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A PENALTY FINITE ELEMENT METHOD FOR THE
STATIONARY CLOSED-LOOP GEOTHERMAL MODEL

HAOCHEN LIU, PENGZHAN HUANG*, AND YINNIAN HE

Abstract. In this article, we give a penalty finite element method for the steady-state closed-loop
geothermal model. Firstly, we construct the stationary penalty closed-loop geothermal equations.
Secondly, we propose a finite element method for the penalty system and deduce error estimates.
Finally, some numerical experiments are used to illustrate the theoretical results of the presented
method.
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1. Introduction

In this paper, we propose and study a penalty finite element method for a steady-
state closed-loop geothermal model. The governing equations of this model include
the Navier-Stokes/Darcy equations and heat equations [20, 21].

Let © C R? consist of two subdomains Q; and €, with Lipschitz continuous
boundaries 9§y and 0€2,,, separated by the interface I'. The Navier-Stokes equations
coupled with the heat equation (velocity vector us, pressure py and temperature
0¢) describe fluid flow in the fluid domain Q:

(].) quuer(uf-V)uerfo:G’TV29f§ in Qf,
(2) V'Ufzo ian,
(3) —af Al +uyp -Vl =gy in Q.

Besides, the Darcy equations coupled with the heat equation (velocity vector u,,
pressure p, and temperature 6,) describe Darcy flow in the porous media domain

(4) Dlup +Vp, = Go20,€ in Q,,
(5) V-u,=0 in Q,,
(6) —apAlp +up, - VO, = gp in Q,,

where v is the kinetic viscosity and G, is the Grashof number, and & = (0, —1)7 is
the unit vector in the direction of the gravitational acceleration. In addition, D,
is the Darcy number, assuming the porous media is isotropic and homogeneous.
oy and ay, refer to the thermal diffusivity in the fluid and porous media domains,
respectively. gy and g, are heat sources in the fluid and porous media domains.
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Additionally, the problem (1)-(6) is considered in conjunction with the following
boundary conditions on 9y and 0€,

0
ur =0 on OQ\I', 67 =0 onIyp, ng =0 on I'yn,
f
00
Up-np =0 on 0Q,\I', 6, =0 onTp, 677:; =0 on 'y,

where I'yp and T'yy are the pipe region boundaries with 9Q\I' = T'yy UT4p
and denote the Dirichlet and Neumann boundary conditions, respectively. I'pp
and I'pn are the porous media region boundaries with 0Q,\I' = T',y UT',p. The
unit outward normal vectors satisfy the condition of n, = —n; on the interface
I'. Furthermore, for the closed-loop geothermal model, in order to describe heat
exchanging and no-fluid communication on the interface I', we utilize several critical
interface conditions as follows [18]:

(7) O =6,, (Continuity of temperature),
00 06

8 L —+ =0 Continuity of heat f

(8) ay an s +ap8np , (Continuity of heat flux),

9) Up-np =0, up-ng=0, (No-communication condition),

(10) up -7 =0, (No-slip condition),

where 7 is the unit tangential vector along I".

Numerically solving the governing problem remains challenging because it has
multiple physical quantities and domain couplings. In [24], Valencia-Ldpez et al.
propose some finite element methods to study Navier-Stoke/Darcy equations cou-
pled with heat equations, where the Navier-Stokes/Darcy equations are coupled
with the Beavers-Joseph interface conditions. In [26], Zhang et al. consider the
well-posedness and numerical scheme for the natural convection in a composite flu-
id layer overlying a porous media layer with internal heat generation. In addition,
Mahbub et al. [18] use an unsteady-state model with no-communication condition-
s on the interface for the closed-loop geothermal system and design a decoupled
stabilized finite element approach. A decoupled iterative finite element method
and a two-grid finite element method [15, 14] are proposed and analyzed for the
steady-state case.

Since the Darcy velocity u, in (4) has low regularity (u, € L2(£,)?), it is
not easy to prove the existence of a solution to the problem (1)-(10) and have
a challenge in the numerical computations. As is known, the penalty method
[4, 22, 23, 19, 9, 11, 12, 13, 17] is a practical algorithm for fluid flow problem-
s. In this article, we propose and study a penalty finite element method for the
steady-state closed-loop geothermal model. Firstly, we construct the stationary
penalty closed-loop geothermal equations and prove the existence of the weak so-
lution to the penalty system, which is easier to obtain than that of the original
system. Then we get error estimates of the weak solutions to the penalty and
the original system. Secondly, we propose a finite element method for the penalty
system and deduce the convergence of the finite element discretization. Finally,
since the finite element system is nonlinear, we linearize the nonlinear problem and
deduce the iterative error.

Now, we use the penalty method for the original equations of the closed-loop
geothermal problem. The penalty method applied to (1)-(6) is to approximate

the solution (u = (uf,up),Pp = (pf,pp),0 = (05,6,)) by (u® = (u§7u;),p8 =
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(pfc,p;),eE = (0;,0;)) satisfying the following penalty closed-loop geothermal e-
quations:

(11) —vAug + (uf - V) uf + Vpj = G,,V29§§ in Qy,
(12) Vouj=0 in Q;,
(13) —apAf5 + (uf - V) 07 = gy in Qf,
(14) N Diau; + U, = G0 in Q,,
(15) Voul =0 in Q,,
(16) A+ (5 V)05 = g, in 0,

where the term —cAug in (14) is the penalty term and 1 > & > 0 is the penalty
parameter.
In addition, we need the following boundary conditions:

005
uy =0 ondQ\I, 03=0 onlyp, a—nfc =0 onlyn,
005
u,-ny =0 ondQ\I', 6,=0 onlyp, 871) =0 onlyy,
np
and the following conditions on the interface I':
005 00°
17 05 = 0° e i
( ) f P’ ay 8nf + Qp anp )
(18) up-ng=0, uj-7=0, wuy-n,=0.

