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A NEW WEAK GALERKIN METHOD WITH WEAKLY
ENFORCED DIRICHLET BOUNDARY CONDITION

DAN LI, YIQIANG LI*, AND ZHANBIN YUAN

Abstract. A new weak Galerkin method with weakly enforced Dirichlet boundary condition is
proposed and analyzed for the second order elliptic problems. Two penalty terms are incorporated
into the weak Galerkin method to enforce the boundary condition in the weak sense. The new
numerical scheme is designed by using the locally constructed weak gradient. Optimal order error
estimates are established for the numerical approximation in the energy norm and usual L? norm.
Moreover, by using the Schur complement technique, the unknowns of the numerical scheme are
only defined on the boundary of each piecewise element and an effective implementation of the
reduced global system is presented. Some numerical experiments are reported to demonstrate the
accuracy and efficiency of the proposed method.

Key words. weak Galerkin, finite element methods, weak gradient, second order elliptic prob-
lems, polytopal partitions.

1. Introduction

This paper is focused on the new developments of the weak Galerkin (WQG)
method with weakly enforced Dirichlet boundary condition. For simplicity, we
consider the second order elliptic problem that finds u satisfying

) —V-(aVu)=f, inQ,
(1) uw=g, on 0,

where Q is a polygonal domain in R%d = 2,3), and the diffusion tensor a =
{ai;}¢,—, is a symmetric, uniformly positive definite matrix in R4,

Various finite element methods have been proposed for the second order elliptic
problems. The conforming finite element method is well known but requires the
continuous piecewise polynomials on simplicial grids, which leads to the difficulty
in practice. To address this difficulty, the discontinuous Galerkin methods [9], the
hybrid high-order method [29], virtual element methods [, ] and WG methods
[84, BB, B7, &7, A%] have attracted wide attention. The WG method first proposed
in [B4] is a natural extension of the standard finite element method through a re-
laxed continuity requirement for the approximating functions. Due to this weak
continuity, the WG methods have some advantages such as high flexibility in both
numerical approximations and mesh generations. Moreover, the WG methods are
generally capable of guaranteeing the physical conservation of many problems. The
WG methods have been applied to solve a wide range of PDEs including the bihar-
monic equation [38, &3], wave equation [I5], Stokes equations [89], linear elasticity
equation [20], Cahn-Hilliard equation [40], Brinkman equation [23], elliptic inter-
face problems [24], two-phase model [I3], Navier-Stokes equation [IG], Maxwell’s
equation [Z5, B1]. Since then, the primal dual WG methods were proposed to simu-
late some challenging problems including elliptic Cauchy problem [&1], second order
elliptic equation in non-divergee form [, &2], Fokker-Planck type equations [44],
div-curl systems with low regularity solutions [0, [9], first order transport problems
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[@6]. Recently, Ye and Zhang [49, b0] introduced the stabilizer free WG methods to
simplify the standard WG method, which have been successfully applied to solve
many partial differential equations (PDEs) including second order elliptic problems
[83], Stokes equations [Z6], biharmonic equation [61], monotone quasilinear elliptic
PDEs [567].

The enforcement of Dirichlet boundary conditions is crucial in practice. It is well
known that the enforcement of the strong boundary conditions is not complicated
only if the computational meshes perfectly match the solving domain of the model
problems, while the implementation of all other cases is very complicated [@, B0]. For
the simple variational problems, the strong enforced Dirichlet boundary conditions
are easy to implement and can provide a numerical approximation with needed
order of convergence so that the strong boundary conditions are usually employed
in many numerical methods. However, it is difficult to obtain an accurate numerical
approximation for some problems such as the interface problems [21] and Naiver-
Stokes equation with low Reynolds number on coarse meshes [§]. To address these
issues, the weakly enforced boundary conditions have been extensively studied. The
most popular approaches include Nitsche’s method [2¥], the penalty method [5] and
Lagrange multiplier method [G].

The objective of this paper is to present the weak Galerkin method with weakly
enforced Dirichlet boundary condition for the Possion equation (). The idea is
to weakly impose the boundary condition through the introduction of a Lagrange
multiplier. Specifically, the WG form can be obtained by seeking w, € V,, and
An € Ay, such that

s(up,v) + (aVyup, Vyv) — (Ap,v)a0 =(f,v), Yv €V,
ha<>\h70>3Q + <Uv ub>3Q :<07 g>397 Vo € Ahv

(2)

where a Lagrangian multiplier A, is given by A\, = h~%(—up + Qpg), and then first
equation in (B) can be rewritten as

(3)  s(up,v) + (aVypun, Vyv) + B~ (up, v)oa = (f,v) + A~ (g, v)a0, Yv € V.

Different from the penalty method [6], two additional penalty terms are designed
through a new Lagrangian multiplier. In addition, the generalized weak gradient is
employed in the numerical algorithm. The weak enforcement of Dirichlet boundary
conditions has been incorporated into various numerical methods including finite
element method [, 7], hybrid high-order method [[%], virtual element method
[@], extended finite element methods[@H]. To the best of our knowledge, most of the
existing results on the WG framework are available in the sense of strong Dirichlet
boundary conditions. One such exception is the modified WG method [i4] that
introduced different penalty terms.

The main novelty of this paper is the following. Firstly, the new WG method with
the weak enforcement of Dirichlet boundary condition is a non-trivial generalization
of the classical Nitsche method. This lays the potential foundation in solving many
PDEs that are difficult to enforce the Dirichlet boundary condition in the strong
sense. Secondly, our numerical method allows the general polytopal partitions
which makes the structure of numerical approximations and mesh generations more
flexible. Moreover, the new method can provide an easy-to-implement technique
for certain boundary condition. Finally, we observe from some numerical results
that the maximum principle of the WG method for the model equation () with low
regularity solutions holds true on general polytopal meshes, for which the rigorous
mathematical analysis has not been developed.
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This paper is organized as follows. In section B, we simply review the definition
of the weak gradient and its discrete form. Section B presents the WG scheme
for the model equation (M) and then discusses the existence and uniqueness of the
numerical approximation. Section B is devoted to deriving an error equation for the
WG scheme. We establish some technical results in section B. The goal of section
B is to establish some optimal order error estimates for the numerical solution. In
section [, we present some details of the Schur complement of the WG scheme.
Section B presents a variety of numerical experiments to confirm the developed
theory. Finally, section 8 summarizes this paper and presents the future work.

2. Weak Gradient Operator

This section reviews the definitions of weak gradient and its discrete form. Let
T be a polygonal region with boundary 07T. A weak function on T refers to v =
{vo, vp} such that vy € L*(T) and v, € L?(9T). The vy and v, are intended for the
values of v in the interior of T" and on the boundary of T, respectively. It should
be pointed out that v, and vy are completely independent although v, = vp|ar is a
feasible choice.

Denote by W(T') the weak function space on T given by

W(T) = {v = {vo, v} : vo € L*(T), vy, € L*(0T)}.

