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WELL-POSEDNESS AND CONVERGENCE ANALYSIS OF A
NONLOCAL MODEL WITH SINGULAR MATRIX KERNEL

MENGNA YANG AND YUFENG NIE*

Abstract. In this paper, we consider a two-dimensional linear nonlocal model involving a singular
matrix kernel. For the initial value problem, we first give well-posedness results and energy
conservation via Fourier transform. Meanwhile, we also discuss the corresponding Dirichlet-type
nonlocal boundary value problems in the cases of both positive and semi-positive definite kernels,
where the core is the coercivity of bilinear forms. In addition, in the limit of vanishing nonlocality,
the solution of the nonlocal model is seen to converge to a solution of its classical elasticity local
model provided that ¢ = 0.
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1. Introduction
In this paper, we consider a two-parameter nonlocal model as follows,
(1) uy(t,x) = Lyu(t,x) + b(t,x), (t,x) € (0,T) xS,

where the nonlocal integral operator Ls is given by

@ Lsu(t,x) : = /SUQ(; (cn(x’ —x) @ -x) el — %)@ (% X)]*>

X —xP =P
x (u(t,x") —u(t,x))xs(x’ — x)dx’,

S C R? is an open domain (S = Q or § = R?), Q5 = {x € R?\ Q : dist(x,9Q) < 5}
is a collar domain surrounding a bounded open set @ C R?. u: (0,7) x SU Qs
represents displacement, and b is the external force density. ¢,,, ¢; denote the tensile
parameter and shear parameter, their expressions can be derived as

S8E(1+v 8E(1 —3v
(3) Cn = 4( 2)’Ct: 4( 2)’

w64 (1 —v?) w4 (1 — v?)
here E, v are the Young’s modulus and Poisson’s ratio, and we note that 0 <
v < 1/3. The horizon parameter § characterizes the effective range of nonlocal

interaction between the material point x’ and point x, and xs(-) is the standard
canonical function, i.e.,

1

0, otherwise.

Ix' — x| <4,

)

xs(x' —x) =

In recent years, there have been lots of works done on nonlocal equation of the type
(1) and relevant variational problems, including theory analysis [1, 2, 3], numerical
methods [4, 5, 6, 23], model development and applications [8, 20, 29]. Regarding
the well-posedness theory for equations similar to (1), Emmrich and Weckner [13,
14] proved the well-posedness of the initial problem on bounded domains by using
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semigroup theory of operators. In [17], the well-posedness of a scalar nonlocal
evolution problem is obtained by utilizing properties of Neumann series and Volterra
integral equations, where the boundary data is proposed on the classical boundary
domain 99Q. In particular, Du and Zhou [21] established the well-posedness results
for a nonlocal initial problem in the Fourier space, which takes into account the
non-integrable kernels. In addition, Aksoylu and Parks [15] considered scalar linear
stationary nonlocal problems, and gave the well-posedness results, the key step
is to utilize domain decomposition methods to prove the coercivity, (see also [16]
for a similar discussion). More generally, Mengesha and Du [12] proved the well-
posedness for a nonlinear stationary nonlocal problem based on variational methods.
We refer to [10, 17, 18] for an exhaustive introduction of well-posedness results.

On the other hand, observe that § acts as a bridge between nonlocal models and
the corresponding local models, so the study of reduction of nonlocal models to local
models in the limit of § — 0 has attracted much attention. In [10], the authors
proved that the nonlocal integral operator applied to smooth functions converges
asymptotically to the corresponding classical differential operator by using using
Taylor expansion. In particular, based on Fourier transform, Mikata [11] analyzed
the limit behaviors of solutions for a kinds of peristatic and peridynamic nonlocal
problems, where solutions of these nonlocal equations approach solutions of the
corresponding local equations with horizon vanishes. More results can be found in
[7, 9, 19, 21] and references therein.

Inspired by the above papers [10, 15, 21], we will prove the well-posedness and
convergence results for the initial and stationary cases of equation (1), which are
the focus of our paper. For the well-posedness results of stationary nonlocal prob-
lems, the coercivity of bilinear forms is ensured by using relative compactness and
some key inequalities. In particular, we don’t rely on the proof in [10, 21] for con-
vergence results as 6 — 0, but made some modifications, and introduce some other
techniques.

This paper is organized as follows. In Section 2, for the initial value problem
associated to equation (1), we prove the well-posedness results and energy conser-
vation via Fourier transform. In Section 3, for the corresponding Dirichlet-type
nonlocal boundary problems, the well-posedness results of solution are established
in the cases of positive definite kernel and semi-positive definite kernel. In Section
4, we shall analyze the limit behaviors of solutions of nonlocal problems as § — 0.
Finally, we complete the paper with an appendix.