We notice that the Darcy velocity uj, in the penalty closed-loop geothermal
equations has high regularity (uf, € H?(£2,)?), which makes it much easier to obtain
the existence of solution than that of the solution to the original problem (1)-(10).

2. Preliminaries

In this section, we introduce some notations, function spaces, and results used
in this paper. For 1 < ¢ < oo and k € NT, we denote the Lebesgue space by L4(D)
and a special Sobolev space by H¥(D) [1], where D may be Qy,8,. We denote
the inner product and the norm on L?(D) or L*(D)? by (-,-)p and || - ||r2(p),
respectively. Then, we also denote the norms of the spaces L¢(D) and H*(D) by
Il - llza(py and || - || gx(py, respectively. To denote briefly:

-l =1 larmy I-llo=1"1lc2y, - lle =1 lle2)-

Moreover, we define the following function spaces:
Xf = {Uf S H! (Qf)2 Vfp = 0 on an\F} R
Xy i={vp € L2 (@), V- v, € L2 () 50 - my = 0 on 9Q\T'}
Yy = {qf € L*(Qy) : (g5, Da, = O}, Y, = {qp € L*(Q,) : (gp, Do, = 0},
Wf = {Wf € ]3'1 (Qf) Wy = 0 on FfD}, Wp = {wp € I{1 (Qp) T Wp =0on FpD}~
Besides, we define some product spaces:
X =X;xX,, Y =YxY, W:=W;xW,

and
Wr = {w = (wy,wp) € Wy x W, : wilp = wylp} -
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Furthermore, we define H~!(D) as the dual space of H}(D) and its norm is
defined by

_ I(g:w)p|
lgll—1 = sup :
weH (D) [Vwllo
Additionally, we recall the Poincaré inequality [1] as follows: for uy € Xy,
(19) lugllo < CpllVuglo,

with a constant C), that only depends on 2.
Now, we introduce the continuous trilinear form

cr(ug,vp,wp)ay = ((uy - V)og,wr)a, +0.5((V - up)vp, wi)a,
= O.5((u . V)Uf,wf)Qf — 0.5((uf . V)wf,vf)gf Vuf,vf,wf € Xf.

Similarly, we define another two trilinear forms for any w € Wr and 8 € Wr:
(20) 5f (uf’0f7wf)ﬂf :0.5(uf~V0f,wf)Qf —O.5(uf-wa,0f)Qf VUf€Xf,
(21)  ép (up, Hp,wp)ﬂp =0.5(up - VO,, wp)Qp — 0.5 (up - Vwp, 910)91, Yu, € X,

Next, denote v = (vy,v,) and q = (qy, ¢p). With the above notations, we obtain
the variational formulation of (1)-(10): find (u,p,0) € X x Y x Wt such that for
any (v,q,w) € X XY x Wr
(22)
v(Vug, V), +ep(up,up,vp)a, =05, Vovp)a, +(Vug, ap)a, = Gov® (05€,v5) g,

v
(23) D (upvvp)gp = (00, V- vp)a, + (V- up, gp)o, = Gv? (9p§>vp)§zp )
(24)

ay (Voy, wa)ﬂf + oy (VOp, Vwp)g + Cpug, O, wr)a, + Ep (Up, bp, wp)g

gy
—ay [ ng V05(0s =)+ 2 [ (0= 0)0r —wp) = (07.01)a, + (),

where v > 0 is a stabilization parameter which is independent of h, and h is mesh
size defined in the next section. Due to the low regularity (u, € L*(Q,)?) of the
Darcy velocity, it is not easier to obtain the existence of the solution.

3. Penalty problem of the closed-loop geothermal system

In this section, we show the variational formulation of the penalty closed-loop
geothermal problem (11)-(18), prove the existence of the solution to the penalty
system and show error bounds between the weak solutions (u, p, 8) and (u®, p°, 6°).

Next, we need the function space for the penalty system:

Xpi={vp € HY (@) 05 my =0on Ty}, X°i= X; x X;.
Then we obtain the variational formulation of the penalty system (11)-(18), find
(uf,p®,0°%) € X¢ x Y x Wr satisfying:
(25)
v (VU;, V'Uf)nf + Cf (U;, ujﬁ vf)Qf - (p;, V. Uf)nf + (v : u§‘7 qf)Qf = G”‘VQ (eigvvf)ﬂf )

(26)
e (Vus, va)ﬂp + DL (us, vp)Q — (05, V- vp)a, + (V- ud, qp)a, = Grv? (05€, vp)Qp ,

a P
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(27)
af (Vﬂfc7 wa)Qf +a, (V@;, pr)Qp + ¢y (u;, Hé,wf)gf +é (u;,9;7wp)gp
!
—af/nf VO3 (ws —wp) + a
r h Jr
for all (v,q,w) € X° xY x Wr.
Besides, it is easy to verify that these trilinear forms satisfy the following prop-
erty.

(9? - 0;)(0)]“ - wp) = (gfvwf)Qf + (gpva)ﬂp ’

Lemma 3.1. [6, 27] The trilinear forms cs(-,-,-)a, and &(-,-,-)a,, i = [ orp
satisfy:

(28) lef(u, v, w)a, | < NlIVu loll Vo ol Vawllo,  Vu,v,w € X5,
|Ci(ui, 03, wi)o,| < N[V (o] VO [ol| Vwillo,  Vui € X%, 0;,w; € W,
where N and N denote the positive constants depending only on the domain.