Definition 2.1. [34] (Weak gradient) For any weak function v € W(T), the weak
gradient, denoted by V., 7v for v, is defined as a linear function in the dual space
of [HY(T)]|? satisfying

(vw,Tva"/;)T = _(U07 V- w)T + <1}b7'¢ : n>3T7 v’/) S [HI(T)}dv
where n s the unit outward normal vector to OT.

For any given integer r > 0, P.(T) is the set of polynomial spaces on T" with
total degrees no more than r.

Definition 2.2. [34] (Discrete weak gradient) The discrete weak gradient for any
weak function v € W(T'), denoted by V., v, is defined as a unique vector-valued
polynomial in [P.(T)]* such that

(4) (Va0 %) = —(00, V- $)1 + (05, % - or, Vo € [P(T)]"
3. Weak Galerkin Scheme

This section presents the WG method for the equation (M) and then discusses
the existence and uniqueness of the numerical approximation. Let 7 be a general
polygonal or polyhedral partition of €2 that satisfies the regular assumptions de-
scribed as in [87]. Denote by &, the set of all edges or flat faces in 7. Denote by
EY) = &, \ 09 the set of all interior edges or faces and Exq = &, N IN the set of all
boundary edges or faces, respectively. For each element T € Tp,, let At be the mesh
size of T and h = maxreT;, hr be the mesh size of 7;,. Similarly, on each edge or
face e € Esq, h. means the mesh size of e.

For integer k > 1, denote by V},(T') the piecewise weak function space on T’ given
by

Vi(T) = {v = {vo, v} : vo € Pi(T),vy € Px_1(e), T € Tp, e C IT}.

By patching the local finite element Vi (T') over all the elements T' € T}, through a
unique value v, on &, we build a global finite element space Vj; i.e.,

Vi = {1} = {Uo,vb} : UlT S Vk(T)7 T e E}
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For simplicity, V,, is the discrete weak gradient operator V, y—1r defined by
(@) with r =k —1; i.e.,
(Vuv)lr = Vo k-1,7(|1), v E V.
For any w,v € V},, two bilinear forms are given as follows

(aVypw, V)7, = Z (aVyw, V)T,
TETh

= > ' (Qvwo — wy, Quvo — va)or,

TeTh

(5)

where @y is the usual L? projection operator from L?(e) to Pi,_1(e).
To weakly enforce the Dirichlet boundary condition, we introduce the following
bilinear form:

(6) b(w,vp) = > g *(We, vb)e, Whyv6 € Vi,

e€€sq
where a € R.
Weak Galerkin scheme 1. A numerical approzimation for equation (W) can be
obtained by seeking uy, = {ug,up} € Vi, such that
(7) (akuhv vwv)'Th + S(Uh, U) + b(Ub, Ub) = (f7 UO) + b(Qb97 Ub)a Vv € Vh7
where b(up, vy) and b(Qpg,vy) are defined by (B) or its equivalent form.
Remark 3.1. Compared (@) with the WG scheme in [22], a weakly enforced Dirich-
let boundary condition is employed. It should be pointed out that the numerical
approximation uy, arising from (@) is given by uy, = Qpg + € with unknown pertur-

bation e, . To this end, multiplying the linear system (@) by h% gives rise to the
approrimation u, when the mesh size he is small enough .

To reduce the computational complexity of (@), we review the following equiva-
lence result.

Lemma 3.1. For any v, € V3, the bilinear form (vy, vp)oq is spectrally equivalent to
the corresponding discrete form Y, ce ST L hd= Y (A:)|? in the sense that there
exist two constants C1 and Cy such that

®)  C1 > D o (AP < (n,vp)an < Co Y Y hEHuy(Ad)],

eCEon i=1 eCEpq i=1

where vy(A;) represents the value of vy, at the vertice A; = (x;,y;) or A; = (x4, Yi, i)
on e € EgqNIT, and the integer m is m = k in two dimension and m = k(k +1)/2
in three dimension, respectively.

Proof. Similar proof can be found in [34] in details. O

For any wp, vy, € V3, from (B), the bilinear form b(wy,vp) given by (B) can be
reformulated as follows

wb7vb Z Zhd 1= O‘wbvb A)

eclpyq i=1

For any v € V},, we introduce
9) Iloll? = (aVwv, Vo), + 5(v,v) + b(vs, vs).
Lemma 3.2. For any v € Vi, ||v|| defined by () is a norm.
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Proof. Tt suffices to prove that the positivity property for ||v|| holds true. To this
end, assume that ||v]| = 0. By using (d) and the properties of diffusive tensor a
gives V,,v = 0 on each T', Qpvg = vp on each 01 and vy = 0 on each 9. It follows
from (@) and integration by parts that for any q € [Py_1(T)]¢
0= (va7 q)T

= (Vvo, @)1 — (vo — v, ¢ - m)ar

= (Vvo,q)7 — (Quvo — vy, ¢ - m)or
= (V’Uo, q)Tv

which implies Vvg = 0 on each T. Thus, vy = const on each T. This, together
with Qyvo = vy and Qyvy = vy on each AT, leads to vy € C°(Q). From v, = 0 on
e C 99, we have vg = 0 in © and further v, = 0 on each 9T. This completes the
proof. O

Lemma 3.3. The weak Galerkin scheme (@) has one and only one numerical so-
lution.

Proof. Tt follows from (@) that the coefficient matrix (@) is symmetric and positive
definite, which verifies the existence of the numerical solution. Next, it suffices to
prove the uniqueness of the numerical approximation. To this end, assume that

uél) and uf) are two different solutions of the WG scheme (1), there holds

(avw(ug) - uf)), V)T, + s(ug) - uf), v) + b(ug) - uf), v) =0
for any v € V},. By letting v = ug) — uf) in the above equation and using Lemma

B3 leads to ug) = uf). This completes the proof. O
4. Error Equation

The goal of this section is to derive an error equation for the WG scheme (@). To
this end, we introduce some projection operators. On each element T' € T}, denote
by Qo the usual L? projection operator onto Py(T). For any ¢ € H*(f2), by com-
bining Q¢ with Qp gives rise to a projection Qn¢ = {Qo¢, Qp¢}. Similarly, denote
by Qp, the usual L? projection operator mapping from [L%(T)]? to [Py_1(T)]¢.

Lemma 4.1. [22] For any ¢ € H*(T), we have the following commutative property
Vi (Qrd) = QnVe.

Let u be the exact solution of equation (O) and uj be the numerical approx-
imation of the WG scheme (). e, is denoted as the difference between the L2
projection of the exact solution and the numerical approximation given by

en = {eo, ep} = {Qou — uo, Qv — up}-

For simplicity of analysis, assume that the diffusion tensor « in (I) is a piecewise
constant matrix. The following results can be easily extended to the WG scheme
(@) with the variable diffusion tensor if the matrix a is enough smooth.

Lemma 4.2. For any v € Vy, the error function ey, satisfies the following equation
(10) (aVuwen, Vo)1, + s(en, v) + b(es, vb) = s(Qru, v) + £y (v) + (aVu - n,vp) a0,

where the linear function £, (v) is given by

(11) L, (v) = Z (vg — v, a(I — Qp)Vu - n)or.