Notation 1.1. Throughout the paper, we will denote various generic positive con-
stants by the same letter C, although the constants may differ from line to line.
Moreover, relevant dependencies on parameters will be emphasized using parenthe-
ses, i.e., C' = C(T,d) means that C' depends only on T,§. The notation ® denotes
the dyadic product and [(x' —x)®(x' —x)]* = - (x'—x)®(x'—x), here I is a second
order identity matrix. (-, ) is the inner product defined as (u,v) = [, u(x)-v(x)dx.
M is a finite number.

To achieve our main results, let us first give a brief review of model equation
(1). Equation (1) can be deduced from the following two-parameter nonlocal peri-
dynamic model by a series of simplification,

(4) uy(t,x) = / (Mm@, + cm)dx’ + b(t,x), (t,x) € (0,T) x S.
Bs(x)
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FIGURE 1. The components within the peridynamic horizon.

We write  := u(x’,t) —u(x,t) and £ := x’ — x, which denote the relative displace-
ment and bond. 7, and n; are the components of 1 along the normal direction
&, and tangential direction &;, respectively. Here &, is in the bond & while &; is
orthogonal to &,. The integrand term c,n,€&, + c;n:€; is the force density function
that characterizes the interaction between the material point x’ and point x, and
Bs(x) is the ball centered at x € S with radius §. The mentioned components
above are illustrated in Figure 1. In fact, equation (4) was first proposed in [22] to
expand the range of Poisson’s ratios for bond-based nonlocal peridynamic models,
and retain the simplicity of the bond-based models in form. More precisely, it is
suited to model the materials whose Poisson’s ratio belongs to the interval [0, %]

Lemma 1.2. The nonlocal integral operator —Ls : L*(S U Qs) — L2(S U Q) is
self-adjoint, bounded and nonnegative.

Proof. It’s easy to see that the linearity of L£s from (2). Then for simplicity, we
write u(t,x) as u(x) and rewrite the kernel function k(-) as

K-x)@-x) [(x —x) @ (x' —x)]’

k(x' —x)=c, ct

R —x? R —x?

. ( cncos? 0+ ¢ sin?6  (¢p — ¢;) cosfsind

(5)

(cn —ct)cos@sinf ¢, sin® 6 + ¢, cos® 6

) , 0 €10,27].

Then ¢, ¢; are two eigenvalues of the symmetric matrix function k(-) exactly, thus
there exists an orthogonal matrix function O, such that

(6) mf@—oT(% 2)0

For any u(x),v(x) € L?(S U Qs), inserting (5)-(6) into (2) yields
(7a) (—Lsu(x),v(x)) = (u(x), —Lsv(x)),
(7b) (—Lsu(x),u(x)) > 0.
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By Holder inequality, we have
) v(x))
(u(x') —u(x))To* ( Cg 0 ) O(u(x') —u(x))xs(x' — x)dx'dx)

( SUQs SUQS Ct

(8)
(—£
l
2
(/smé/smé () —v(x)t 0" < C(; cOt ) O(v(x') — v(x))xs(x' — x)dx’dx>
<3
g

2

TR ——

/SQ/SQ eal V() = V()5 (¢ — x)dx’ dx)l/?

(/SUQS/SUQO x') +u’(x ))Xa(x’—x)dx/dx)l/z
: (/SQ/SQ (V2 (') + V2 (x) x5 (x' = x)dx’ dx) 12

<2mc, 8 |[ull 22 (suas) VI 2 (suas)
where we have used the fact that || suq, Xs(X' —x)dx’ < 72, ¢,, > ¢; and symmetry.
This completes the proof.
O
2. Initial value problem
In this section, we consider the following initial value problem,
(9a) uy(t,x) = Lsu(t,x) + b(t, x), (t,x) € (0,T) x R?,
(9b) u(0,x) = up(x), u(0,x) = vo(x), x € R?%.

Observe that functions on the whole space R? is suitable to take Fourier transform,
then we prove the existence results of problem (9a)-(9b) via Fourier transform.

Theorem 2.1. Let ug(x) € L?*(R?), vo(x) € L?(R?), b(t,x) € L?(0,T; L*(R?)), then
for a given finite T > 0, there exists a solution u(t,x) € C2(0,T; L*(R?)) to the
initial value problem (9a)-(9b).

Proof. Applying Fourier transform to (9a)-(9b) with respect to space variable x, it
follows that

10) { Ty (t,w) + As(w)ta(t,w) = b(t,w), (t,w)e(0,T)xR?,
(0, w) = Tip(w), (0, w) = Vo(w), weR?
where
. (1 —cos(&,w)) . (1 —cos(&,w)) %
As(w) = n/Bw oo e+ t/Bw el a

is the Fourier symbol of the nonlocal operator —Ls, and

(11) w = (w1,wy) ER?, € = (&1, &) €R®.