The existence and uniqueness of the solution to (25)-(27) are shown in the fol-
lowing theorem.

Theorem 3.1. If the following conditions hold
0 <2NG,CpSy + Giv*Cy max{Cf)oz;l, Daaljl}Ngajing <1,
0 < D,GLv°C? max{Cia;l, Daagl}NgangVH;H?;a(Qp) <1,

then the problem (25)-(27) admits a unique solution (u®,p®,0%) € X x Y x Wr
such that

IVusllo < G,Cp2uSy,  €||Vu
(30) €12 e)12 2
VO35 + ||V9p||0 <S&j,

(29)

;Ho < Gngqug, ||uf,||o < D,G,vCpSy,

where Sy = s llg(@)]| -1 with g(x)|a, = g7(2) and g(x)lq, = gy(x).

Proof. As [26], applying Brouwer’s fixed point theorem, the existence of the solution
can be easily obtained due to the high regularity (u;, € H 2(Q,)?) of the Darcy
velocity.

Now, we mainly prove the uniqueness of the solution. Assume that there exist
two solutions (@°,p°,0°) and (4°,p°,0°) to the problem (25)-(27). We define e,, =
u® —u°, ep =p° —P° and eg = 6" — 95, and choose test functions v = e, q = ep
and w = eg.

(31)

V||Veuf||g +cy (euf,ﬂ;,euf)ﬂf +cy (u'},euf,euf)ﬁf =G, ? (egff,euf)ﬂf ,

14

2
(52 el Vew, I + -

||eup||(2) = GTV? (eapg’ eup)Qp ’

Ozf||V€9f H(Q) + OszV69pH(2) + éf (euf,éfz, egf)gf + Ef (’EL?, egf,egf)ﬂf

(33) _

+¢p (eupﬁ;,egp)ﬂ +¢p (ﬂ;,egp,egp)gp =0.
P

Note that the interface term —ay [.. ns-V5(ws—w,) and stabilized term “ [1.(65—
05)(ws — wp) vanish when the coupled space Wr is applied. Besides, the nonlinear
terms cy (ujc,euf,euf)ﬂf, Cf (ﬂ?,egf,egf)gf, and ¢, (ﬁ;,egp,egp)ﬂp vanish due to

the definition of these trilinear terms.
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Next, applying Lemma 3.1, the Holder inequality and the Young’s inequality, we
rewrite (33) as

o N2

a7V, I3+ o Veo, I} <51 9e0, I + 52 19531 e, I
3 o i
+ 3 [IVes, 5+ EIIVQEII%B(QP)IIG%IIS-
Rearranging (34), one has

2 o N2 o, N2 ain 2
(35) ayl[Veg, |5 + apl[Ves, [|5 < chSQ Veu, 5 + ?||V9p||L3(Qp)Heup||o-

P

Similarly, from (31) and (32) we obtain
v
D,
<N|ViglolVeu, I + G2 CollVeo, ol Veu, llo + Gr*Cy | Ve, llollew, llo

36 3 v G, 2v3CH
OO <NV ol Ve, I + 51 Tew, I + Tl Ve, I

V||Veu, I3 + el Veu, 12 + = llew, I3

G2v3C2D,

ol Vea,

+ ——lew, |2 +
2D, "o

Moreover, by combining (35) with (36), we have
(37)

v
V|| Veu 1§ + el Veu, 5 + -

Dalleup”%

2~2_ 3 2 -1 —1 NQ 2 2 NQ NE (12 2
<G,"Cpr’max{Cpa; ", Dy, }(a*fSeHV@ufHoJr?p||V9p|\L3(Qp)||€up\\o)
+ 2N Vg [lol|Veu, 13-

Based on the conditions (29), we arrive at

N?
2N||Vagllo + G,>C2? max{Cﬁa;l, Daagl}a—sg
f

(38) -
N2
< 2NGTC,,2VS¢9 + GT2C§V3 max{CzaJTl, Daaljl}a—f&g <v,
and
22 3 2 —1 —1 N? he (12 v
(39) Gr Cpl/ maX{CpO[f ,Daap }?p||v9p||L3(52p) < D7a

Since € > 0, we deduce that [|[Ve,, o <0,(|Vey,|lo <0 and |ey,|o < 0. Consider-
ing (35), we know ey, = eg, = 0.
Finally, based on the inf-sup condition (there exists a positive constant § such

that for all g € Y, SUPye x ‘\(q,V-v)n\

T~olollallo > (), the uniqueness of the pressure p can be

proved directly.
Now, let us prove (30). Firstly, set w = 6° in (27) to get

(40) ar[VO35 + anlVOIIE = (95,07)0; + (90:607), -

Note that ¢y (u?, 9;, Qi)ﬂf and ¢, (uf,,@f,,&;)ﬂp are equal to zero. The interface
and stabilized terms disappear due to the application of the space Wr. By using
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the Cauchy-Schwarz inequality and the Young’s inequality, we arrive at

() s V05 + oy |96 < lote)2.

min {af7 O‘p}

Secondly, taking (vs,qf) = (u‘;,p;) in (25) and using Lemma 3.1, the Poincaré
inequality, one can easily obtain

13 2 £ 1>

(42) v ||V, < G PGVl Vusl,
which leads to
(43) [Vu§llo < GrCp2rSy.

Next, by taking (v, ¢p) = (u;,p;) in (26), we arrive at

v

(44) e[| Vus |l + D—anugug =G, 1? (egg,u;)gp .
Moreover, applying the Cauchy-Schwarz inequality and Young’s inequality on the
right-hand side of (44), we have
(45) el Vugllo < G CRIVE llo,  lupllo < DaGrvCyl[V8;]lo,
which combines with (41) to finish the proof.