TETh
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Proof. Tt follows from Lemma B, (8) with ¢ = aQ,Vu and integration by parts
that

(avahuv va)T;L :(GQ}LVU, vwv)Th
=- Z (vo, V- (aQpVu))r + Z (vp, aQpVu - m)ar

TETh TETh
(12) = Z (Vvg, aQrVu)r + Z (vp — v0,aQpVu - n)pr
TETh T€Th
=(Vug, aVu) + Z (vp — v0,aQrVu - n)or,
TeTh

where the property of Qy, is used in the last step.
To deal with the first term on the right hand of (I2), we test the model equation
() against v and then use integration by parts to obtain

(fyv0) == (V- (aVu),vp)

:(a’vua VUO) - Z <(ZVU -1, v0>3T
(13) TETs

=(aVu, Vuvg) — Z (aVu - n,vy — vp)ar — (aVu - n,vp) a0,
TeTh
where 26652 (aVu - n,vp). = 0 is used since vy, is single valued on each e € &j,.
Substituting ([3) into ([2) and then using the WG scheme (1) give
(aVQnu, Vyv) T,
=(f,vo) + Z (vo — vp, a(I — Qp)Vu - n)ar + (aVu - n,vp)e0
TETh
=(aVyun, Vov)T, + 8(up,v) + blup, vp) — b(Qpg, vp) + £y (v) + (aVu - n,vp) a0
=(aVpun, Vo)1, + $(Qru — ep,v) — blep, vp) + b(Qpu — Qpg, vp) + £y (V)
+ (aVu - n,vp)a0
=(aVyup, Vyv)7, — s(en, v) — blep, vp) + s(Qru, v) + £y (v) + (aVu - n,vp) o0,
which, together with u = g on 012, leads to Lemma BE=2. This completes the proof.
([l

5. Technical Results

This section is to derive some technical results to be used in the following con-
vergence analysis.

Assume Tj, is a regular partition presented in [37]. Then, for any T € T, and
¢ € HY(T), the following trace inequality holds true

(14) I¢l3r < C(hztll9lF + hrllVolT).
Moreover, if ¢ is a polynomial on T" € T},, we have
(15) I¢l3r < Chz' (|67

7 Let Ty, be a regular partition of Q that satisfies the assumptions
7). Then, for any ¢ € H*1(Q), there holds

> U6 = Qodliz + h3 V(¢ — Qud)7) < CRA* )71,

TE,]-}L

> (e — Quallz + h31IV (6 — Qud)17) < Ch*¥||¢]I3,,.

TeTh

7
3

Lemma 5.1. B
described as in |
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Lemma 5.2. [22] For any v € Vi, we have the following estimate
Vol < Clv]l-

Lemma 5.3. For any u € H**1(Q) and v € Vj, there exists a constant C such
that

(16) |5(Qnu, v)| <Ch*ullrsa[l]l,
(17) [u(v)] <Ch* [[ullk4llvll,
(18) [(aVu - n,vp)a0] <ChE[laVu - nl|aalv].

Proof. To derive (I8), by using the Cauchy-Schwarz inequality, (Id) and Lemma
B, we have

|s(Qnu,v)|
= > b Qu(Qow) — Quu, Quvo — v)or|
TeTh
<c( Y hr'lQou—ul3r) (Y hrtlQwo —wlldr)
TETh TETh

<Ch*||ullgs1 V],

which leads to the desired error estimate.
From the Cauchy-Schwarz inequality, ([d), Lemmas 5 and 62, ¢, (v) given by
(C2) we obtain

()] =| D (o — v, a(l = Qu)Vu-n)or|

T€7—h
1 1
2 2
<C(Y Ivo=wlizr)” (X llall - @) Vu-nl3r)
TET TETh
1
2 2k—1
<c( Y Qw0 —wlidr + X lleo = Queoli3r) BT fulles
TeThH TeThH

1

2k—1 2
<OR* 7 ullg (Bl + BV )
<Ch*[[ullk4lvll,
which implies the desired estimate.
For (IR), using (B) and (8) yields
\(aVu -n, ’Ub>aQ| gCh% ||aVu . n”agh%a ||’Ub||aQ
<Ch% |aVu - nlaqllv].
This completes the proof of the lemma. (I

6. Error Estimates

This section is devoted to establishing some error estimates for the numerical
approximation in the energy norm and L? norm.

Theorem 6.1. Assume that u € H*1(Q) is the ezact solution of the equation (II).
Let up, € Vi, be the numerical approzimation of the WG scheme (). Then, we have

llenll < C(h*luller1 + A% [|aVu - nlaq),

which implies that o = 2k is the optimal exponent.
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Proof. Let v = e, in (I0), we get
(aVwen, Vyen)T, + s(en, en) + blep, en) = s(Qnu, ep) + Ly (en) + (aVu - n, ep)s0.
From (8) and Lemma B3 with v = ey, there yields
llenll® < C(R¥[lullisr + A% aVu - nllog)leall,

This completes the proof of the theorem. O

In order to establish an optimal order error estimate ey in the L? norm, the
following dual problem is introduced as:

-V (aV®) = ¢, in Q,

(19) ® =0, ondN.

If problem () satisfies the H2-regularity property, then there exists a general
constant C such that

(20) 2]z < Clleo]l-

Theorem 6.2. Let u € H*1(Q) be the exact solution of equation (W) and uj, € Vj,
be the numerical approximation of the WG scheme (@), respectively. If the dual
problem (I9) has the H2-regularity property (E0). Then, we have the following
error estimate

lleoll < C(R* Hlullirs + (h+ h%)lenll),

which implies the optimal exponent a = 2k.

Proof. By testing the dual problem (I[U) against ey and integrating by parts, we
obtain

leol* =(=V - (aV®), o)
= Z (aV®,Vey)r — Z (aV® - n,eq)sr

(21) TET, TET,
= Z (aV®,Veg)r — Z (aV® -n,ep — ep)or — (aVP - n, ep)aq.
TEThH TETh

To analyze the first right term on the right hand side of (E1), by choosing u = ®
and v = ey, in (), we obtain

(22)  (aV®,Veo) = (aVuQn®, Vuer)7, — Y (€5 — €0,aQuVE - n)or.
TETh
Substituting (E2) into (1) and using (M) with v = Q,®, we have
leoll> =(aVwQn®, Vaen)7, — > (er — €0,a(Qu — )V - m)or
TeTh
—(aVP - n,ep)an
=s(Qnu, Qn®) + Lu(Qn®) — s(en, Qn®) — b(ep, Qp®)
+ <aVu -1, Q;fi’)ag — (@(eh) — <CLV‘I) -1, eb>aQ
=5(Qnu, Qn®) + L, (Qn®) — s(en, Qu®) — Lo(en) — (aVP - n,ep)aaq,
where ® = 0 on 0N is also used.