N
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Directly from Duhamel’s principle, we have
t(t,w) = cos(y/As(w)t)ug(w) +

Psin(y/As(w)T) - WV
+/0 —Ag(w) b(t — m,w)dr.

Using the convolution property and the inverse Fourier transform yields an integral
expression of the solution, i.e.,

(12)

u(t, x) = / wo(x — €)gu(t, €)dE + / vo(x — €)g(t, £)dE
/ / (t—7,x— &)g(t,&)dedr,
R2

sin(/AS@) | _ 1 [ sinly/Ae@)) ey,
g(t, &) = { As(w) } S on /]Rz Ajs(w) ¢

(13)

here

is a Green’s function.
Consequently, u € C(0,T; L?(R?)). From (9a), we obtain u € C?(0,T; L?(R?)).
]

Remark 2.2. Eigenvalues of the matriz function As(w) are positive (see the Ap-
pendix for details), which guarantees that \/ﬁ(w) is well-defined. Moreover, the

matriz functions

cos(y/As(w)t) :== Z D" (VAs()) ",

= (2n)!
, _ v EDM(VAs ()t
sin(y/As(w)t) := nz::o Gnt 1) .

Remark 2.3. Physically, nonlocal peridynamic framework permits the disconti-
nuity of the solution with respect to the space variable x, which matches with the
existence results of solution in L?(R?).

Proposition 2.4. Under the conditions of Theorem 2.1, then for any ¢ € (0,7),
the solution obtained above is unique in C2(0, T; L?(R?)), and satisfies

1
(14) lu(t)||2®2) < C(T, 3)(||UO||L2(R2) + [IvollL2®e) + ||bHL2(O,T;L2(R2)))~

Proof. To shorten notation, we suppress x and write u(t) instead of u(¢, x). Multi-
plying both sides of (9a) by u;(t) and integrating over R? in space variable x, then
by Holder inequality, we have

d 2
S IO ey + (L0, 000) e |

<Jlue())lI72(z2) + 1672 @2)
<Ol g2y + (—Loult), u(t)) o ey + 10|72 w2),

(15)
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where we have used the fact that (7£5u(t), u(t))L2(R2) > 0. Let ¢(t) := ||ut(t)||2L2(R2)
+(—Lsu(t), u(t))L2(R2), then (15) becomes

d
9 < o(t) + b 72(z2),

using Gronwall’s inequality, we obtain

t
@(t) < efo Lds |:(P(0) +/0 ||b||%2(]R2)dS:| ?Vt € [OaT]
Thus,

— 2
max () = max { (0] Faqe) + (~Lsu(t),ult) o) |

<C(T) (IBE 0,122z + IVollf e + (—Lst0, u0) r2(e) )

Assume that u,v € C2(0,T; L?(R?)) are the solutions of (9a)-(9b) with u # v. Let
w = u — v, then w satisfies

th(t,X) = ,C(;w(t,x), (t,X) € (OaT) X RZa
w(0,x) =0, w;(0,x) =0, x¢€R2%

(16)

From (16), we can deduce that
(1) sy + (= Law(0), w(t)) o gy = 0.

serve that ( — Lsw(t), w(t > 0, then we have ||w(?)||2(r2) = 0, and so
Ob h L 0, th h ®2) =0 d

L2(R2)

t
(O 2(s2) = [30(0) = w(O) ey < [ w9l uys = 0.

Thus w(t) = 0 for all t € (0,T), i.e.,, u = v. This implies that the uniqueness of
the solution. Due to

16E(1 + v)
(17) (—Lsug,up) < 27, 0% ug]|72 g2y < W||UO||%2(R2)7

together with calculus basic formulas, we can obtain the desired the estimate (14)
with the constant C' = C(T, }). O

Observe that u; € C(0,T;L?(R?)), then we have an immediate corollary as
follows.

Corollary 2.5. The solution u(¢,x) of problem (9a)-(9b) is uniformly Lipschitz in
time.

Proof. Directly from (16), for any t1,ts € (0,T), we can deduce that

t1 2 1/2 1
18)  u(t) ()l =( [ | [ winarfax) <o pin -
R2 to
O

Remark 2.6. For the spatial domain S = R2, applying the Fourier transform is
a natural choice. But for the spatial domain S = Q, extending the solution by 0

outside €0, that is,
_ u(x), x€Q,
u(X) = 2
0, x € R*\ Q,
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it is impossible to extend the above developed results to study the problem on a
finite domain by the extension method, since we don’t know the right-hand side of
the equation —Ls1i(x) = b(x) for x € R2\Q, then the existence of its solution can’t
be guaranteed necessarily.