Theorem 3.2. If the following conditions hold

(16) 0< 2NGTC’§S¢9 + GEVQC’E, max{CgaJ?17 Daagl}N2a;1892 <1,
0 < D,GW*C max{CgaJ?I, Daagl}N2aZleV9p||%3(Qp) <1,

then one has

(4) [ Vuglo < GorC28s,  uplly < DuGrvCySs, 905112 + V8,12 < 3.

Proof. One can prove (47) by a similar argument as (30), so we omit it. O

Now, we derive the bound of error concerning (u¢, p°, 6°) and (u,p,9).

Theorem 3.3. Under the assumptions of Theorem 3.2 and 3.1, if u;, € X, N
H?(Q,)?%, then one has the following bound of error:

@8) |V (uy = i)y + llup = w Iy + P = p7llo + V(6 = 69|, < Ce,
where the constant C' > 0 is independent of €.
Proof. Subtracting (25)-(27) from (22)-(24) gives
" (V(up —u3), Vog)g +eg (up —ujup,vp) g +ep (uf,up —uj,vp),
—(ps =05, V-vp)a, + (V- (ugy —u3),qr)0, = Grv? (0 — Qi)g,vf)ﬂf )
and
(50)
— & (Vug, V“p)m + DLG (up — “fm”p)ﬂp = (P =1, V- vp)o, + (V- (up — 1), Gp)e,

= G? (0, = 05)€,0p),
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as well as
(51)
ay (V(0; = 05), Vy)g +op (V0 = 0;), V), +6y (up —uf 0,0p),

+ ¢ (“;’ O — Gi,wf)gf +¢p (up — Uy, 9p,wp)Qp + ¢ (“;fwep - GZ’UJP)QP

- Oéf/FNf V(05 — 07)(ws — wp) + % /F((Hf = 07) = (0p = 0))(wy — wp) =0

Note that the interface term —ay [.ns - V(0f —0%)(ws — wp) and the stabilization
term 2 [L((0f — 05) — (6, — 05))(ws — wp) in (51) vanish when the space Wr is
used.
Next, by taking w = 0 — 6° and rearranging (51), we have
az V(8 — 07)II5 + apl|V (8, — 65)115

1 -9 2 en2 , @f e 12
(52) SEN VO£ lol1V (s —up)llo + =~V (0 —65)llo

1 - c e
+ 5 V1T, oy s = w513 + 21V, — 0.
Taking (v,q) = (u — u®,p — p°) in (49)-(50), we get
v
D,
(53) SN[ Vugl|ol|V(up = uf)IF + Gr*CHIV (0 = 05|V (s = u)lo
+ellAugllollup — upllo + Grr*Col V(0 — 67)llollup — uplo-

vV (up = up)l§ + 5 llup — w5113

In addition, by using (52), Young’s inequality and (47), we arrive at
(54)
vV (up —uf)l§ +

14

D,

lup — 2515

2 314
v T
<N (Vg |lof|V (ug — uf)lf5 + 5 IV(ur = uf)3 + 5 LIV (0; - 67)13
e?D, v
+ |Aug |13 + 575 llup = ulls + G2 CrDalIV (6, — 65) 3
v 2D,
v e?D, v
<NGCES |V (g = up)llf + 51V (s = wf)lF + = 1A 3 + 575~y — w3
C? D,. N2 N2 .
+ GT2C§V3 max{ﬂpf, CT}(OTngHV(Uf - U?)H(QJ + OT”VQZHQLS(QP)H(% - Ufa)||(2))~
P P

Based on (47) and the regularity assumption of u, i.e., u, € H?(€,)?, we rearrange
(54) as
(55)

_ N2 .
(v — 2NG,C,*vSy — GrzCzy?’ max{Czaf L 2D, 1}a—f892)||V(uf - uf)||(2)

2

v N2
—_— - GTZCP?VB max{C’ia?l, 2Dao¢;1}a—||V0;||2L3(Qp))||up - ué”% < Ce2
P

+(Da

Therefore, it is easy to get the result from (52) for the temperature

arlIV Oy = 0915 + oplI V(B — 6)113

(56) N2 N2
SOTfSeQHV(Uf —uf)[l5 + OTHVHp”%S(Qp)H“p —us||3 < Ce.
14
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Finally, thanks to the inf-sup condition, by taking ¢ = 0 in (49) and (50), we
have the error bound of the pressures, which finishes the proof. O

4. Penalty finite element discretization

Let h be a real positive parameter. Finite element spaces X x Y x Wy C
X® XY x W are characterized by 7, a partitioning of 2 into triangles, which is
assumed to be uniformly regular as h — 0.

We consider X; and W}, to be spaces of continuous piecewise polynomials of
degree [, and Y}, is the space of continuous piecewise polynomials of degree I — 1
(I > 1). We also assume that the finite element spaces X} and Y}, satisfy the
discrete inf-sup condition. Let mappings R : X° — X;, Qn : Y — Y) and
Py, : W — Wj. Assume that Rpv € X;, Qnrq € Yy, and Pyw € W), satisfy the
following approximation properties,

(57)
lo = Ravllg + o = Prolly < CRE (Jollagr + lollesn),

lg = Qnally + IV (v = Rav)llg + IV (@ = Prco)llg < CRE(llallk + loll+1 + [[wllr+1),
where 0 < k < [.