Next, it remains to deal with the five terms on the right hand side of (23) one by
one. To derive the first term, it follows from the Cauchy-Schwarz inequality, ()

(23)
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and Lemma B that
|5(Qnu, Qr®) =] Y hy' (Qu(Qou) — Quu, Qu(Qo®) — Qu®)or|

TETh
_ : _ 3
21) <c( Y nrtlQou—ulidr )" (D0 htIQo® - ®li3)
TETh TETh

<CR*H|uflpsa ]| @2
<CR* ™ ullgg1 lleoll,

where the regularity property (B0) is also used in the last step.
For the second term, the Cauchy-Schwarz inequality, (Id), Lemma BT and the
regularity property (20) are used to obtain

10, (Qn®)| =] Y~ (Qu® — Qu®,a(I — Q,)Vu - n)or|

TeTh
25) <o v~ i) (3 llatr Qe -nlzy)’
TETh T€eTh

<CR* ! ullira]| @2
<CH** lullt1leoll

To derive the last three terms, using the similar arguments as in Lemma b33 and
(PD) gives

|5(Qn®, en)| <Chlleollllerl,
s (en)| <Chlleo|llenll,

[(aV® - n,ep) a0 <Ch? [|[aVE - nllaqllenl)|
<Ch% || ®|2]lenll
<Ch%

where we also used () and the trace theorem for Sobolev space [8].
Finally, substituting (24)-(23) and the above three estimates into (23) yields

lleoll* < C** Y [ullksr + (4 hF)lenl)lleoll-
This completes the proof. (I
Let us introduce the following norm defined on the all edges or faces:

1
2
leslle, = (S Arllesli3r)

TE7_}L
Theorem 6.3. Under the assumptions of Theorem B3, there holds
leslle, < CORM* Hfullrsr + (A + %) lenll)-

Proof. By the triangle inequality and (IH), we can obtain

1
2
leslle, =< ) hTHeb”%T)

T67-h
1
2
SC( > hrlles — Queollzr + D hTHQbeoH%T)
TETh TET

<C(B2llenll® + fleoll) "
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which, together with Theorems 61 and 63, leads to the desired result. This com-
pletes the proof. (I
7. Schur Complement of Weak Galerkin Method

To present an effective implementation of the Schur complement of the WG
scheme (@), we recall that the WG solution uy, satisfies

(26) (aVptp, Vou) 1, + 8(up,v) + b(up, vp) = (f,v0) + b(Qpg, vp), Yv € V.
Setting v = {vp, 0} in (E8) yields

(27) (aVyun, Vyu) 1, + s(up,v) = (f,vo).
Taking v = {0,v,} in (EH) gives
(28) (aVtp, Vouu) 1, + $(up,v) + b(up, vp) = b(Qpg, vp).

It follows from (22) that for a given numerical approximation wu; on each 07", the
unknown variable ug can be written as

(29) g = uo(up, f).
From the principle of superposition, the WG solution u;, = {ug,up} can be refor-
mulated as follows

{u07 ub} = {uo(ubv f)a ub} = {UO(Oa f)7 O} + {Uo(’ub, 0)7 ub}'

Next, substituting the above formulation into (ER), we arrive at

(aVu{uo(up, 0), up}, Vo) 7, + 8(Vew{uo(us, 0), up}t, v) + b(us, ve)
:b(ng7 Ub) - (avw{uo (Oa f)7 0}7 va)Th - S(Vw{uo (Oa f)7 0}7 U)
for any v = {0,v,} € V},. From which the unknown variable u; can be obtained.
Then ug can be solved by (29).

For simplicity, the implementation of the Schur complement of WG scheme (27)-
(2R) is summarized as follows:
Step 1 Solve the equation (B7) to get up = ug(up, f)-
Step 2 Substitute ug = ug(up, f) into (BO) to obtain u.
Step 3 Recover ug by ug = uo(up, f) with uy,.

(30)

Remark 7.1. Note that the solution of the Schur complement of the WG scheme
(22)-(BR) is the numerical approximation of the WG scheme (@), since the unique-
ness of numerical solution of (@) implies the fact. Moreover, the Schur component
of the WG methods can significantly reduce the degrees of freedom, especially for the
model problems with high order derivatives in high dimensions. Furthermore, the
global system can be obtained by calculating the local system on each finite element
in a completely independent manner and then integrated them over all the elements

TeT.

The matrix form of (E2)-(ER) shall be presented to show further implement the
Schur complement of the WG methods. We only demonstrate the details on a
typical element T' € T}, because of the similarity for others.

For each T € Ty, we introduce the following matrices

Ao = [(aVuw{¢o;, 0}, Vi{doi, 0})]ijr, Ao = [(aVw{0, du;}, Vi{doi, 0})]ij1,

Ab 0= [(aVuw{do;, 0}, Vul0, i P)ijr, Avy = [(aVwi0, o5}, V{0, dpi})]i T,
= [s({d05, 0}, {¢0i; O], Sop = [s({0, du;}, {¢oi, O)]i 1,

Sbo = [s({d0;, 0}, {0, ¢vi })]ijir, Sop = [s({0, dv;}, {0, @ui})lijr,

Baq = [b(dv;, dwi)lijrs Fo = [(f, ¢0i)lir, Faa = [b(Qbg, dbj)]iT,
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in which {¢o;} and {¢s;} are the sets of basis functions for the first and second
components of weak function in the finite element space Vi (T'), respectively.
By substituting the above matrices into the WG scheme (28), we have

( Ao,o + So0,0 Aoy + Sop > ( ug > _ ( Fy >
Apo + Sb0 Abp + Sp.p + Baa Up Foq )’
from which, we get

(31) o = (Ao,0 + So0) " (Fo — (Aop + Sop)up).

Substituting (BI) into the second equation in the matrix form of the WG scheme
gives

((Ab,b + Sy + Baa) — (Ao + Sp.0)(Aoo + So0)  (Aos + SO,b))'Ub
=Fp0 — (Apo + Sb.0) (Ao + So.0)~ Fo,

which leads to up, and wg can be solved by equation (BI) additionally.

8. Numerical Experiments

In this section, some numerical experiments are reported to confirm the conver-
gence theory established in previous sections.

For simplicity, the piecewise linear finite element V}, with & = 1 and quadratic
element V}, with k£ = 2 are employed. To demonstrate the efficiency and flexibility
of the WG methods, various numerical experiments with smooth and low regularity
solutions are conducted on both the convex domain €; = (0, 1)? and the non-convex
domain Qs with vertices B; = (—1,—1), By = (0,—1), B3 = (0,0), By = (1,0),
Bs = (1,1), Bg = (—1,1). The domain ; is divided by using some finite element
partitions including uniform triangular partitions “mesh 135”, uniform rectangular
partitions, randomized quadrilateral partitions, hexagonal partitions and octagonal
partitions. The polygonal meshes are generated by PolyMesher package [32] (see
Figure M) and refined by Lloyd iterations. The uniform triangular partitions are
employed to divide the domain 2.

