.0018
1/128 0.0078 0.61 0.0012 0.55
a=0.6 1/256 0.0058 0.43 8.28e-04 0.53
1/512 0.0045 0.35 5.74e-04 0.53
1/1024 0.0036 0.31 3.90e-04 0.56
1/64 0.0053 0.0025
1/128 0.0040 0.39 0.0018 0.48
a=0.8 1/256 0.0032 0.35 0.0013 0.46
1/512 0.0025 0.33 9.62e-04 0.45
1/1024 0.0020 0.32 6.98e-04 0.46

mesh sizes h, = /2% and h, = 7/2'° to guarantee that the spatial discretization
error is relatively negligible. Table 4 presents the L* errors and convergence rates,
which can not achieve good stability and high convergence order. This inspires us
to try to design more efficient numerical algorithms for (2) with slightly smoother

data in the future.
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Appendix A. The equivalent form of (1)

For a real-valued function f defined on [0, 00), we use fto denote its Laplace
transform:

~

Fy =2 (7n ) = [ e Ao
0
whenever the integral is absolutely convergent.
Now taking the Laplace transform on both sides of Eq. (1) with respect to the
time variable ¢, one has

A
Mu(z,y, \) —u(z,y,0) = —————Au(x, y, \),
(:3) = (e, 9.0) = (e ATy, )
which is equivalent to
A a _ o A a _
)‘Wﬂ(‘xﬂya )‘) - w#u(mu y70) = Aa($7y7 )‘)

Then taking the inverse Laplace transform on both sides of the above equation
results in

(A1) 0 u(x,y,t) = Au(z,y, t),

where
t
O Mu(z,y,t) = / wg (t — 8)0su(z,y, s)ds
0

with @ () = W being the Laplace transform of wf with respect to the
time variable ¢.
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Appendix B. The proof of (54)

Taking the Laplace transform of the left side of Eq. (54) with respect to the
time variable ¢ and using the integral relation f0+oo et By p(at) Pt dt = 11 (B>
0,|z| < 1) (cf. [34, Eq. (4.4.11), p. 62]), we arrive at

L{OH I By 1 (1°17) } ()
= [A+w)* = p] L { e Ea i (1) } (V)
+oo
= [+ 1) — ] / NI, L (o) dt
0

A +p)* —p®
(A7

+oo
O A By (07 A GV

_ A= 1
+1 I Lo
= (n+ X"

similarly taking the Laplace transform of the right side of Eq. (54) with respect to
the time variable ¢, we obtain

# s @

~ T T

_ 1“(1+17—04)/o+00 (N —a g

_ m /0+oo =N (4 AT d [ + A
= WF(V —a+1)

= (p+X1"n

Then the following equality holds

7/,Ltt'yfo¢
L {oX e MR, NN =2Ld— (A
(080 B (00} ) = 2 { =7 | O
the inverse Laplace transform of which results in

e Hp—a

o te M E,, UY)= .
t € 7’Y+1(1u’ ) F(l—l—’y—a)

References

[1] Bouchaud, J., Georges, A., Anomalous diffusion in disordered media: Statistical mechanisms,
models and physical applications. Phys. Rep. 195, 127-293 (1990).

[2] Hofling, F., Franosch, T., Anomalous transport in the crowded world of biological cells. Rep.
Progr. Phys. 76, 046602 (2013).

[3] Carmi, S., Turgeman, L., Barkai, E., On distributions of functionals of anomalous diffusion
paths. J. Stat. Phys. 141, 1071-1092 (2010).

[4] Weber, S., Spakowitz, A., Theriot, J., Bacterial chromosomal loci move subdiffusively through
a viscoelastic cytoplasm. Phys. Rev. Lett. 104, 238102 (2010).



770

[5

6

[7

8

[9]
(10]
(11]
(12]
(13]
(14]
(15]
[16]
(17]
18]
(19]
[20]
(21]
22]
23]
24]
(25]
[26]
27]
(28]
29]
(30]
31]
32]
(33]

34]

C. WANG, W. DENG, AND X. TANG

Harvey, S., Elliott, W., Anomalous transit-time dispersion in amorphous solids. Phys. Rev.
B 12, 2455-2477 (1975).

Edery, Y., Guadagnini, A., Scher, H., et al., Origins of Anomalous Transport in Heterogeneous
Media: Structural and Dynamic Controls. Water Resources Research. 50, 2 (2014).

Caspi, A., Granek, R., Elbaum, M., Enhanced Diffusion in Active Intracellular Transport.
Phys. Rev. Lett. 85, 5655 (2000).

Boffetta, G., Sokolov, 1., Relative dispersion in fully developed turbulence: the Richardson’s
law and intermittency corrections. Phys. Rev. Lett. 88, 094501 (2002).

Deng, W., Wu, X., Wang, W., Mean exit time and escape probability for the anomalous
processes with the tempered power-law waiting times. Europhys. Lett. 117, 10009 (2017).
Wu, X., Deng, W., Barkai, E., Tempered fractional Feynman-Kac equation: Theory and
examples. Phys. Rev. E 93, 032151 (2016).