Energy conservation usually plays a key role in the study of properties of the
solution. Next, we give the conditions of energy conservation for initial problem
(9a)-(9b).

Theorem 2.7. Under the conditions of Theorem 2.1, then the total energy ®(t) is
a constant in [0,T] provided b(t,x) = b(x), where ®(t) contains potential energy
and kinetic energy, i.e.,

(19)  ®(t) = %||ut(t)||2Lz(R2) + %(—L'(su(t),u(t)) - /R b(t,x)u(t,x)dx

Proof. Multiplying both sides of (9a) by u;(#) and integrating over space R? with
respect to the variable x gives

(20) ;i{mt@)@?m + (—ﬁau(t),u(t))} _ /R blu(t)dx.

Integrating over time from 0 to ¢ and integrating by parts, we have
(21)

d%f): /R () - /R u(O)bi(f)dx - /R e Ob(t)dx + (- Loult), w(0)
—— [ utobtyax

it follows that the total energy ®(t) is conserved if the external force does not
change with the time, i.e., b(x,t) = b(x). O

3. Stationary problems

In this section, we assume & = ) and consider nonlocal Dirichlet problems
associated to equation (1).

3.1. Positive definite kernel (¢; > 0). The nonhomogeneous Dirichlet-type
nonlocal boundary value problem is posed as follows,

—Lsu(x) = b(x), xe€,
(22) { u(x) = g(x), x € Q.
We set
0, x € ,
(23) g(x) = {g(x), < E s, and 1(x) = u(x) — g(x).

Then nonlocal problem (22) can be reformulated as

(24) {f Lsi(x) = b(x), x€Q,
a(x) =0, x € (s,
where
(25) Bx) = b(x) + [ K(x = x)gx sl ~ x)ax’
Qs

and k(x’ — x) is defined as (5).
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The weak formulation of (24) is given by
(26) given b € L2(Q), seek @1 € L2(QU Qy),
such that @ = 0 for x € Qs and As(q,v) = F(v), Vv € V5.

Here As(-,-) denotes the bilinear form, i.e.,

(27)
:%/QUQ /QUQ (ﬁ(xl)_ﬁ(x))Tk(X,_x>(V(X/>—V(X))X(;(X/—x)dx’dX.

Vs 1= {v € L2(QU Q) :vi|g, = 0} and F(v fQ dx.

Theorem 3.1. Assume that b(x) € L*(Q) and g(x) € L%(s), then there erists a
unique solution u(x) € L2(QU Q;5) to problem (22), and the estimate

(28) lull g < C (I8 + lglzen)

holds for some constant C = C(l,§) > 0.

Proof. By Hélder inequality, we have

(29) |[F(v)] < ||b||L2(Q)||V||L2(Q) + Cn7752||g“L2(Q(s)HV||L2(Q(;)-

From Lemma 1.2, we can see that (—L£s0(x),v(x)) = As(@1, v), and so As : L2(QU
Qs5) x L*(QU Q) — R is a symmetric, bounded bilinear form.

The remaining proof is an adaptation of the the process of [24] dealing with the
nonlocal p-Laplace evolution problem, we present the proof for completeness. Let
us construct a finite number of non-empty sets B; as follows,

Boi={xe:3 0 < d(x,00) < ),

Bo = {x € Qs : d(x,00) < g}

| &,

(30) ={xeQ:d(x,By) < 2}

b

Bf{er\uBk d(x,Bj— g},j:2,3,...l,

{xéQ d(x,B1) <

| >

where Bj_1 N B; = 0 and B;_1 N Bs(x) # 0 for x € B;(j = 1,2,...l.), | is a finite
integer, see Figure 2 for details. Then we have

Ag(ﬁ,ﬁ)zﬁ / / (') — (x) 25 (x —x)dxdx
QUQs J QU

Y SRy N

Define a linear continuous function in B; by
(32) Hj(x) := / xs(x' — x)dx’ for x € B;.
B]‘71
Clearly, it attains the minimum in Bj, and write as

(33) a; = min H;(x) > 0.

XEB;
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FIGURE 2. Domain Decomposition.