TABLE 1. Errors and convergence rates for the linear element; ex-
act solution u = cos(x 4+ 1) sin(2y — 1) on the uniform triangular
partitions in .

a [ 1/h | lenll lleoll llevlle,, | Nlesllon | llesllLion) | lleblloo,00
8 | 3.86E-01 | 6.29E-02 | 7.67E-02 | 1.15E-01 | 1.95E-01 | 1.18E-01
1 16 | 2.95E-01 | 3.57E-02 | 4.29E-02 | 6.67TE-02 | 1.12E-01 | 7.16E-02

32 2.18E-01 | 1.94E-02 | 2.30E-02 | 3.65E-02 6.06E-02 3.98E-02
64 1.59E-01 | 1.02E-02 | 1.19E-02 | 1.92E-02 3.16E-02 2.14E-02
128 | 1.14E-01 | 5.25E-03 | 6.10E-03 | 9.89E-03 1.62E-02 1.13E-02

Rate 0.48 0.96 0.97 0.96 0.97 0.92
8 1.67E-01 | 1.47E-02 | 1.29E-02 | 1.90E-02 3.14E-02 2.09E-02
2 16 8.62E-02 | 3.73E-03 | 3.26E-03 | 5.02E-03 8.15E-03 5.84E-03

32 4.35E-02 | 9.37E-04 | 8.12E-04 | 1.28E-03 2.06E-03 1.53E-03
64 2.18E-02 | 2.35E-04 | 2.02E-04 | 3.20E-04 5.16E-04 3.92E-04
128 | 1.09E-02 | 5.87E-05 | 5.03E-05 | 8.02E-05 1.29E-04 9.92E-05

Rate 1.00 2.00 2.00 2.00 2.00 1.98
8 8.12E-02 | 1.19E-02 | 3.46E-03 | 2.51E-03 4.08E-03 2.82E-03
3 16 3.57E-02 | 3.02E-03 | 8.16E-04 | 3.19E-04 5.15E-04 3.79E-04

32 1.64E-02 | 7.59E-04 | 2.02E-04 | 4.01E-05 6.45E-05 4.88E-05
64 7.79E-03 | 1.90E-04 | 5.05E-05 | 5.01E-06 8.07E-06 6.18E-06
128 | 3.79E-03 | 4.77E-05 | 1.26E-05 | 6.27E-07 1.01E-06 7.78E-07
Rate 1.04 2.00 2.00 3.00 3.00 2.99
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FIGURE 1. Mesh level 1 (top) and mesh level 2 (bottom) of the
randomised quadrilateral partitions, the hexagonal partitions and
the non-convex octagonal partitions from left to right, respectively.

TABLE 2. Errors and convergence rates for the quadratic element;
exact solution u = cos(z + 1) sin(2y — 1) on the uniform triangular
partitions in €2;.

o | 1/h llenll lleoll lleslle, llesllon | llevlizian) | llebllo,00
8 6.82E-02 | 4.27E-03 | 5.42E-03 8.43E-03 2.06E-02 5.28E-03
2 16 3.45E-02 | 1.08E-03 | 1.31E-03 2.15E-03 5.23E-03 1.41E-03
32 1.73E-02 | 2.71E-04 | 3.20E-04 5.40E-04 1.31E-03 3.63E-04
64 8.65E-03 | 6.77E-05 | 7.91E-05 1.35E-04 3.28E-04 9.21E-05
128 | 4.33E-03 | 1.69E-05 | 1.97E-05 3.38E-05 8.20E-05 2.32E-05

Rate 1.00 2.00 2.00 2.00 2.00 1.99
8 2.45E-02 | 5.75E-04 | 7.02E-04 1.07E-03 2.61E-03 6.96E-04
3 16 8.67E-03 | 7.44E-05 | 8.65E-05 1.35E-04 3.28E-04 9.06E-05

32 3.06E-03 | 9.47E-06 | 1.08E-05 1.69E-05 4.10E-05 1.15E-05
64 1.08E-03 | 1.20E-06 | 1.35E-06 2.11E-06 5.12E-06 1.45E-06
128 | 3.83E-04 | 1.50E-07 | 1.68E-07 2.64E-07 6.41E-07 1.82E-07

Rate 1.50 2.99 3.00 3.00 3.00 2.99
8 8.99E-03 | 2.82E-04 | 2.76E-04 1.35E-04 3.27E-04 8.78E-05
4 16 2.26E-03 | 3.63E-05 | 3.54E-05 8.44E-06 2.05E-05 5.67E-06

32 5.65E-04 | 4.59E-06 | 4.50E-06 5.28E-07 1.28E-06 3.60E-07
64 1.41E-04 | 5.77E-07 | 5.66E-07 | 3.30E-08 8.01E-08 2.26E-08
128 | 3.54E-05 | 7.23E-08 | 7.10E-08 2.06E-09 5.00E-09 1.42E-09

Rate 2.00 3.00 3.00 4.00 4.00 4.00
8 4.00E-03 | 2.84E-04 | 2.75E-04 1.68E-05 4.09E-05 1.10E-05
5 16 8.50E-04 | 3.63E-05 | 3.55E-05 5.28E-07 1.28E-06 3.55E-07

32 1.91E-04 | 4.59E-06 | 4.50E-06 1.65E-08 4.00E-08 1.12E-08
64 4.47E-05 | 5.77E-07 | 5.66E-07 | 5.16E-010 1.25E-09 3.54E-010
128 | 1.08E-05 | 7.23E-08 | 7.10E-08 | 1.61E-011 3.91E-011 1.11E-011

Rate 2.05 3.00 3.00 5.00 5.00 5.00
In addition to [|ex|l, |leoll and ||esle,, the following metrics are employed to
measure ey, :
9\ 2
llesllon = ( > [ 1Quu—w) dS) lesllzrony = Y [ 1Quu — uplds,
e€€on € e€€oq ¢

||eb||oo,<9§2 = Inax |Qbu(x,y) - Ub(x,y”,
(z,y)€e

e€€syn
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TABLE 3. Errors and convergence rates for the linear element; ex-
act solution u = exp(2z) cos(3y) on the polygonal partitions in
0.
h Dof ller I [leoll lles e, llesllog llevllL1 o0y llesllos,00
Randomised quadrilateral partitions
0.114 544 1.15E-00 2.35E-02 5.21E-02 6.78B-02 8.27E-02 8.91E-02
0.0594 2112  6.05E-01 6.59E-03 1.39E-02 1.87E-02 2.18E-02 2.57E-02
0.0302 8320  3.07E-01 1.70E-03 3.55E-03 4.87E-03 5.55E-03 6.82E-03
0.0152 33024 1.55E-01 4.31E-04 8.93E-04 1.23E-03 1.39E-03 1.74E-03
Rate 1.00 1.98 2.01 1.99 2.02 1.95
Hexagonal partitions
0.0777 1200  8.02E-01 T.3585-02 3.00E-02 1.255-02 1.91E-02 6.13E-02
0.0388 4786  4.05E-01 3.23E-03 7.36E-03 1.09E-02 1.22E-02 1.67E-02
0.0194 19160 1.99E-01 7.69E-04 1.74E-03 2.63E-03 2.97E-03 4.04E-03
0.00946 76661 9.82E-02 1.87E-04 4.13E-04 6.50E-04 7.31E-04 1.05E-03
Rate 1.00 2.03 2.05 1.99 2.00 1.94
Non-octagonal partitions
0.182 288 1.65E-00 6.41E-02 9.19E-02 1.01B-01 1.30B-01 1.38B-01
0.0911 1088  9.05E-01 1.79E-02 2.77E-02 2.80E-02 3.33E-02 3.87E-02
0.0456 4224  4.70E-01 4.74E-03 7.51E-03 7.27E-03 8.37E-03 1.02E-02
0.0228 16640 2.38E-01 1.22E-03 1.94E-03 1.84E-03 2.09E-03 2.60E-03
Rate 0.93 1.91 1.86 1.93 1.99 1.91