We also need the local inverse inequality [8, 18] for W: there exists a constant
Cin > 0 which depends only on the minimum angles of 73, such that

1 1

(58) ||V9h||r < C‘fnh_E ||V9h||0 Vo, € Wy,

Next, we approximate the variational formulation (25)-(27) of the penalty system
(11)-(18): find (uj,p;, 05) € X; x Y, x W, satisfying

v (Vujc,lw va)Qf +cf (U’j‘,mu?,havf)gf - (pef,hvv ' Uf) + (v : ui‘,thf)

(59) =G,” (05 1,6, vy) q,

14
€ (vufa,hv VUP)QP +F (u;,ha UP)QP - (p;,}w V- UP) + (V ' u;,hv QP)
(60) =Gy (05,16, v) .

af (V&?h,wa)Qf + (Vé);h,pr)Qp +¢f (u§7h,0?h,wf)ﬂf
(61) + EP (u;,hvef;,hawp>gp - af /1" nf : ve;,h(wf - wp)

ary
o 5= 00 =) = (gr.wr)a, + (9mwr)a,

for any (v°,q°,w®) € X; x Y x Wy,
We call the above finite element method as the penalty finite element method.

Moreover, we have the following stability for the finite element approximation prob-
lem (59)-(61).

Theorem 4.1. Under the assumption of Theorem 3.3, if v > Ci,, then one gets

[Vus pllo < GrvCiSs, HVU;)hHO <e'GPCLS,,

(62) c o2 o2
IV07ullo + V05ully < S5-

Proof. One can easily prove it by using a similar manner to (30) in Theorem 3.1.
So we omit it. 0
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Furthermore, we derive the bound of the errors between (u§, p5, ;) and (u®, p*, 6°)

in the following theorem. For convenience, we separate the errors into two parts,

i — Uy p = Uy — Rpuy + Rpwy —ugp i=m + 15, @ = f or p.

Pi — Pi,h = Pi — Qupi + Qnpi — pip == pi + i, © = [ orp.

0; —0ip =0; — PrO; + Pr0; — 0; 1, := ¢y + ¢4, i = forp.
Theorem 4.2. Under the assumption of Theorem 4.1, if v > C;, and the following
conditions hold

2
5 - NGwC:Sy — GICov° max{ﬁ D—} k¢ >0,

(63) 3C2 D,
02V3 max{ —} Kp >

2D
where rkf = AN on71||V0jc||% and K, = 4N2a;1||9§||2, then one has

1 _ _
luf = gl +e [lup = upnll, +27" [|up = v wllo+1P° = Pillo+116° =641 < Ce™'A".

Proof. Subtracting (61) from (27) we have the error equation of temperatures:
(64)
arp (V07 —05,,), Vor), ,Tap (V65— 05 1), pr)ﬂp + ¢y (U?,H?,Wf)gf

— & (u?hﬁ?h,wf) + ep (us, 0, ) -G (u;’hﬁ;h,wp)ﬂp

'Y
—ay [ ns V(6 = 0500 =)+ 22 [ (07 = 05 = (65 D) s — ) =0
Setting w = ¢ in (64), we obtain
_1
arlIVerll§ + apllVell§ + apy(h™2llor — ¢plir)?

= af(v¢f7 v@f)Qf - ap(V(bpa V@p)ﬂp —Cf (u? - U?ha 9?; @f)Qf

(65) — & (UG b1, 01) g, — (U — g 050 00) o — G (U 0s 0 20) g

+af/rnf -V(Gf« — 9;7;1)(90]0 —p) — %/F(st —98)(pr — p)-

Now, let us estimate each term on the right-hand side of (65) with the help of
the Cauchy inequality, Young’s inequality, (57) and Theorem 3.2.

|_O‘f(v¢fv v@f)ﬂf - O‘p(V(b:m V‘Pp)ﬂp‘
< as|IVoyls + LIVl + apll Vel + S 1VenlE
< On* + ZLIVes I + SV 3,
|=¢5 (uf = w5, 05, 05) o, = Er (Ufnr 15 @f)gf |
< Mo |V (uj — ufh>||o||vef||o o [V 31515 + L1913
< O 4 N2 V6331V es 5 + 7f||wf||o,
|—Cp (“; = Up s s ‘Pp)gp — G (“;,hv Py, SDP)QP |
< Nljug = w5 ullol165 1211 Veps lo + NIV a5 ol Vs ol Vol

X7 - i _ (0%
< N2ag Hug = ug 510515 + N2, Vg 511V nlls + < [ Venllg

=~ (0%
< ORI+ CeT2 4+ N2ag IO 13119 15 + = 11V I3,
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as well as

14 1= l —l 1= 1>
|af/rnf V(07 = 070) (05 — o)l < apCRLRT2|IV(0F — 05 4)lloller — wsllr

< ame

oy, -1
IV (67 — 650115 + f (R 2llps — pplir)?

(67 Czn
<Ch2k+ f IVerlla + M(h Elor — oplir)?,

| - Tfy F(¢f — dp)(pr —@p)| < Oéf’YC;Fh_é lor — dollolles — wollr

aryCin ,, _ «
< AR (0 gy — dullo)® + HL (A2 s — @plir)?

(% _1
< O + 22072 lor — gy,

If v > Cjy,, then the term afzi(j;i"HVgang is pretty close to zero. Now, with the
above estimation of (65), we get the following results:

(66)  arllVeslld + apllVeplls < Ch* + Ce™2h + kg || Vs IS + kplltp 3,

where ky = 4N2a;1HV9;||%, Kp = 4N2a;1\|6‘;||§.