Inserting (33) into (31) yields a key inequality as follows,

o ¢ - emd?
(34) As(i0,T) > Lo 60 7205, — 5 186 7205, -

Further, for j = 1,2,...,1, we derive that in turn

4 2742
~ 112 ~ ~ ~112
(35) [Gl72(5,) < EAé(Uﬂl) + o 1Tl 72(5,)-
4 2 x 47§? (276%)?
=112 - =12
(36) Hu||L2(132) < (@ + W)Aé(ua a) + a1 HUHLZ(BU)'
4 2 x 476> (476%)? (2m62)3

37)  ||)? <( )A 5B 12
BN Nl < (o + 25+ B Y+ 20 e,

By the standard method of induction, we can deduce that there exists a constant
v =(ct, 0, @, ...,a5) > 0, such that for j = 1,2,...,1, the estimate

(27m62)7
a1 X Qg X -+ X

(38) 18725,y < vAs(@, @) + o 1872 5,)
J

is valid. Due to ii|g, = 0 and By C s, then the second term of the right-hand side
in (38) vanishes, thus summing for j = 1,2,3,...,1, we have

EHu”Lz(Q) = HHUHLQ(QUQd) < As(a,u),

which follows that the coercivity of As(-,-) on L*(QU Qs) x L2(Q U Q).
Lax-Milgram theorem, we obtain existence results of problem (24) and the esti-
mate

(39)

(40) \|1~1||L2(Qu95) < Z’Y<||b||L2(Q) + Cnﬂ52||g||L2(Qa))~

Consequently, according to (23), we can derive that the existence and uniqueness
of weak solution u(x) to the problem (22), as well as the desired estimate (28). O
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3.2. Semi-positive definite kernel (¢; = 0). In this subsection, we consider the
following homogenous Dirichlet-type nonlocal boundary problem,
—Lsu(x) =b(x), xe€,

(1) su(x) = b(x)

u(x) =0, x € (s,
where

’r_ ’r_
(42)  Lru(x) = e, / =) ® (%) ()~ (e — ).
QU Ix" — x|

The bilinear form As(-,-) and linear functional F(-) associated to (41) are as

follows,

(43a) Ay(u,u) : 47”5 /QUQ /ng (' —x)
(43b) F(u) ::/Qb(x)u(x)dx.

Observe that in (42), the kernel k(x’ —x) reduces to a semi-positive definite ker-
nel, then the coercivity of As(+,-) can’t be directly deduced from the key inequality
(34), which needs other compactness arguments to establish. To verify that the
coercivity of As(-,-) in L2(Q U Qs) x L%(Q U Q) holds, we first recall a key lemma
from Bourgain, Brezis and Mironescu, for more details on this lemma, we refer to
[25], [26] and the references therein.

Lemma 3.2. (/25], Lemma 2) Let g(),h(7) : (0,8) — RT. Assume g(7) < g(7/2)
for 7 € (0,0), and that h(T) is nonincreasing. Then there exists a constant C' =
C(N) > 0, such that

5 5 5
(44) /0 N =Yg(T)h(T)dT > C6_N/0 TN_lg(T)dT/O N =1h(r)dr,

where N denotes a positive constant.

2

(u(x')—u(x))| dx'dx,

(X —x)

%" —x|

Lemma 3.3. If there exists a uniformly bounded sequence U; = (Uj1,Uj2) €
L?(R?) satisfying

. 5, = = _
(45) jlggoHQ * U5 — Ul L2(m2) = 0.

Then for any open bounded subset D of R?, ﬁj|D is relatively compact in L*(D),
where

) QxS E T = (B 8.

w2 |x! — x|?

Proof. Without loss of generality, we may assume that ||T;|[z2gey = 1. Due to
Q? € L'(R?), then every component element Q;1 (i, k = 1,2) also belongs to L!(R?).
Using compact arguments in [27, p.74, Corollary 4.27], it follows that Q. * @; 5 is

relatively compact in L?(D) for any open bounded subset D C R?, and so (Q5 *

2
uj)i = Z Qi * ;1 is also relatively compact in L?(D). Since L?(D) is a complete

Banach space, so <Q5 * uj> is totally bounded, and has a finite e-cover. Together

with (45), we have

(A7) sl < H(Q7+8) Nl + 1(Q7 &) = il o).
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Hence, each component %; ; of ti; has a finite e-cover, and so do 1;. This completes
the proof. O

The next lemma reveals that conditions of the coercivity of bilinear form As(-,-)
in L?(QUQs) x L?(QUQs) holds. This lemma is a modified version of the Proposition
1 in [12] for complicated form of ¢, = fﬁ . But due to its importance, we present

the proof here.

Lemma 3.4. There exists a positive constant ¢ independent of §, such that
(48) As(u,u) > 972 qua,)-

Proof. In fact, it suffices to show ¢ > 0, since (48) is equivalent to

HUHL2(QUQ5):1
Clearly, ¥ > 0. Let us prove ¥ > 0 by contradiction. Assume that 9 = 0, then
there exists a sequence u; € L*(Q U (), such that

(50) ;22 Quas) = 1,

and

(51)  lim / / - X) X =x) (u;(x") — u;(x)) de’dx =0
j—o0 47T6 QU QUQ& ‘X/ — X| J J -

We define a radial function sequence p; as

45 .
(52) p;(1€]) == §|€|2X[0,1](J|5D7 ¢ e R?
Then it is easy to check that p;(|€|) satisfies
p;i(€) = 0 ae in R,

(53) [ erllghae =1 ol j e

lim / p;(|€])d€ = 0 for every k > 0.
|€1>k

J—0o0

Inserting (52) into (51) and taking ¢ = % leads to

Jlggo As(uj,uy)

8 /Quﬂl /Qum
J J

On the other hand, let

B u;(x), x€Q,
(55) a;(x) = {0 X g

2 . /7
p=x)
|x"—1x|?