TABLE 4. Errors and convergence rates for the quadratic elemen-
t; exact solution u = cos(mx) cos(my) on the uniform triangular
partitions in €.

o [ 1/h | el lleoll lleslley, lleslloa | llevllpion) | llebllo,00
8 2.85E-02 | 3.30E-03 | 3.23E-03 1.16E-03 2.94E-03 5.88E-04
0 16 7.19E-03 | 4.12E-04 | 4.10E-04 1.59E-04 4.04E-04 7.99E-05
32 1.80E-03 | 5.15E-05 | 5.14E-05 2.08E-05 5.29E-05 1.04E-05
64 4.51E-04 | 6.44E-06 | 6.43E-06 2.65E-06 6.75E-06 1.33E-06
128 | 1.13E-04 | 8.04E-07 | 8.04E-07 | 3.35E-07 8.53E-07 1.68E-07

Rate 2.00 3.00 3.00 2.98 2.98 2.99
8 2.84E-02 | 3.27E-03 | 3.17E-03 5.71E-04 1.45E-03 2.88E-04
1 16 7.18E-03 | 4.10E-04 | 4.06E-04 7.22E-05 1.83E-04 3.62E-05
32 1.80E-03 | 5.14E-05 | 5.11E-05 9.04E-06 2.30E-05 4.52E-06
64 4.51E-04 | 6.43E-06 | 6.41E-06 1.13E-06 2.88E-06 5.66E-07
128 | 1.13E-04 | 8.04E-07 | 8.02E-07 1.41E-07 3.60E-07 7.07E-08

Rate 2.00 3.00 3.00 3.00 3.00 3.00
8 2.84E-02 | 3.26E-03 | 3.14E-03 1.13E-04 2.86E-04 5.71E-05
2 16 7.17E-03 | 4.09E-04 | 4.03E-04 7.42E-06 1.89E-05 3.72E-06
32 1.80E-03 | 5.13E-05 | 5.10E-05 4.75E-07 1.21E-06 2.37E-07
64 4.50E-04 | 6.42E-06 | 6.40E-06 | 3.00E-08 7.64E-08 1.50E-08
128 | 1.13E-04 | 8.04E-07 | 8.02E-07 1.89E-09 4.80E-09 9.43E-010

Rate 2.00 3.00 3.00 3.99 3.99 3.99
8 2.84E-02 | 3.25E-03 | 3.14E-03 1.53E-05 3.85E-05 7.70E-06
3 16 7.17E-03 | 4.09E-04 | 4.03E-04 | 4.83E-07 1.23E-06 2.42E-07
32 1.80E-03 | 5.13E-05 | 5.10E-05 1.52E-08 3.86E-08 7.58E-09
64 4.50E-04 | 6.42E-06 | 6.40E-06 | 4.74E-010 1.21E-09 2.37E-010
128 | 1.13E-04 | 8.04E-07 | 8.02E-07 | 1.48E-011 3.77E-011 7.40E-012

Rate 2.00 3.00 3.00 5.00 5.00 5.00

for the linear finite element the maximum norm |lep||0,00 is calculated over the
midpoint of each edge, and for the quadratic finite element the maximum norm
les]loo,00 is calculated over the the starting point and ending point of each edge in

two dimensions.

8.1. Smooth Solutions. The first part is to numerically validate the accuracy of
WG scheme () for the equation (II) with smooth solutions on the square domain
Q. The diffusion tensor a = {aij}z27j:1 is chosen as the variable coefficient matrix
in Table M and the identity matrix in Tables B-8.
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TABLE 5. Errors and convergence rates for the quadratic element;
exact solution u = cos(x+1) sin(2y —1) on the uniform rectangular
partitions in €2;.

L/h | llenll lleoll llevlle, | Nleslloa | llesllion) | llevlloo,00
8 8.72E-03 | 9.90E-05 | 1.51E-04 | 1.35E-04 3.28E-04 8.78E-05
Type 1 16 2.19E-03 | 9.69E-06 | 2.04E-05 | 8.44E-06 2.05E-05 5.67E-06
32 5.49E-04 | 1.09E-06 | 2.68E-06 | 5.28E-07 1.28E-06 3.60E-07
64 1.37E-04 | 1.31E-07 | 3.44E-07 | 3.30E-08 8.01E-08 2.26E-08
128 | 3.43E-05 | 1.60E-08 | 4.36E-08 | 2.06E-09 5.00E-09 1.42E-09
Rate 1.99 3.02 2.98 3.99 3.99 3.99
8 8.91E-03 | 1.01E-04 | 1.53E-04 | 1.48E-04 3.41E-04 1.24E-04
Type 2 16 2.23E-03 | 9.75E-06 | 2.04E-05 | 9.21E-06 2.13E-05 7.84E-06
32 5.59E-04 | 1.09E-06 | 2.68E-06 | 5.75E-07 1.33E-06 4.93E-07
64 1.40E-04 | 1.31E-07 | 3.44E-07 | 3.59E-08 8.33E-08 3.09E-08
128 | 3.50E-05 | 1.60E-08 | 4.36E-08 | 2.25E-09 5.21E-09 1.94E-09
Rate 1.99 3.02 2.98 4.00 4.00 3.99
8 8.75E-03 | 9.96E-05 | 1.51E-04 | 1.37E-04 3.28E-04 9.34E-05
Type 3 16 2.19E-03 | 9.70E-06 | 2.04E-05 | 8.47E-06 2.05E-05 5.84E-06
32 5.49E-04 | 1.09E-06 | 2.68E-06 | 5.29E-07 1.28E-06 3.65E-07
64 1.37E-04 | 1.31E-07 | 3.44E-07 | 3.30E-08 8.01E-08 2.28E-08
128 | 3.43E-05 | 1.60E-08 | 4.36E-08 | 2.06E-09 5.00E-09 1.43E-09
Rate 1.99 3.02 2.98 4.00 4.00 4.00

Table 0 demonstrates the numerical performance of the linear WG element for
the equation (0) in ©; with different values of « on the uniform triangular partitions.
The variable diffusion tensor a is given by a1 = 1 + 22, a12 = a2, = zy/4 and
aze = 1+ y2. The exact solution is u = cos(x + 1)sin(2y — 1). These numerical
results are in perfect consistency with the theoretical results. Moreover, for the
case of a = 3, the rates of convergence for ||es||, |leo|| and ||ep||s, remain to be of
orders O(h), O(h) and O(h?), respectively. Therefore, we recommend the value of
« = 2 in practice. In addition, the numerical performance of the errors |le|laq,
llesll 1 a0y and ||ep]|oo,00 supports strongly our expectations.