Moreover, we prove the error bound of the velocity. Similarly, by subtracting
(25)-(26) from (59)-(60), we arrive at
(67)

v
v(V(uf —uy), Vop)a, +e (V(ug, —ug 1), Vo) N ((us, —us 1), ”P)Qp
=cy (u?,u‘},vf)ﬂf —cf (ufz,h,u?h,vf)ﬂf + G,«I/ (05 — af‘ﬁ)f’”f)ng
+ G (05 = 0,06 0p)., -

Setting vy = ¢y, vp, = ¢ in (67), we obtain

v
VIVEslIE + el Vells + 5 llvnlld
1%
- V(Vﬁf’ vwf)ﬂf - 5(V77p7 v¢p)ﬂp - Df(%ﬂ;;)@,

—cr (Wyangbr)q, = e psugnss) g, = er (br w5 ¥r)q,
+ G2 (07 = 05,0)8 ) g, + G (165 65 ),
Now we restrict each term at the right-hand side of (68). Firstly, we consider the

nonlinear terms. Applying the Cauchy-Schwarz inequality, Lemma 3.1 and Young’s
inequality, we obtain the following estimate:

| = s (upsngds) g, = er (npupn¥r)q, = e (Vrswhn ¥, |
<CvH [Vl Vng I3 + Cv =M Vgl Vg ull5

v
+ 5 IV l6 + NlIVag allol Veslg

12
SOW + 2 Vs 8 + N[V ol T2y 5.
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And then, we further get
(70)
v

v € v
‘ - E(VUIM pr)ﬂp - F(npawp)ﬂp| < Ceh? + Ch2k+1) + ivap”g + EHT%H(QM
3G%C4U3 1
G2 ((05 - 051)6: 05 ), < %HV(@’? — 0515 + gnwfll%

2 3
T

3G2C? v
< Ch?* + %HVWH% + EHVWH&

€ 5 € 5 v
GTVQ ((ep - 9p,h)€71/)p)gp < GECZV?’DQHV<HP - ep,h)H(Z) + EH%}H%

2k 22,3 2 v 2
< Ch™ + GECv° Da[[Veppllg + E”ﬂ’p“o'
Combining all terms above and according to (62), (66), we arrive at

1% 13 14
§||V¢f||3 + §\|V¢p||(2) + ﬁ”%”g
<Ch?* + Ceh® + NG,vC28 Vs I3
3G2043 ,
+ —5 " IVeslls + GICo Dal Vi 5
<Ch?* + Ceh® + NG,vC28 |V I3
3C2 D,
+ G2 max{ 2, == (|| Vs I + al| Ve ll5)
2000 oy
<Ch** 4+ Ceh® + Ce™?h** + NG,vC28|| Vs g
3C% D, 3C% D,
+ G30§V3 max{ﬁv ?p}ﬁf||v¢f||g + chfaV?) max{ﬁ, afp%p”ﬂ’p“%
Therefore, if the condition (63) hold, then we have the following inequality

3C? D

v a €
(5 = NG, 3y = GO max{5 2 221 ) [ s 1B + 519013
(72) 3
+( Y gens max{g—qg &}H Wbpll2 < Ce2h2k,
2D, TP 207" a0 TP 0=

Finally, by using the discrete inf-sup condition and (66), (72), we obtain

(73) Imillo < Ch* + Cl[V¥illo + CVillo-

5. Iterative algorithm

In this section, we design a decoupled, nonlinear iterative algorithm for the
finite element approximation problem (59)-(61). Then, we derive stability and
error estimates.

Algorithm 5.1. For given (u}y,u)}y) € X5, find (uy™ 65 € X <
Y}, x Wy, such that for all (v°, q°,w®) € X; x Y}, x W,
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Step 1:
ar (VO3 wa)ﬂf + oy (VO pr)ﬂp + & (ufh, 050 wf)Qf
() e OO ), e [ VO o )
agfry £,n £,n
+ }fl - (ef,h+1 - ap,h+1) (wf —wp) = (gfawf)gf + (gp,wp)ﬂp .
Step 2:
e,n+1 en emn+l
v (Vuf}h ,va)ﬂf +cy (uf’h,uf’h ,'Uf)Qf
-1 ;n+1
(75) = (PR )+ (Vs a)e,
!
1
—Gy? (075 g,vf)ﬂf.

Step 3:

n+l v n+1

5 (VU;Z ,va)ﬂ + F(uzz L Up)Q,
P a

41 n+1

(76) — (), + (Voun )
P P

2 e,n+1
=G? (0577 6m,y)

p

From Algorithm 5.1, we notice that the closed-loop geothermal model can be
solved separately when the initial iterative values (u?’o,ug’o) are given. One of
the main benefits of the decoupled algorithm is that it solves several smaller sub-
problems instead of the coupled problem. Then, we can save much computational
time.

Next, we consider the stability and error estimation of the decoupled iterative

algorithm.

Theorem 5.1. Algorithm 5.1 is stable if the stabilization parameter v satisfies the
condition: v > Cy,. Besides, one has

2 2 2 2 2
e,n+1 e,n+1 v en+1 e,n+1 e,n+1
vauM H0+5pr,h H0+—D w HO—FafHVHM H0+ap VoS Hogc,

a

where C' > 0 is a constant and independent of h.