=)y (') — ()

X" — x|

By virtue of (50) and (46), we have |[G;|z2r2) = 1 and
2
[ |(@ )60 - a0
R2

dx
s (LA

s(uj(x +7s) — ;(x)) rdxda(s))TdT.

=F;(7)
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Clearly, F;(27) < 22F;(7). By Lemma 3.2 with g(7) = 27 h(r) = p;(7) and
N = 2, we obtain

T

5 5
F; F;
(57) /0 A0 4, gc(s?/o ; JT(;) pi(7)dr = 052 - Ag(y, ).
Observe that § > 0 and § — 0, so we can take § > 0 small enough, such that

(58) /R 2

as j — oo. By Lemma 3.3, we have the relative compactness of @i; ’D in L?(D) with
D = Q. Thus there exists a function u(x), such that

(Q° ;) () — ;)

w2 7r

2 § 2
2 1
dx < —/ Fi(T)rdr < gcg As(aj,a;) =0
0

(59) ullzz(py = llullz2Qua,) = 1-

Using Lebesgue’s dominated convergence theorem and passing to the limit yields
that

0= hm A(;(u],u]) = hm A(;(u],u])

(60) J—>0<> 4775 /QUQa /QUQ& )

3Ej//
XIX_X

it follows that

2

!
X' =x%) I dxc

; (uy(x) = u;(x))
2
dx'dx > 0,

X" — x|

X—X)

-(u(x') —u(x))

7X|

(x' —x)

(61) ~(u(x’) —u(x)) =0 a.e. in Q x Q.

X —x|

By Proposition 1.2 in [28], (61) holds if and only if there exists a vector r € R? and
a antisymmetric matrix B, such that

(62) u(x) =Bx+r,Vx €Q,

then u is displacement of a rigid body. Since we don’t consider such kinds of
solutions in this paper, so by the uniqueness of limits,

(63) u=0 ae. in Q,
which contradicts with (59). Hence, ¥ > 0. O

We now come to nonlocal problem (41), and establish the corresponding well-
posedness results.

Theorem 3.5. Assume that b € L*(Q) and the conditions in Lemma 3.4 are
fulfilled, then there exists a unique solution u € L*(Q) to problem (41), and the
estimate

1
(64) [ullLz(o) < 5||b\|L2(Q)
s valid.

Proof. This statement immediately follows from Lemma 3.4 and Lax-Milgram the-
orem. ([
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Remark 3.6. The above Theorem 3.5 only holds for § > small enough, which
implies that QU Qs is towards to Q. Since the QU Qs is a closed domain, and the
compact result in Lemma 3.8 only holds for any open subset D C R2. Together with
u‘Qé = 0, so here we take D = Q). Notice that the statement of Lemma 3.4 becomes

invalid in the general case u|Qa = g # 0, this is because the new right-hand term
cnm&?||gllL2(qs) — 00 as § — 0.

4. Limit behaviour with horizon vanishes

In the previous sections, we have gained the well-posedness of problems (9a)-(9b)
and (41). Then it is desirable to consider the limit behaviour of their solutions as
0 — 0. We first recall a two-dimensional classical (local) elasticity model associated
with (1) as follows,

(65) uy(t,x) — Lu(t,x) = b(t,x), (t,x) € (0,T) xS,

where Lu(t,x) = GAu(t,x) + GIE£VV -u(t,x), G = ﬁ
Once the asymptotic convergence of L5 to L is established, then the convergence
proof of solutions between such two kinds of models is standard, thus the core here
lies in the proof of the former. For the initial case, we mainly follow the idea in
[21], the main difference of this proof is that we do not rely on commutativity of
the matrix function’s product for diagonalizing matrix functions but direct calcu-
lation. In addition, the convergence result of solutions is deduced from continuous
dependence estimate instead of the difference in the Fourier expression of the so-
lution. Meanwhile, for the stationary case, the main novelty our proof is that we
use integration by parts repeatedly, rather than Taylor expansion. This is the only
part of our proof of convergence which departs from that in [13].

is the shear modulus.