Table B lists some numerical results for the quadratic WG element with different
values of a. The exact solution is u = cos(z + 1) sin(2y — 1). We observe that the
convergence rate for ||ep|| is in perfect consistent with theoretical predictions. For
the numerical errors ||eg]| and ||ep]| s, , the numerical results are consistent with the
theory for a = 2,4, 5, but greatly outperform the theory for the value of o = 3.
In addition, the same rates of convergence are observed of [|ex||, ||leo|l and ||es||e,
although the parameter a = 5 exceeds the theoretical optimal exponent a = 4.
Thus, o = 4 is recommended in practical computing. Once again, the numerical
errors |lep]|aq; llesllz1(a0) and [|epl|oo,00 confirm greatly our prediction of O(h®).

Table B presents some numerical results for the linear WG element on different
types of polygonal meshes shown in Figure 0. The parameter is set as the optimal
parameter o = 2. It is clearly seen that these numerical results achieve the optimal
orders of convergence for numerical errors |les, ||eoll and |lesle,. It should be
pointed out that the convergence rates are computed by the least-square approach.

Table @ illustrates the numerical performance of the quadratic WG element with
different values of a. The exact solution is given by u = cos(mz) cos(my), which
satisfies aVu - n = 0 on 0Q2. From the comparison, these numerical results typi-
cally outperform the theoretical prediction especially for the values of o = 0 and
a = 1. Moreover, the errors [lesla, [les]|1(a0) and ||lep]|cc,00 seem to exceed our
expectation.

Table B reports some numerical results for the quadratic WG element with three
types of the uniform rectangular mesh. The optimal exponent o = 4 is employed.




NEW WG METHOD WITH WEAKLY ENFORCED DBC 661

TABLE 6. Errors and convergence rates for the linear element and
quadratic element; exact solution u = (22 + )7 sin(2 arctan(Z))
on the uniform triangular partitions in €2,.

k=1la=2
1/h llenll Rate [leoll Rate lleslle, Rate
16 7.03E-01 0.74 4.12E-02 1.59 5.22E-02 1.60
32 4.35E-01 0.69 1.41E-02 1.55 1.81E-02 1.53
64 2.80E-01 0.63 4.97E-03 1.50 6.62E-03 1.45
128 1.87E-01 0.59 1.82E-03 1.45 2.56E-03 1.37
1/h IEES Rate HebHLl(aQ) Rate lles]] 00,00 Rate
16 3.15E-02 1.89 3.56E-02 2.00 7.34E-02 1.44
32 8.31E-03 1.92 8.85E-03 2.01 2.65E-02 1.47
64 2.17E-03 1.94 2.20E-03 2.01 9.45E-03 1.49
128 5.62E-04 1.95 5.47E-04 2.01 3.36E-03 1.49
k=1la=3
1/h llenll Rate lleoll Rate llevlle,, Rate
16 5.00E-01 0.61 3.19E-02 1.50 2.69E-02 1.36
32 3.47E-01 0.53 1.16E-02 1.46 1.11E-02 1.27
64 2.44E-01 0.51 4.31E-03 1.43 4.75E-03 1.23
128 1.72E-01 0.50 1.64E-03 1.40 2.06E-03 1.20
1/h HebHaQ Rate HebHLl(BQ) Rate |‘eb|‘x=ag Rate
16 2.01E-03 2.93 2.24E-03 3.02 4.76E-03 2.49
32 2.62E-04 2.94 2.77E-04 3.01 8.43E-04 2.50
64 3.40E-05 2.95 3.44E-05 3.01 1.49E-04 2.50
128 4.40E-06 2.95 4.27E-06 3.01 2.64E-05 2.50
k=2a=3
1/h llenll Rate [leoll Rate [levlle), Rate
16 2.43E-01 0.73 6.63E-02 1.50 1.92E-02 1.44
32 1.63E-01 0.58 2.36E-02 1.49 7.81E-03 1.30
64 1.13E-01 0.52 8.51E-03 1.47 3.32E-03 1.23
128 7.99E-02 0.51 3.09E-03 1.46 1.44E-03 1.20
1/h HebHaQ Rate HCZ’HLl(aQ) Rate |‘eb|‘m=ag Rate
16 1.43E-03 2.93 2.24E-03 3.02 2.96E-03 2.49
32 1.86E-04 2.94 2.77E-04 3.01 5.25E-04 2.50
64 2.41E-05 2.95 3.44E-05 3.01 9.28E-05 2.50
128 3.12E-06 2.95 4.28E-06 3.01 1.64E-05 2.50
k=2a=14
1/h llenll Rate [leoll Rate llevlle), Rate
16 2.27E-01 0.54 6.60E-02 1.49 1.81E-02 1.29
32 1.60E-01 0.51 2.36E-02 1.48 7.65E-03 1.24
64 1.13E-01 0.50 8.50E-03 1.47 3.30E-03 1.21
128 7.98E-02 0.50 3.09E-03 1.46 1.44E-03 1.20
1/h IEES Rate lesll 1100 Rate Tevloo,00 Rate
16 8.94E-05 3.04 1.40E-04 1.02 1.86E-04 3.50
32 5.81E-06 3.94 8.66E-06 4.01 1.64E-05 3.50
64 3.77E-07 3.95 5.37E-07 4.01 1.45E-06 3.50
128 2.43E-08 3.95 3.34E-08 4.01 1.28E-07 3.50

We denote by arbitrary edge e;; on 92 forming by the starting point A; = (z;,y;)
and ending point A; = (z;,y;). Here three types of discrete points are given
by {A4:, A;}, {é(Ai + A;), %(A,» + A;)} and the two Gaussian quadrature points,
respectively. These numerical results suggest that the optimal orders of convergence
for the numerical errors |lex||, [leo]| and ||ep||e, are perfectly confirmed. Once again,
the convergence rates for the numerical errors |leyllan, |lesllz1(a0) and |ep]|co,00
reach our expectation.

8.2. Low Regularity Solutions. To numerically explore the performance of the
WG scheme (@) for the equation (0I) with low regularity solutions, some numerical
results are presented on the general polygonal partitions. The diffusion tensor a is
identity matrix.