Acosta, G., Bersetche, F., Borthagaray, J., Finite element approximations for fractional evo-
lution problems. Fract. Calc. Appl. Anal. 22, 767-794 (2019).

Sousa, E., A second order explicit finite difference method for the fractional advection diffu-
sion equations. Comput. Math. Appl. 64, 3141-3152 (2012).

Shen, J., Tang, T., Wang, L., Spectral Methods: Algorithms, Analysis and Applications.
Springer, Berlin, (2011).

Cuesta, E., Lubich, Ch., Palencia, C., Convolution quadrature time discretization of fractional
diffusion wave equations. Math. Comp. 75, 673-696 (2006).

Chen, M., Deng, W., Discretized fractional substantial calculus. ESAIM Math. Model. Numer.
Anal. 49, 373-394 (2015).

Chen, M., Deng, W., High order algorithm for the time-tempered fractional Feynman-Kac
equation. J. Sci. Comput. 76, 867-887 (2018).

Chen, M., Jiang, S., Bu, W., Two L1 Schemes on Graded Meshes for Fractional Feynman-Kac
Equation. J. Sci. Comput. 88, 58 (2021).

Jin, B., Li, B., Zhou, Z., Subdiffusion with a time-dependent coefficient: analysis and numer-
ical solution. Math. Comp. 88, 2157-2186 (2019).

Li, C., Ding, H., Higher order finite difference method for the reaction and anomalous-
diffusion equation. Appl. Math. Model. 38, 3802-3821 (2014).

Lin, Y., Xu, C., Finite difference/spectral approximations for the time-fractional diffusion
equation. J. Comput. Phys. 225, 1533-1552 (2007).

Sun, Z., Wu, X., A fully discrete difference scheme for a diffusion-wave system. Appl. Numer.
Math. 56, 193-209 (2006).

Chen, C., Liu, F., Turner, I., Anh, V., A Fourier method for the fractional diffusion equation
describing sub-diffusion. J. Comput. Phys. 227, 886-897 (2007).

Lubich, Ch., Discretized fractional calculus. SIAM J. Math. Anal. 17, 704-719 (1986).

Jin, B., Lazarov, R., Zhou, Z., Two Fully Discrete Schemes for Fractional Diffusion and
Diffusion-Wave Equations with Nonsmooth Data. STAM J. Sci. Comput. 38, A146-A170
(2016).

Mclean, W., Regularity of solutions to a time-fractional diffusion equation. ANZIAM J. 52,
123-138 (2010).

Mclean, W., Mustapha, K., Ali, R., Knio, O., Regularity theory for time-fractional advection-
diffusion-reaction equations. Comput. Math. Appl. 79, 947-961 (2020).

Mclean, W., Mustapha, K., A second-order accurate numerical method for a fractional wave
equation. Numer. Math. 105, 481-510 (2007).

Stynes, M., O’riordan, E., Gracia, J., Error analysis of a finite difference method on graded
meshes for a time-fractional diffusion equation. SIAM J. Numer. Anal. 55, 1057-1079 (2017).
Liao, H., Li, D., Zhang, J., Sharp error estimate of the nonuniform L1 formula for linear
reaction-subdiffusion equations. STAM J. Numer. Anal. 56, 1112-1133 (2018).

Mustapha, K., An implicit finite difference time-stepping method for a sub-diffusion equation,
with spatial discretization by finite elements. IMA J. Numer. Anal. 31, 719-739 (2011).
Mustapha, K., Abdallah, B., Furati, K., A discontinuous Petrov-Galerkin method for time-
fractional diffusion equations. SIAM J. Numer. Anal. 52, 2512-2529 (2014).

Brunner, H., Collocation Methods for Volterra Integral and Related Functional Equations
Methods. Cambridge University Press, Cambridge, (2004).

Brunner, H., Pedas, A., Vainikko, G., The piecewise polynomial collocation method for weakly
singular Volterra integral equations. Math. Comp. 68, 1079-1095 (1999).

Gorenflo, R., Kilbas, A., Mainardi, F., Rogosin, S., Mittag-Leffler Functions, Related Topics
and Applications. Springer, Berlin, (2020).



A SHARP o-ROBUST L1 SCHEME ON GRADED MESHES 771

[35] Luchko, Y., Initial-boundary-value problems for the one-dimensional time fractional diffusion
equation. Fract. Calc. Appl. Anal. 15, 141-160 (2012).

[36] Podlubny, I., Fractional Differential Equations. Academic Press, New York, (1999).

[37] Henry, D., Geometric Theory of Semilinear Parabolic Equations. Lecture Notes in Math.
Springer, New York, (1981).

[38] Evans, L., Partial differential equations. American Mathematical Society, Providence, (2010).

[39] Chen, H., Stynes, M., Blow-up of error estimates in time-fractional initial-boundary value
problems. IMA J. Numer. Anal. 41, 974-997 (2021).

School of Mathematics and Statistics, Gansu Key Laboratory of Applied Mathematics and
Complex Systems, Lanzhou University, Lanzhou 730000, P.R. China
E-mail: wangc18@lzu.edu.cn, dengwh@lzu.edu.cn and tangxg20@lzu.edu.cn