4.1. Initial value case. Observe that Fourier symbol matrix functions of these
two operators £ and Ls are given by

(66) A(w) == Glwl’I + G%w ®w,

(67)
(€.) € 1o

1
A =c, — d
() C/Bm) 5 s|25®“+"*/35(0) R

cos(m)(&,w)" L cos() (§,w)* 1 .
n T E— d : VYA T d
+c /]35(0) 41 |£|2€®€ €+ /B(;(o) 1 |£|2[€®£] ¢

=:h+L+I3+1,

for some k. From symmetry, we have

(68)

It I =c w0t ( 3w +wi  2wiws ) w0t ( 3w +wi  —2wiwy )

Y 2wiws  3ws + w? “35 | —2wiws 3ws + w?
On the other hand, we set 75(w) := I3 + I4, then for any w € R?,

ro(w) = cos(k)0%¢, [ Bwi +6wiwd 4wy  dwiwi + dwdws
g B 144 4w + 4wdws 5w 4 bwiw? + wi

69
(69) cos(k)8%¢c ( Swi + bwiws +ws  —dwiws — dwiws )

144 —dwwi — 4wy Bbws + bwiw? + wi
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Together with (3), we can deduce that
(70) rs(w) — 0as § — 0.

Combining with (66)-(70), then the following relations hold for v = £(that is ¢; =
0),

(71a) Ajs(w) = A(w) + 15(w),
(71b) lim As(w) = A(w) a.e. for w € R%
6—0
Let {As1,As2} and {\1, A2} be the eigenvalues of the matrix functions As(w)
and A (w), respectively. Directly from (71b), we can see that
(72) Asi > Nasd— 0 (i=1,2).

Proposition 4.1. There exists an orthogonal matrix function P, such that matrix
functions A (w) and As(w) diagonalize simultaneously.

Proof. Observe that matrix functions As(w) and A(w) are symmetric, so they can
diagonalize and we can find an orthogonal matrix P, such that

0 A

Now we claim that P also can diagonalize the As(w). In light of (71a) and (73),
it suffices to prove that P can diagonalize the matrix rs(w). We assume the matrix

a b
P-(tu)
then it is not difficult to see that the subdiagonal elements of left-hand side in (73)
satisfy

(73) PTA(w)P = ( A0 )

(74) 3abw? + abwi + 2bcwwy + 2adwiws + 3cdwi + cdw? = 0.
Multiplying (74) by 2w? and 2w3, respectively, which follow that

(75a) 6abw; 4 2abwiw? + dbcwiws + dadwiws + 6edwiw? + 2cdwt = 0,
(75b) Babwiw? + 2abwy + dbcwiws + dadwiws + 6edws + 2cdwiws = 0.

On the other hand, the subdiagonal elements of the matrix PTrs(w)P are the
same, that is,

(PTrs(w)P),, = (PTrs(w)P),,
(76) =5abw] + 6abwiws + abwy + dbcwiws + 4bcwwi
+4adwiws + 4adwiws + cdw] + 6edwiw? + Hedws.
Using (75a)-(76) and properties of the orthogonal matrix, we have
(77) —(76) = (75a) + (75b) — (76) = (ab + cd)(w} + w3)* =0,

which implies that PT75(w)P is an orthogonal matrix. The proof is completed. [

Theorem 4.2. Let u® and u® be the solutions of problems (9a) and (65) under the
same initial value conditions, respectively. Then for every t € (0,T),

(78) lim [’ (1,) — 0O (2, )2y = 0.
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Proof. By Plancherel formula, for the uniformly bounded and smooth function
u(t, x), we have

L5~ Lull o) = [ As(@)alt) — Alw)al)] e

_ /]R 0T (0)[As(w) ~ Alw)u(t)d

_ [ crapr [ e — A1) 0 §
_/RQ al(1)P ( i aa ) ) Pii(t)dw
<max {(As1 — A1)?, (As2 — A2)? Hu(t)]| 72 gy — 0

as § — 0.
Set v(t,x) := u’(t,x) — u’(t,x), then it is clear to see that v(t,x) satisfies

(80) {Vtt(tvx) = Ls5v(t,x) + (Ls — L)u’, (%) € (0,T) x R?,
v(0,x) =0, v¢(0,x) =0, x € R%

Using the estimate (16), (17) and calculus basic formulas, we have

(81) vz @2y < C(T)[[L5u° — LuO]|L2(zz).-

Replacing u by u® in (79) and passing to limit in § completes the proof. O

4.2. Stationary case. Let ¢ : R? — R be a function with

z 1 T zT
Va((lz]) = W"’(Z) = CnW(ZLZQ) = CnWa

where

|z
zZ 1 ZQRZ
¢(|z]) :== / Wk(Z)dZ = Cn/a ﬁrdr, k(z) := CHW.