Proof. One can prove the theorem by a similar argument as Theorem 4.1, so we
omit it. Reader also can see [25, 18]. O

Now, we analyze the iterative error of the decoupled iterative finite element
method. For convenience, we set Ejt! = uj ), — u?’zﬂ, Eptt =, — u;’}zﬂ,
Byt =05, — 05,7 and BTt =05, — 05"

Theorem 5.2. Under the conditions of Theorem 4.1 and Theorem 5.1, assume that
(u?ﬁ“, uiﬁ“, p?ZH, pi’}t“, 9;:2“, 9;:2“) is the function sequence of Algorithm
5.1, and let the iterative factor A satisfy

(77)

C2 D, N2 C? D, . N2
0< \:= 2G£C§S(92 max {NQCZE + 12 max{ 2, —% 2 p
Qg 2041, af af 20417 ap

<1
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Then we have

mn n v 3
(78)  VIVELG+2eIVELTG + 518 6 < AvIVEL, ||0+7||E 10)-

Proof. Subtracting (59) from (74) and taking wy = Eg;r17 wp = E;L:l, we obtain
an error equation on the temperature.
(79)
n+1 n+1 n+1 n+1 ~ n n—+1
ar (VES VE, )Qf +a, (VESH, VE, )QP +ér (B2, 0500 B, )Qf
e (B0, O B5), —ar [ g VER B - ERT
P T ’
ary +1 +1y2 _
+T/F(ng BT =0,

By using the Cauchy-Schwarz inequality and Young’s inequality, we show

2
+1 +1
o[ v, e [ 55

Oéf’y HE’n+1 En+1H
r

L+ g

<NIIVE}, olIV65 4llol vV Eg o + NIIVE ol VE5 AlloV 25 lo

Cin 2
e e
(80) v r

Oé @ 2

< v +f||v JNBIVEs 3+ 22 ||V

N2 OéfC af’)/

2\ vER 12V = ||VE MH HEW i
+2ap|| L B1VEg L1156 + 9y 0 o lp

Thanks to (62), we rearrange (80).

Cin 2
st = S VB b [0+

(81) - -
N2 n N2 n
< —SHIVEL s + —SEIIVEL 3.
Qf Qp

afW HEn+1 E;LHH
p

0 r

Specially, when the stabilization parameter v > C;,, we have
2 2 N2 N2
+1 +1 2 2 2 2
62 ar [V e [VERS < sBIv L 1E + TSIV ELIE

For error equation on the velocity, we get by taking vy = EE;H and v, = Eﬁj .
(83)

o (VB VEL) s (Bl B e, e (VB VELT)

f p

Up

v n+l pntl _ 2 (1 n+1 2 (pn+le pntl
5 (Eu B )Q =G (ng ¥ )Qf + G (Eap ¢ B )Q
Then, using the Cauchy-Schwarz inequality, Poincaré inequality, and Young’s in-
equality, we have:

(84)
v

VIVESHE + el VELTHIE + - D, 121G

N? v 2
<NV EL I3IVu R+ VB + cind [V |+ e
CrGPD,
2

0

2 2
n+1 n+1
v+ 25, [E5

0 .




PENALTY FEM FOR THE STATIONARY CLOSED-LOOP GEOTHERMAL MODEL 571

Then, based on (62) and (82), we arrive at
(85)
v n n v n
SIVEL I + I VEL B + o2 |EL R

Up

2
Ve

7 02 Dll n+1 2
<N*GIvC,S3|IVE |5+ GiCpv® max{—a; 0, oy HVEW+ HO +
C2 D, K N? v
224 Q2 2,2 2 p a 2 n |12
<(2N?GIC, 85 +2GiCov max{—af : —2%}—% S5) % IV E, 15

C; D,  N?
2630 max{ 2, Y] X e
. P P a

Therefore, if the iterative factor A satisfies the condition in Theorem 5.2, then
we obtain the desired result. (]

6. Numerical experiments

This section will present some numerical examples to demonstrate the accuracy
of the decoupled iterative algorithm proposed in this paper. In the following test,
the finite element spaces are chosen as the MINT element [2, 3] for the Navier-Stokes
equations in the domain Qy. As [18], we choose the Brezzi-Douglas-Marini element
for the Darcy velocity u, and the piecewise constant element for the Darcy pressure
pp in the domain €2,. We use the linear Lagrangian element for the temperature in
the whole domain Q. Besides, we use FreeFem++ [10] to perform all the numerical
experiments.

6.1. Example 1. The first example with an exact solution will show the conver-
gence and error of the presented algorithm in Section 5. Consider the closed-loop
geothermal model on the domain 2 = [0,1] x [0, 2], where ©, = [0, 1] x [0, 1] and
Qf =10,1] x [1,2]. Choose ay =a, =1, v =1, D, =1, G, = 1. The source terms
are chosen such that the exact solution is
1022 (x — 1)%y(y — 1)(2y — 1
Uy = ( 7?51,((;7 1))(31(7247 1)22(3 _ 1;2 ) y Df = 10(21‘ - 1)(2y - 1)7

up = < 27 sinz(mv)sin(wy) cos(my)

—27 sin(7x) sin® (my) cos(wx) ) ;. pp = cos(mx) cos(my),

0y =2(l-2)(1—y), O =a(l-2)(y—y?).

We denote the errors ej; = ugy —uc, ef. = 0¢) —0c and ep. = Peh — Pe, where
¢ = f or p. In Figure 1, we plot errors and convergence rates of the velocities,
pressures, and temperatures concerning fluid flow and Darcy flow. Here, we set
the stabilization parameter v = 1.0e4 and the penalty parameter ¢ = 1.0e—5.
Besides, some mesh sizes are taken as h = 1/4, 1/8, 1/16, 1/32, 1/64 and 1/128.
From this figure, we observe that Algorithm 5.1 provides the second-order accuracy
for the velocities and temperatures in L%-norm, and the first-order accuracy for
the Darcy pressure in L2-norm, for the velocities and temperatures in H'-norm
as expected. Meanwhile, we have an interesting observation that a half-an-order
higher accuracy for the pressure on the fluid subdomain in L?-norm is obtained,
which is unsurprising since the MINT element has supercloseness [7].