Table B presents some numerical results for the linear and quadratic WG elements
with different values of o on the uniform triangular partitions. The exact solution
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TABLE 7. Errors and convergence rates for the linear element; ex-
2/5—

. _ . . 2 o\ 2/5-2
act solution u = —z(1 —z)y(1 —y)(z?* +y*)~ 2z on the polygonal
partitions in €2;.

h Dof llenll lleoll lleslle, lleslloe llevllion)  lleblloo,00
Uniform triangular partitions
1/32 3136 1.54E-01 3.87E-02 3.29E-03 1.74E-04 1.15E-04 6.39E-04
1/64 12416  1.14E-01 1.47E-02 1.25E-03 2.39E-05 1.45E-05 1.22E-04
1/128 49408  8.63E-02 5.56E-03 4.73E-04 3.28E-06 1.81E-06 2.31E-05
1/256 197120 6.53E-02 2.11E-03 1.79E-04 4.48E-07 2.27E-07 4.39E-06
Rate 0.41 1.40 1.40 2.87 2.99 2.40
Uniform rectangular partitions
1/32 3152 1.10E-01 5.08E-03 1.98E-03 1.45E-04 9.48E-05 5.79E-04
1/64 12448 8.22E-02 1.93E-03 7.62E-04 2.00E-05 1.19E-05 1.10E-04
1/128 49472  6.21E-02 7.31E-04 2.90E-04 2.74E-06 1.50E-06 2.09E-05
1/256 197248 4.71E-02 2.77E-04 1.10E-04 3.75E-07 1.77E-07 3.96E-06

Rate 0.41 1.40 1.39 2.87 3.02 2.40
Randomised quadrilateral partitions
0.114 544 1.55E-01 1.55E-02 4.17E-03 3.48E-03 2.83E-03 8.95E-03

0.0594 2112 8.95E-02 5.84E-03 1.63E-03 5.28E-04 3.91E-04 1.86E-03
0.0302 8320 6.01E-02 2.25E-03 6.18E-04 7.57E-05 5.17E-05 3.62E-04
0.0152 33024 4.60E-02 7.88E-04 2.46E-04 1.06E-05 6.62E-06 7.07E-05
Rate 0.60 1.47 1.40 2.87 3.00 2.40
Hexagonal partitions
0.0777 1200 1.50E-01 1.89E-02 5.67E-03 1.42E-03 1.17E-03 3.75E-03
0.0388 4786 1.01E-01 7.26E-03 2.07E-03 2.00E-04 1.49E-04 7.26E-04
0.0194 19160 5.50E-02 2.61E-03 5.19E-04 2.59E-05 1.78E-05 1.33E-04
0.0095 76661 4.66E-02 1.01E-03 2.28E-04 3.50E-06 2.14E-06 2.48E-05
Rate 0.59 1.40 1.57 2.86 3.00 2.39
Non-octagonal partitions
0.182 288 2.10E-01 4.13E-02 8.68E-03 7.73E-03 6.95E-03 1.56E-02
0.0911 1088 1.30E-01 1.55E-02 3.62E-03 1.11E-03 9.01E-04 3.01E-03
0.0456 4224 9.61E-02 5.89E-03 1.47E-03 1.56E-04 1.16E-04 5.75E-04
0.0228 16640 7.47E-02 2.25E-03 5.77E-04 2.17E-05 1.47E-05 1.09E-04
Rate 0.49 1.40 1.30 2.83 2.96 2.39

is u = (22 + y2)7 sin(2 arctan(£)) on the L-shaped domain €. It is easy to check
u € H157¢ for arbitrary small ¢ > 0. For |les], [leo]| and |lep]|s,, the numerical
results for the linear element with o = 3 is more stable than that for linear element
with @ = 2. For the quadratic WG element with a = 2 or a = 3, the rates of
convergence for |lex]|, |leo]| and |lep]ls, seem to be around O(h%%), O(h') and
O(h'?), respectively. Moreover, |leyllaq, [les]|L1(a0) and |[es]|o,00 converge to zero
at the rates of O(h%), O(h%) and O(h*~%5), respectively.

Tables [@-B illustrate the numerical performance of the linear WG element with
a = 3 on different types of polygonal partitions shown in Figure M. The right-hand
side function f is chosen for exact solution u = —x(1 — x)y(1 — y)(z? + yQ)Q/Z_2
It is obvious that f < 0 in ; and the exact solution u has the regularity of u €
H't3-5(Q) for arbitrary small € > 0. We observe from Table @ that on the uniform
triangular partitions and uniform rectangular partitions, the rates of convergence
for fleall, lleoll, lleslle,, llevllons llesllzromy and flepllaon ave of orders O(A%4),
O(R'4), O(h14), O(h*87), O(h?), O(h**), respectively. Moreover, the performance
of numerical approximation on the polygonal partitions is presented in Table [@.
Table B reports the maximum values of the numerical approximation u; on different
polygonal partitions. We observe that max,eo\a0 us(2,y) < maxzecoo us(,y).
This indicates the maximum principle holds true for the numerical solution u; on
the polygonal partitions, for which the mathematical theory has not been developed
yet.
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TABLE 8. The discrete maximum values of the WG solution wy;
exact solution u = —x(1—2)y(1—y) (2% +y?) 25 on the polygonal

partitions in €2;.

Uniform triangular partitions

h

1/64 1/128 1/256
maxo\ a0 s (T, y) -3.499E-05 -8.755E-06 -2.19E-06
maxaqo up(z, y) -1.709E-08 -1.069E-09 -6.68E-011

Uniform rectangular partitions
h

1/64 1/128 1/256
maxo\ a0 b (T, y) -4.665E-05 -1.168E-05 -2.920E-06
maxaq up (T, y) -7.620E-09 -4.760E-010 -2.973E-011

Randomised quadrilateral partitions
h

0.0594 0.0302 0.0152
maxo\ aq b (T, y) -2.679E-04 -6.261E-05 -1.523E-05
maxao up (T, y) -1.052E-06 -6.211E-08 -3.977E-09

Hexagonal partitions
h

0.0388 0.0194 0.00946
maxo\ a0 b (T, y) -1.072E-04 -3.410E-05 -9.240E-06
maxapo up (T, y) -1.487E-07 -1.422E-08 -7.615E-010

Non-octagonal partitions
h

0.0911 0.0456 0.0228
maxgo\ sa s (T, Y) -4.335E-05 -8.250E-06 -2.072E-06
maxaqo up (T, y) -3.165E-06 -1.982E-07 -1.239E-08

9. Conclusions

In this paper, we have developed a new WG method with weakly enforced Dirich-
let boundary condition for the second order elliptic equation. Two additional bilin-
ear forms are incorporated into the weak Galerkin framework to weakly enforce the
Dirichlet boundary condition. Optimal order error estimates for the numerical ap-
proximation are rigorously established. Some numerical experiments are reported
to validate the developed theory. The last numerical experiment also reveals that
the maximum principle holds true for the WG scheme (@) on general polytopal
meshes. To examine the numerical method proposed in this paper, more realis-
tic problems like the wall-bounded turbulent flows will be numerical solved and
analyzed theoretically in the future work.
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