Theorem 4.3. Let u € C*(QU Q) with sup [u® (x)| < M < co. If ¢; =0, then
xeQ

(82) lim Lsu(x) = Lu(x) in L?(Q).
6—0
Proof. By the fundamental theorem of calculus, for any x € €2, we have

Lsu(x) = — /B o k(z)(u(x + z) — u(x))dz
_ z@z (!
(83) =—cp /135(0) |z2/0 Vu(x + sz)zdsdz

1
=cp, / / div, (z ®@zVu(x + sz)) ¢(|z|)dsdz.
B5(0) Jo

Notice that
(84)

2
. ([ 2iAuq(x + sz)s z120Aug (X + 52)$
div, (z ® zVu(x + sz)> = (Z%AUQ(X n SZ)S> + (ZQZQAUl(X + s2)s

z2 5 (x+ s2) + 2 o (x+ sz) + 22 gz;

2212—2()( + sz) + zzg—’g(x + sz) + zlg—Z(x + s2)
duy Ouy (X—l— SZ)

I:Bl(Z) —+ BQ(Z) =+ Bg(Z).
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Concerning the first term B (z), using the fact that ((|z|) = 0 on 9B5(0), together
with symmetry and integration by parts, we derive that

1
Cn /13’5(0 / B1(z)((|z|)dsdz
2 s’ S )AVu, (x + sz)z
/55(0) / <22C 2 52 )AVUQ(X + sz)z> dsdz

(85) Cg” / PdrAu(x)

2 3
g e e
Bs(0) ZQC z| %—% )AVQUQ(X+8Z)

—cnﬂ-/ r3drAu(x),
8 Jo

it follows that
1 o (9
cn/ / Bl(z)C(\z|)dsdz+%/ r3drAu(x)
35(0) 0 0

5
< 75%7;;;2]\4 / ridr

Arguing as the previous B1(z) for Bo(z) and B3(z), we can get

(87) / / B2 (z)((|z|)dsdz = 0
Bs(0)

and

(86)

1 e [0
e /35@/0 B3(Z)C(|z\)dzds+?/0 PBdrav(V - u)(x)

<c M&?m / r3dr.
0

Inserting (3) into (86)-(88) and taking v = % yields to

E(l1+v)

Lsu(x) + =07

6
2 3 _ 2
) (At +2V(V - u)(x)] < 2M5 cnﬁ/o dr = 0(52),

=:—Lu(x)

which implies that the nonlocal operator L5 applied to smooth u approaches the
classical elastic operator £ applied to u at a rate of 62 provided that ¢; = 0.

Consequently, using Lebesgue’s dominated convergence theorem, we can con-
clude that

(90) lim Lsu(x) = Lu(x) in L*(9).
O

Remark 4.4. The condition ¢y = 0 is need, which meets the results for the initial
case.

More precisely, the following convergence result holds.



494 M. YANG AND Y. NIE

Theorem 4.5. Let u® be the solution of problem (41), then there exists a limit
function u° € HE(Q), which is a weak solution of the following classical elastic
boundary problem exactly,

(1) {—Eu(x) =b(x), x€Q,

u(x) =0, x € 09.

Proof. Observe that

g — ﬁ5||L2(R2) = 0,

. 5 =
(92) lm |Q° @
where @° is obtained by extending u’ outside Q by 0.

In light of (64) and Lemma 3.3, then u? is relative compact in L2(2) and u® = 0
on Qs. Further, there exists a limit function u®(x) € H(€2), such that for Ve €
C(QUQs) with Q C supp(e),

93)  lim(=Lsus, ) = lim (us, —Lsp) = (0, —Lp) = (—Lu’, ) = (b, @),
6—0 §—0

which follows that u®(x) satisfies the problem (91) in the sense of distributions.
The proof is completed. O

Appendix

Finally, we analyze eigenvalues of the matrix function As(w). Note that As(w)
can be rewritten as the following form,

2 . 2 B .
As(w) :/B (1_605(57‘»))( cncos® O+ ¢ sin“ 0 (¢, —c¢y)cosfsind )di,
5(0)

(cn —ct)cos@sind ¢, sin® 6 + ¢, cos 6

where the sign of its eigenvalues {\s;}7_; can be determined by the following qua-
dratic form.
For any u(w) = (1 (w), t2(w)) # 0, we have

a(@)As(w)aw)" ~(m (). mw) [ 17 c08(8:2) ¢ o e (a1 (), ()T
Bs(0) 1€

21— cos(&,w)
138

it follows that As; > 0,52 > 0. Hence, the matrix function As(w) is positive
definite, and so \/AlTw) is well-defined.

- / (€101 (@) + E202(w)) dg > 0,
Bs(0)
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