Next, we compare the penalty finite element method (Algorithm 5.1) with the
Galerkin finite element method. In Table 1, the absolute errors of the Darcy velocity
with different mesh sizes are listed. From this table, we can see that the presented
method has better accuracy than the Galerkin finite element method.
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FIGURE 1. Convergence orders and errors of Algorithm 5.1.

TABLE 1. Comparison of errors obtained by the presented method and
Galerkin finite element method.

h! HU;’Z — upllo ||UZ,h — Upllo
4 2.71le-1 1.01

8 7.39¢e-1 5.4T7e-1
16 1.90e-2 2.79e-1
32 4.78e-3 1.41e—1
64 1.20e-3 7.04e—2
128 2.99¢—4 3.52e2

Further, we consider the effect of the stabilized parameter v concerning the
convergence performance. In Table 2, we list the errors of the temperatures with
different values of the stabilized parameter. From this table, we find that a larger
stabilized parameter can obtain better convergence performance. In fact, when
~ = 0 (no stabilization term), the obtained numerical results yield bad convergence
rate. For the increasing value of the stabilized parameter, Algorithm 5.1 works well
and keeps good convergence rate.

Finally, we test Algorithm 5.1 with a small value of the kinetic viscosity. We
consider v = 5.0e-3 and D, = 1.0e-3. The results are shown in Table 3. The table



PENALTY FEM FOR THE STATIONARY CLOSED-LOOP GEOTHERMAL MODEL

TABLE 2. The effect of the stabilization parameter v on the convergence order.

573

h~1 y=0 ~v=10e3 =102 v=10e1l =10 v=1.0e4
leg llo
16  8.6le-3  6.54e-3 3.92e-3 9.74e-4  4.52e-4 4.7leA4
32 6.4le-3  4.85e¢-3 1.69e-3 2.95e4 1.14e-4 1.18e4
64 6.10e-3  2.76e-3 6.36e—4 8.02e-5 2.92e-5  2.95e-5
128 5.96e-3 1.23e-3 1.91e4 2.09¢-5 7.44e6  7.39e-6
order  0.03 1.16 1.73 1.97 1.99
le llo
16 6.94e-3  6.42¢-3 3.88e-3 1.00e-3  4.07e-4  3.65e4
32 6.40e-3  4.88¢-3 1.74e-3 3.17e-4 1.02e4  9.17e-5
64 6.13e-3  2.83e-3 6.49e—4 8.70e-5 2.49e-5  2.29e-5
128 5.99e-3 1.26e-3 1.93e4 2.24e-5 5.97e-5  5.74e-6
order  0.03 1.17 1.74 2.05 1.99

shows that Algorithm 5.1 works well with small viscosity and keeps the convergence
rates just like the theoretical results.

TABLE 3. The convergence performance of Algorithm 5.1 with v = 5.0e-3.

ht ez, llo Ve, llo lleg, llo Veg, llo llep, llo
16 3.88e2 2.79 4.86e—4 2.94e-2 6.71e-2
32 9.50e-3 9.25e-1 1.21e-4 1.47e-2 1.73e-2
64 2.34e-3 3.76e—1 3.03e-5 7.36e—3 4.37e-3
128 5.83e-4 1.75e-1 7.57¢—6 3.68e¢-3 1.09¢-3
order 2.00 1.10 2.00 0.99 1.99

ht ez, llo [Ves llo lleg, llo Veg. llo lep, llo
16 1.89¢2 2.00 3.65e—4 1.51e-2 3.26e—2
32 4.78¢-3 1.01 9.16e-5 7.60e-3 1.63e-2
64 1.21e-3 5.04e-1 2.29e-5 3.80e-3 8.18¢-3
128 3.63e—4 2.52e-1 5.73e-6 1.90e-3 4.09¢-3
order 1.74 0.99 2.00 0.99 0.99

6.2. Example 2. In this example, we will test the example employed in [16]. The
example aims to test the numerical performance of Algorithm 5.1. As shown in
Figure 2, the computational domain € is a unit square divided into the free flow
domain Qy = ABCDEFGHIJ and the porous media domain €, = Q/Q;, the
inflow boundaries 8, = DE and HG, the outflow boundaries 0Qu; = AB and
AJ and the interface I' = Q N Qp. Besides, the model’s parameters are chosen as
v=1 D, =10e=5, G, =1, oy = 0.6, and o, = 0.9. The heat sources gy = 0
and g, = 0. We will show temperature distribution obtained by Algorithm 5.1 with
mesh size h = 1/64.
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A S Y
outflow
B Q,
Qy L
<+ inflow
Q, C F G
Q
D, E P

inflow

FIGURE 2. An illustration of the domain and interface. Also see [16].

Choose uy = 0 on IQs\I', u, - np = 0 on OQ,\I' and the velocity Dirichlet
boundary conditions as follows:
(—s0,80) on AB and JA,
ur =1 (—s1,0) on HG,
(0,s1) on DE,
where s; and sy are two constants representing the total inflow and outflow rates,
respectively. Here, we take sy = 1 and s; = 1. The boundary conditions for the

temperatures 6, = 100 on 0Q,\I', and 0 = 0, 20, 40 on 9%;,. In addition, we use
the conditions (7)-(10) on the interface T'.

(a) 0, =0 (b) 6 = 20

FIGURE 3. Temperature distribution at different injection temperatures.

We change the temperature on 92;, to test the effect of different injection tem-
peratures. In Figure 3, we see that the higher injection provides better production
results in the closed-loop geothermal system.
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